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Preface

Most human decisions are made in the state of uncertainty. This fact pro-
vides a motivation to study the behavior of uncertain phenomena. In order
to model uncertainty, Liu (2007) founded an uncertainty theory that is a
branch of mathematics based on normality, monotonicity, self-duality, count-
able subadditivity, and product measure axioms. Since then, uncertainty
theory has been developed steadily and applied widely. Chapter 1 is devoted
to the uncertainty theory.

Uncertain programming, proposed by Liu (2009), is a type of mathemati-
cal programming involving uncertain variables. Chapter 2 will provide a gen-
eral framework of uncertain programming, including expected value model,
chance-constrained programming, dependent-chance programming, uncertain
dynamic programming and uncertain multilevel programming. Chapter 2 will
also present some uncertain programming models for system reliability de-
sign, project scheduling problem, vehicle routing problem, facility location
problem, and machine scheduling problem.

An uncertain process is essentially a sequence of uncertain variables in-
dexed by time or space. Some basic concepts of uncertain process will be
presented in Chapter 3.

Uncertain calculus is a branch of mathematics that deals with differen-
tiation and integration of function of uncertain processes. Chapter 4 will
introduce the uncertain calculus including canonical process, uncertain inte-
gral and chain rule.

Uncertain differential equation is a type of differential equation driven
by canonical process. Chapter 5 will discuss the existence, uniqueness and
stability of solutions of uncertain differential equations, and present some
applications of uncertain differential equation in finance and filtering as well
as optimal control.

Uncertain logic is a generalization of mathematical logic for dealing with
uncertain knowledge via uncertainty theory. A key point in uncertain logic
is that the truth value of an uncertain proposition is defined as the uncertain
measure that the proposition is true. One advantage of uncertain logic is the
well consistency with classical logic. For example, uncertain logic is consistent
with the law of excluded middle and law of contradiction. Chapter 6 deals
with uncertain logic.

Uncertain entailment is a methodology for calculating the truth value of
an uncertain formula via the maximum uncertainty principle when the truth
values of other uncertain formulas are given. Chapter 7 will introduce an
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entailment model and discuss modus ponens, modus tollens, and hypothetical
syllogism.

Uncertain inference is a process of deriving consequences from uncertain
knowledge or evidence via the tool of conditional uncertainty. Chapter 8 will
provide some uncertain inference rules, and present applications of uncertain
inference in uncertain system and uncertain inference control.

As supplements, Chapter 9 introduces the generalized law of excluded
middle and the maximum uncertainty principle. In this chapter, we also
provide a brief history of evolution of measures and answer the question
“what is uncertainty”.

The book is suitable for mathematicians, researchers, engineers, design-
ers, and students in the field of mathematics, information science, operations
research, system science, industrial engineering, computer science, artificial
intelligence, finance, control, and management science. The readers will learn
the axiomatic approach of uncertainty theory, and find this work a stimulat-
ing and useful reference.

A Guide for the Reader

The readers are not required to read the book from cover to cover. The
logic dependence of chapters is illustrated by the figure below. For exploring
probability theory, credibility theory as well as chance theory, the interested
reader may continue to read the appendices.
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Chapter 1

Uncertainty Theory

Most human decisions are made in the state of uncertainty. This fact pro-
vides a motivation to study the behavior of uncertain phenomena. In order
to model uncertainty, a new mathematical tool is absolutely needed. This is
just the uncertain measure that is essentially a set function (i.e., a function
whose argument is a set) satisfying certain mathematical properties. Un-
certain measure is used to measure the truth degree of an uncertain event.
In order to develop a theory of uncertain measure, Liu [127] founded an
uncertainty theory in 2007 that is a branch of mathematics based on normal-
ity, monotonicity, self-duality, countable subadditivity, and product measure
axioms. Uncertainty theory provides a mathematical model for uncertain
phenomena.

The emphasis in this chapter is mainly on uncertain measure, uncer-
tainty space, uncertain variable, identification function, uncertainty distri-
bution, independence, operational law, expected value, variance, moments,
critical values, entropy, distance, convergence almost surely, convergence in
measure, convergence in mean, convergence in distribution, and conditional
uncertainty.

1.1 Uncertainty Space

Let Γ be a nonempty set. A collection L of subsets of Γ is called a σ-algebra
if (a) Γ ∈ L; (b) if Λ ∈ L, then Λc ∈ L; and (c) if Λ1,Λ2, · · · ∈ L, then
Λ1 ∪ Λ2 ∪ · · · ∈ L. Each element Λ in the σ-algebra L is called an event.
Uncertain measure is a function from L to [0, 1]. In order to present an
axiomatic definition of uncertain measure, it is necessary to assign to each
event Λ a numberM{Λ} which indicates the truth degree that Λ will occur. In
order to ensure that the number M{Λ} has certain mathematical properties,
Liu [127] proposed the following four axioms:

Axiom 1. (Normality Axiom) M{Γ} = 1 for the universal set Γ.
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Axiom 2. (Monotonicity Axiom) M{Λ1} ≤M{Λ2} whenever Λ1 ⊂ Λ2.

Axiom 3. (Self-Duality Axiom) M{Λ}+M{Λc} = 1 for any event Λ.

Axiom 4. (Countable Subadditivity Axiom) For every countable sequence of
events {Λi}, we have

M

{ ∞⋃
i=1

Λi

}
≤

∞∑
i=1

M{Λi}. (1.1)

Remark 1.1: The law of contradiction tells us that a proposition cannot
be both true and false at the same time, and the law of excluded middle
tells us that a proposition is either true or false. Self-duality is in fact a
generalization of the law of contradiction and law of excluded middle. In
other words, a mathematical system without self-duality assumption will be
inconsistent with the laws. This is the main reason why self-duality axiom is
assumed.

Remark 1.2: Pathology occurs if subadditivity is not assumed. For ex-
ample, suppose that a universal set contains 3 elements. We define a set
function that takes value 0 for each singleton, and 1 for each set with at least
2 elements. Then such a set function satisfies all axioms but subadditivity.
Is it not strange if such a set function serves as a measure?

Remark 1.3: Pathology occurs if countable subadditivity axiom is replaced
with finite subadditivity axiom. For example, assume the universal set con-
sists of all real numbers. We define a set function that takes value 0 if the
set is bounded, 0.5 if both the set and complement are unbounded, and 1 if
the complement of the set is bounded. Then such a set function is finitely
subadditive but not countably subadditive. Is it not strange if such a set
function serves as a measure? This is the main reason why we accept the
countable subadditivity axiom.

Definition 1.1 (Liu [127]) The set function M is called an uncertain mea-
sure if it satisfies the normality, monotonicity, self-duality, and countable
subadditivity axioms.

Example 1.1: Let Γ = {γ1, γ2, γ3}. For this case, there are only 8 events.
Define

M{γ1} = 0.6, M{γ2} = 0.3, M{γ3} = 0.2,

M{γ1, γ2} = 0.8, M{γ1, γ3} = 0.7, M{γ2, γ3} = 0.4,

M{∅} = 0, M{Γ} = 1.

Then M is an uncertain measure because it satisfies the four axioms.
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Example 1.2: Suppose that λ(x) is a nonnegative function on < satisfying

sup
x6=y

(λ(x) + λ(y)) = 1. (1.2)

Then for any set Λ of real numbers, the set function

M{Λ} =


sup
x∈Λ

λ(x), if sup
x∈Λ

λ(x) < 0.5

1− sup
x∈Λc

λ(x), if sup
x∈Λ

λ(x) ≥ 0.5
(1.3)

is an uncertain measure on <.

Example 1.3: Suppose ρ(x) is a nonnegative and integrable function on <
such that ∫

<
ρ(x)dx ≥ 1. (1.4)

Then for any Borel set Λ of real numbers, the set function

M{Λ} =



∫
Λ

ρ(x)dx, if
∫

Λ

ρ(x)dx < 0.5

1−
∫

Λc

ρ(x)dx, if
∫

Λc

ρ(x)dx < 0.5

0.5, otherwise

(1.5)

is an uncertain measure on <.

Example 1.4: Suppose λ(x) is a nonnegative function and ρ(x) is a non-
negative and integrable function on < such that

sup
x∈Λ

λ(x) +
∫

Λ

ρ(x)dx ≥ 0.5 and/or sup
x∈Λc

λ(x) +
∫

Λc

ρ(x)dx ≥ 0.5 (1.6)

for any Borel set Λ of real numbers. Then the set function

M{Λ} =



sup
x∈Λ

λ(x) +
∫

Λ

ρ(x)dx, if sup
x∈Λ

λ(x) +
∫

Λ

ρ(x)dx < 0.5

1− sup
x∈Λc

λ(x)−
∫

Λc

ρ(x)dx, if sup
x∈Λc

λ(x) +
∫

Λc

ρ(x)dx < 0.5

0.5, otherwise

is an uncertain measure on <.

Theorem 1.1 Suppose that M is an uncertain measure. Then we have

M{∅} = 0, (1.7)

0 ≤M{Λ} ≤ 1 (1.8)

for any event Λ.
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Proof: It follows from the normality and self-duality axioms that M{∅} =
1 −M{Γ} = 1 − 1 = 0. It follows from the monotonicity axiom that 0 ≤
M{Λ} ≤ 1 because ∅ ⊂ Λ ⊂ Γ.

Theorem 1.2 Suppose that M is an uncertain measure. Then for any events
Λ1 and Λ2, we have

M{Λ1} ∨M{Λ2} ≤M{Λ1 ∪ Λ2} ≤M{Λ1}+M{Λ2}. (1.9)

Proof: The left-hand inequality follows from the monotonicity axiom and
the right-hand inequality follows from the countable subadditivity axiom im-
mediately.

Theorem 1.3 Suppose that M is an uncertain measure. Then for any events
Λ1 and Λ2, we have

M{Λ1}+M{Λ2} − 1 ≤M{Λ1 ∩ Λ2} ≤M{Λ1} ∧M{Λ2}. (1.10)

Proof: The right-hand inequality follows from the monotonicity axiom and
the left-hand inequality follows from the self-duality and countable subaddi-
tivity axioms, i.e.,

M{Λ1 ∩ Λ2} = 1−M{(Λ1 ∩ Λ2)c} = 1−M{Λc
1 ∪ Λc

2}

≥ 1− (M{Λc
1}+M{Λc

2})

= 1− (1−M{Λ1})− (1−M{Λ2})

= M{Λ1}+M{Λ2} − 1.

The inequalities are verified.

Theorem 1.4 Let Γ = {γ1, γ2, · · · }. If M is an uncertain measure, then

M{γi}+M{γj} ≤ 1 ≤
∞∑

k=1

M{γk} (1.11)

for any i and j.

Proof: Since M is increasing and self-dual, we have, for any i and j,

M{γi}+M{γj} ≤M{Γ\{γj}}+M{γj} = 1.

Since Γ = ∪k{γk} and M is countably subadditive, we have

1 = M{Γ} = M

{ ∞⋃
k=1

{γk}

}
≤

∞∑
k=1

M{γk}.

The theorem is proved.
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Null-Additivity Theorem

Null-additivity is a direct deduction from subadditivity. We first prove a
more general theorem.

Theorem 1.5 Let {Λi} be a sequence of events with M{Λi} → 0 as i→∞.
Then for any event Λ, we have

lim
i→∞

M{Λ ∪ Λi} = lim
i→∞

M{Λ\Λi} = M{Λ}. (1.12)

Proof: It follows from the monotonicity and countable subadditivity axioms
that

M{Λ} ≤M{Λ ∪ Λi} ≤M{Λ}+M{Λi}

for each i. Thus we get M{Λ ∪ Λi} → M{Λ} by using M{Λi} → 0. Since
(Λ\Λi) ⊂ Λ ⊂ ((Λ\Λi) ∪ Λi), we have

M{Λ\Λi} ≤M{Λ} ≤M{Λ\Λi}+M{Λi}.

Hence M{Λ\Λi} →M{Λ} by using M{Λi} → 0.

Remark 1.4: It follows from the above theorem that the uncertain measure
is null-additive, i.e., M{Λ1 ∪ Λ2} = M{Λ1} + M{Λ2} if either M{Λ1} = 0
or M{Λ2} = 0. In other words, the uncertain measure remains unchanged if
the event is enlarged or reduced by an event with uncertain measure zero.

Asymptotic Theorem

Theorem 1.6 (Asymptotic Theorem) For any events Λ1,Λ2, · · · , we have

lim
i→∞

M{Λi} > 0, if Λi ↑ Γ, (1.13)

lim
i→∞

M{Λi} < 1, if Λi ↓ ∅. (1.14)

Proof: Assume Λi ↑ Γ. Since Γ = ∪iΛi, it follows from the countable
subadditivity axioms that

1 = M{Γ} ≤
∞∑

i=1

M{Λi}.

Since M{Λi} is increasing with respect to i, we have limi→∞M{Λi} > 0. If
Λi ↓ ∅, then Λc

i ↑ Γ. It follows from the first inequality and self-duality axiom
that

lim
i→∞

M{Λi} = 1− lim
i→∞

M{Λc
i} < 1.

The theorem is proved.
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Example 1.5: Assume Γ is the set of real numbers. Let α be a number with
0 < α ≤ 0.5. Define a set function as follows,

M{Λ} =



0, if Λ = ∅
α, if Λ is upper bounded
0.5, if both Λ and Λc are upper unbounded

1− α, if Λc is upper bounded
1, if Λ = Γ.

(1.15)

It is easy to verify that M is an uncertain measure. Write Λi = (−∞, i] for
i = 1, 2, · · · Then Λi ↑ Γ and limi→∞M{Λi} = α. Furthermore, we have
Λc

i ↓ ∅ and limi→∞M{Λc
i} = 1− α.

Uncertainty Space

Definition 1.2 (Liu [127]) Let Γ be a nonempty set, L a σ-algebra over
Γ, and M an uncertain measure. Then the triplet (Γ,L,M) is called an
uncertainty space.

Product Measure Axiom and Product Uncertain Measure

Product uncertain measure was defined by Liu [130] in 2009, thus producing
the fifth axiom of uncertainty theory called product measure axiom. Let
(Γk,Lk,Mk) be uncertainty spaces for k = 1, 2, · · · , n. Write

Γ = Γ1 × Γ2 × · · · × Γn, L = L1 × L2 × · · · × Ln. (1.16)

Then there is an uncertain measure M on the product σ-algebra L such that

M{Λ1 × Λ2 × · · · × Λn} = M1{Λ1} ∧M2{Λ2} ∧ · · · ∧Mn{Λn} (1.17)

for any measurable rectangle Λ1×Λ2× · · · ×Λn. Such an uncertain measure
is called the product uncertain measure denoted by

M = M1 ∧M2 ∧ · · · ∧Mn. (1.18)

In fact, the extension from the class of rectangles to the product σ-algebra
L may be represented as follows.

Axiom 5. (Liu [130], Product Measure Axiom) Let Γk be nonempty sets
on which Mk are uncertain measures, k = 1, 2, · · · , n, respectively. Then the
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product uncertain measure M = M1 ∧M2 ∧ · · · ∧Mn of each event Λ ∈ L is

M{Λ} =



sup
Λ1×Λ2×···×Λn⊂Λ

min
1≤k≤n

Mk{Λk},

if sup
Λ1×Λ2×···×Λn⊂Λ

min
1≤k≤n

Mk{Λk} > 0.5

1− sup
Λ1×Λ2×···×Λn⊂Λc

min
1≤k≤n

Mk{Λk},

if sup
Λ1×Λ2×···×Λn⊂Λc

min
1≤k≤n

Mk{Λk} > 0.5

0.5, otherwise.

(1.19)
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Figure 1.1: Graphical Illustration of Extension from the Class of Rectangles
to the Product σ-Algebra. The uncertain measure of Λ (the disk) is essen-
tially the acreage of its inscribed rectangle Λ1 × Λ2 if it is greater than 0.5.
Otherwise, we have to examine its complement Λc. If the inscribed rectan-
gle of Λc is greater than 0.5, then M{Λc} is just its inscribed rectangle and
M{Λ} = 1 −M{Λc}. If there does not exist an inscribed rectangle of Λ or
Λc greater than 0.5, then we set M{Λ} = 0.5.

Theorem 1.7 (Peng [185]) The product uncertain measure (1.19) is an un-
certain measure.

Proof: In order to prove that the product uncertain measure (1.19) is indeed
an uncertain measure, we should verify that the product uncertain measure
satisfies the normality, monotonicity, self-duality and countable subadditivity
axioms.

Step 1: At first, for any event Λ ∈ L, it is easy to verify that

sup
Λ1×Λ2×···×Λn⊂Λ

min
1≤k≤n

Mk{Λk}+ sup
Λ1×Λ2×···×Λn⊂Λc

min
1≤k≤n

Mk{Λk} ≤ 1.
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This means that at most one of

sup
Λ1×Λ2×···×Λn⊂Λ

min
1≤k≤n

Mk{Λk} and sup
Λ1×Λ2×···×Λn⊂Λc

min
1≤k≤n

Mk{Λk}

is greater than 0.5. Thus the expression (1.19) is reasonable.

Step 2: The product uncertain measure is clearly normal, i.e.,M{Γ} = 1.

Step 3: We prove the self-duality, i.e.,M{Λ}+M{Λc} = 1. The argument
breaks down into three cases. Case 1: Assume

sup
Λ1×Λ2×···×Λn⊂Λ

min
1≤k≤n

Mk{Λk} > 0.5.

Then we immediately have

sup
Λ1×Λ2×···×Λn⊂Λc

min
1≤k≤n

Mk{Λk} < 0.5.

It follows from (1.19) that

M{Λ} = sup
Λ1×Λ2×···×Λn⊂Λ

min
1≤k≤n

Mk{Λk},

M{Λc} = 1− sup
Λ1×Λ2×···×Λn⊂(Λc)c

min
1≤k≤n

Mk{Λk} = 1−M{Λ}.

The self-duality is proved. Case 2: Assume

sup
Λ1×Λ2×···×Λn⊂Λc

min
1≤k≤n

Mk{Λk} > 0.5.

This case may be proved by a similar process. Case 3: Assume

sup
Λ1×Λ2×···×Λn⊂Λ

min
1≤k≤n

Mk{Λk} ≤ 0.5

and
sup

Λ1×Λ2×···×Λn⊂Λc

min
1≤k≤n

Mk{Λk} ≤ 0.5.

It follows from (1.19) that M{Λ} = M{Λc} = 0.5 which proves the self-
duality.

Step 4: Let us prove that M is increasing. Suppose Λ and ∆ are two
events in L with Λ ⊂ ∆. The argument breaks down into three cases. Case 1:
Assume

sup
Λ1×Λ2×···×Λn⊂Λ

min
1≤k≤n

Mk{Λk} > 0.5.

Then

sup
∆1×∆2×···×∆n⊂∆

min
1≤k≤n

Mk{∆k} ≥ sup
Λ1×Λ2×···×Λn⊂Λ

min
1≤k≤n

Mk{Λk} > 0.5.



Section 1.1 - Uncertainty Space 9

It follows from (1.19) that M{Λ} ≤M{∆}. Case 2: Assume

sup
∆1×∆2×···×∆n⊂∆c

min
1≤k≤n

Mk{∆k} > 0.5.

Then

sup
Λ1×Λ2×···×Λn⊂Λc

min
1≤k≤n

Mk{Λk} ≥ sup
∆1×∆2×···×∆n⊂∆c

min
1≤k≤n

Mk{∆k} > 0.5.

Thus

M{Λ} = 1− sup
Λ1×Λ2×···×Λn⊂Λc

min
1≤k≤n

Mk{Λk}

≤ 1− sup
∆1×∆2×···×∆n⊂∆c

min
1≤k≤n

Mk{∆k} = M{∆}.

Case 3: Assume

sup
Λ1×Λ2×···×Λn⊂Λ

min
1≤k≤n

Mk{Λk} ≤ 0.5

and
sup

∆1×∆2×···×∆n⊂∆c

min
1≤k≤n

Mk{∆k} ≤ 0.5.

Then
M{Λ} ≤ 0.5 ≤ 1−M{∆c} = M{∆}.

Step 5: Finally, we prove the countable subadditivity of M. For sim-
plicity, we only prove the case of two events Λ and ∆. The argument breaks
down into three cases. Case 1: Assume M{Λ} < 0.5 and M{∆} < 0.5. For
any given ε > 0, there are two rectangles

Λ1 × Λ2 × · · · × Λn ⊂ Λc, ∆1 ×∆2 × · · · ×∆n ⊂ ∆c

such that
1− min

1≤k≤n
Mk{Λk} ≤M{Λ}+ ε/2,

1− min
1≤k≤n

Mk{∆k} ≤M{∆}+ ε/2.

Note that

(Λ1 ∩∆1)× (Λ2 ∩∆2)× · · · × (Λn ∩∆n) ⊂ (Λ ∪∆)c.

It follows from Theorem 1.3 that

Mk{Λk ∩∆k} ≥Mk{Λk}+Mk{∆k} − 1
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for any k. Thus

M{Λ ∪∆} ≤ 1− min
1≤k≤n

Mk{Λk ∩∆k}

≤ 1− min
1≤k≤n

Mk{Λk}+ 1− min
1≤k≤n

Mk{∆k}

≤M{Λ}+M{∆}+ ε.

Letting ε→ 0, we obtain

M{Λ ∪∆} ≤M{Λ}+M{∆}.

Case 2: Assume M{Λ} ≥ 0.5 and M{∆} < 0.5. When M{Λ ∪∆} = 0.5, the
subadditivity is obvious. Now we consider the case M{Λ ∪ ∆} > 0.5, i.e.,
M{Λc ∩∆c} < 0.5. By using Λc ∪∆ = (Λc ∩∆c) ∪∆ and Case 1, we get

M{Λc ∪∆} ≤M{Λc ∩∆c}+M{∆}.

Thus

M{Λ ∪∆} = 1−M{Λc ∩∆c} ≤ 1−M{Λc ∪∆}+M{∆}

≤ 1−M{Λc}+M{∆} = M{Λ}+M{∆}.

Case 3: If both M{Λ} ≥ 0.5 and M{∆} ≥ 0.5, then the subadditivity is
obvious because M{Λ}+M{∆} ≥ 1. The theorem is proved.

Definition 1.3 Let (Γk,Lk,Mk), k = 1, 2, · · · , n be uncertainty spaces, Γ =
Γ1 × Γ2 × · · · × Γn, L = L1 × L2 × · · · × Ln, and M = M1 ∧M2 ∧ · · · ∧Mn.
Then (Γ,L,M) is called the product uncertainty space of (Γk,Lk,Mk), k =
1, 2, · · · , n.

1.2 Uncertain Variable

Definition 1.4 (Liu [127]) An uncertain variable is a measurable function
ξ from an uncertainty space (Γ,L,M) to the set of real numbers, i.e., for any
Borel set B of real numbers, the set

{ξ ∈ B} = {γ ∈ Γ
∣∣ ξ(γ) ∈ B} (1.20)

is an event.

Example 1.6: Take (Γ,L,M) to be {γ1, γ2} with M{γ1} = M{γ2} = 0.5.
Then the function

ξ(γ) =

{
0, if γ = γ1

1, if γ = γ2

is an uncertain variable.

Example 1.7: A crisp number c may be regarded as a special uncertain
variable. In fact, it is the constant function ξ(γ) ≡ c on the uncertainty
space (Γ,L,M).
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Figure 1.2: An Uncertain Variable

Definition 1.5 An uncertain variable ξ on the uncertainty space (Γ,L,M)
is said to be
(a) nonnegative if M{ξ < 0} = 0;
(b) positive if M{ξ ≤ 0} = 0;
(c) continuous if M{ξ = x} is a continuous function of x;
(d) simple if there exists a finite sequence {x1, x2, · · · , xm} such that

M {ξ 6= x1, ξ 6= x2, · · · , ξ 6= xm} = 0; (1.21)

(e) discrete if there exists a countable sequence {x1, x2, · · · } such that

M {ξ 6= x1, ξ 6= x2, · · · } = 0. (1.22)

Definition 1.6 Let ξ and η be uncertain variables defined on the uncertainty
space (Γ,L,M). We say ξ = η if ξ(γ) = η(γ) for almost all γ ∈ Γ.

Definition 1.7 The uncertain variables ξ and η are identically distributed if

M{ξ ∈ B} = M{η ∈ B} (1.23)

for any Borel set B of real numbers.

It is clear that uncertain variables ξ and η are identically distributed if
ξ = η. However, identical distribution does not imply ξ = η. For example,
let (Γ,L,M) be {γ1, γ2} with M{γ1} = M{γ2} = 0.5. Define

ξ(γ) =

{
1, if γ = γ1

−1, if γ = γ2,
η(γ) =

{
−1, if γ = γ1

1, if γ = γ2.

The two uncertain variables ξ and η are identically distributed but ξ 6= η.

Uncertain Vector

Definition 1.8 An n-dimensional uncertain vector is a measurable function
from an uncertainty space (Γ,L,M) to the set of n-dimensional real vectors,
i.e., for any Borel set B of <n, the set

{ξ ∈ B} =
{
γ ∈ Γ

∣∣ ξ(γ) ∈ B
}

(1.24)

is an event.
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Theorem 1.8 The vector (ξ1, ξ2, · · · , ξn) is an uncertain vector if and only
if ξ1, ξ2, · · · , ξn are uncertain variables.

Proof: Write ξ = (ξ1, ξ2, · · · , ξn). Suppose that ξ is an uncertain vector on
the uncertainty space (Γ,L,M). For any Borel set B of <, the set B ×<n−1

is a Borel set of <n. Thus the set

{ξ1 ∈ B} = {ξ1 ∈ B, ξ2 ∈ <, · · · , ξn ∈ <} = {ξ ∈ B ×<n−1}

is an event. Hence ξ1 is an uncertain variable. A similar process may
prove that ξ2, ξ3, · · · , ξn are uncertain variables. Conversely, suppose that
all ξ1, ξ2, · · · , ξn are uncertain variables on the uncertainty space (Γ,L,M).
We define

B =
{
B ⊂ <n

∣∣ {ξ ∈ B} is an event
}
.

The vector ξ = (ξ1, ξ2, · · · , ξn) is proved to be an uncertain vector if we can
prove that B contains all Borel sets of <n. First, the class B contains all
open intervals of <n because{

ξ ∈
n∏

i=1

(ai, bi)

}
=

n⋂
i=1

{ξi ∈ (ai, bi)}

is an event. Next, the class B is a σ-algebra of <n because (i) we have <n ∈ B
since {ξ ∈ <n} = Γ; (ii) if B ∈ B, then {ξ ∈ B} is an event, and

{ξ ∈ Bc} = {ξ ∈ B}c

is an event. This means that Bc ∈ B; (iii) if Bi ∈ B for i = 1, 2, · · · , then
{ξ ∈ Bi} are events and{

ξ ∈
∞⋃

i=1

Bi

}
=

∞⋃
i=1

{ξ ∈ Bi}

is an event. This means that ∪iBi ∈ B. Since the smallest σ-algebra con-
taining all open intervals of <n is just the Borel algebra of <n, the class B
contains all Borel sets of <n. The theorem is proved.

Uncertain Arithmetic

Definition 1.9 Suppose that f : <n → < is a measurable function, and
ξ1, ξ2, · · · , ξn uncertain variables on the uncertainty space (Γ,L,M). Then
ξ = f(ξ1, ξ2, · · · , ξn) is an uncertain variable defined as

ξ(γ) = f(ξ1(γ), ξ2(γ), · · · , ξn(γ)), ∀γ ∈ Γ. (1.25)
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Example 1.8: Let ξ1 and ξ2 be two uncertain variables. Then the sum
ξ = ξ1 + ξ2 is an uncertain variable defined by

ξ(γ) = ξ1(γ) + ξ2(γ), ∀γ ∈ Γ.

The product ξ = ξ1ξ2 is also an uncertain variable defined by

ξ(γ) = ξ1(γ) · ξ2(γ), ∀γ ∈ Γ.

The reader may wonder whether ξ(γ1, γ2, · · · , γn) defined by (1.25) is an
uncertain variable. The following theorem answers this question.

Theorem 1.9 Let ξ be an n-dimensional uncertain vector, and f : <n → <
a measurable function. Then f(ξ) is an uncertain variable such that

M{f(ξ) ∈ B} = M{ξ ∈ f−1(B)} (1.26)

for any Borel set B of real numbers.

Proof: Assume that ξ is an uncertain vector on the uncertainty space
(Γ,L,M). For any Borel set B of <, since f is a measurable function, the
f−1(B) is a Borel set of <n. Thus the set {f(ξ) ∈ B} = {ξ ∈ f−1(B)} is an
event for any Borel set B. Hence f(ξ) is an uncertain variable.

1.3 Identification Functions

This section will introduce three types of identification functions to charac-
terize uncertain variables.

First Identification Function

Definition 1.10 An uncertain variable ξ is said to have a first identification
function λ if
(i) λ(x) is a nonnegative function on < such that

sup
x6=y

(λ(x) + λ(y)) = 1; (1.27)

(ii) for any set B of real numbers, we have

M{ξ ∈ B} =


sup
x∈B

λ(x), if sup
x∈B

λ(x) < 0.5

1− sup
x∈Bc

λ(x), if sup
x∈B

λ(x) ≥ 0.5.
(1.28)

Example 1.9: By a rectangular uncertain variable we mean the uncertain
variable fully determined by the pair (a, b) of crisp numbers with a < b, whose
first identification function is

λ1(x) = 0.5, a ≤ x ≤ b.
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Example 1.10: By a triangular uncertain variable we mean the uncertain
variable fully determined by the triplet (a, b, c) of crisp numbers with a <
b < c, whose first identification function is

λ2(x) =


x− a

2(b− a)
, if a ≤ x ≤ b

x− c

2(b− c)
, if b ≤ x ≤ c.

Example 1.11: By a trapezoidal uncertain variable we mean the uncertain
variable fully determined by the quadruplet (a, b, c, d) of crisp numbers with
a < b < c < d, whose first identification function is

λ3(x) =



x− a

2(b− a)
, if a ≤ x ≤ b

0.5, if b ≤ x ≤ c

x− d

2(c− d)
, if c ≤ x ≤ d.
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Figure 1.3: First Identification Functions λ1, λ2 and λ3

Theorem 1.10 Suppose λ is a nonnegative function satisfying (1.27). Then
there is an uncertain variable ξ such that (1.28) holds.

Proof: Let < be the universal set. For each set B of real numbers, we define
a set function

M{B} =


sup
x∈B

λ(x), if sup
x∈B

λ(x) < 0.5

1− sup
x∈Bc

λ(x), if sup
x∈B

λ(x) ≥ 0.5.

It is clear that M is normal, increasing, self-dual, and countably subadditive.
That is, the set function M is indeed an uncertain measure. Now we define
an uncertain variable ξ as an identity function from the uncertainty space
(<,A,M) to <. We may verify that ξ meets (1.28). The theorem is proved.
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Theorem 1.11 (First Measure Inversion Theorem) Let ξ be an uncertain
variable with first identification function λ. Then for any set B of real num-
bers, we have

M{ξ ∈ B} =


sup
x∈B

λ(x), if sup
x∈B

λ(x) < 0.5

1− sup
x∈Bc

λ(x), if sup
x∈B

λ(x) ≥ 0.5.
(1.29)

Proof: It follows from the definition of first identification function immedi-
ately.

Example 1.12: Suppose ξ is an uncertain variable with first identification
function λ. Then

M{ξ = x} = λ(x), ∀x ∈ <.

Example 1.13: Suppose ξ is a discrete uncertain variable taking values in
{x1, x2, · · · } with first identification coefficients {λ1, λ2, · · · }. Note that the
coefficients must meet

sup
i 6=j

(λi + λj) = 1. (1.30)

For any set B of real numbers, we have

M{ξ ∈ B} =


sup
xi∈B

λi, if sup
xi∈B

λi < 0.5

1− sup
xi∈Bc

λi, if sup
xi∈B

λi ≥ 0.5.
(1.31)

Second Identification Function

Definition 1.11 (Liu [137]) An uncertain variable ξ is said to have a second
identification function ρ if
(i) ρ(x) is a nonnegative and integrable function on < such that∫

<
ρ(x)dx ≥ 1; (1.32)

(ii) for any Borel set B of real numbers, we have

M{ξ ∈ B} =



∫
B

ρ(x)dx, if
∫

B

ρ(x)dx < 0.5

1−
∫

Bc

ρ(x)dx, if
∫

Bc

ρ(x)dx < 0.5

0.5, otherwise.

(1.33)

Theorem 1.12 Suppose ρ is a nonnegative and integrable function satisfying
(1.32). Then there is an uncertain variable ξ such that (1.33) holds.
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Proof: Let < be the universal set. For each Borel set B of real numbers, we
define a set function

M{B} =



∫
B

ρ(x)dx, if
∫

B

ρ(x)dx < 0.5

1−
∫

Bc

ρ(x)dx, if
∫

Bc

ρ(x)dx < 0.5

0.5, otherwise.

It is clear that M is normal, increasing, self-dual, and countably subadditive.
That is, the set function M is indeed an uncertain measure. Now we define
an uncertain variable ξ as an identity function from the uncertainty space
(<,A,M) to <. We may verify that ξ meets (1.33). The theorem is proved.

Theorem 1.13 (Second Measure Inversion Theorem) Let ξ be an uncertain
variable with second identification function ρ. Then for any Borel set B of
real numbers, we have

M{ξ ∈ B} =



∫
B

ρ(x)dx, if
∫

B

ρ(x)dx < 0.5

1−
∫

Bc

ρ(x)dx, if
∫

Bc

ρ(x)dx < 0.5

0.5, otherwise.

(1.34)

Proof: It follows from the definition of second identification function imme-
diately.

Example 1.14: Suppose ξ is a discrete uncertain variable taking values in
{x1, x2, · · · } with second identification coefficients {ρ1, ρ2, · · · }. Note that
the coefficients must meet

∞∑
i=1

ρi ≥ 1. (1.35)

For any set B of real numbers, we have

M{ξ ∈ B} =



∑
xi∈B

ρi, if
∑

xi∈B

ρi < 0.5

1−
∑

xi∈Bc

ρi, if
∑

xi∈Bc

ρi < 0.5

0.5, otherwise.

(1.36)

Third Identification Function

Definition 1.12 (Liu [130]) An uncertain variable ξ is said to have a third
identification function (λ, ρ) if (i) λ(x) is a nonnegative function and ρ(x) is
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a nonnegative and integrable function such that

sup
x∈B

λ(x)+
∫

B

ρ(x)dx ≥ 0.5 and/or sup
x∈Bc

λ(x)+
∫

Bc

ρ(x)dx ≥ 0.5 (1.37)

for any Borel set B of real numbers; (ii) we have

M{ξ ∈ B} =



sup
x∈B

λ(x) +
∫

B

ρ(x)dx,

if sup
x∈B

λ(x) +
∫

B

ρ(x)dx < 0.5

1− sup
x∈Bc

λ(x)−
∫

Bc

ρ(x)dx,

if sup
x∈Bc

λ(x) +
∫

Bc

ρ(x)dx < 0.5

0.5, otherwise.

(1.38)

Theorem 1.14 Suppose λ is a nonnegative function and ρ is a nonnegative
and integrable function satisfying the condition (1.37). Then there is an
uncertain variable ξ such that (1.38) holds.

Proof: Let < be the universal set. For each Borel set B of real numbers, we
define a set function

M{B} =



sup
x∈B

λ(x) +
∫

B

ρ(x)dx, if sup
x∈B

λ(x) +
∫

B

ρ(x)dx < 0.5

1− sup
x∈Bc

λ(x)−
∫

Bc

ρ(x)dx, if sup
x∈Bc

λ(x) +
∫

Bc

ρ(x)dx < 0.5

0.5, otherwise.

It is clear that M is normal, increasing, self-dual, and countably subadditive.
That is, the set function M is indeed an uncertain measure. Now we define
an uncertain variable ξ as an identity function from the uncertainty space
(<,A,M) to <. We may verify that ξ meets (1.38). The theorem is proved.

Theorem 1.15 (Third Measure Inversion Theorem) Let ξ be an uncertain
variable with third identification function (λ, ρ). Then for any Borel set B of
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real numbers, we have

M{ξ ∈ B} =



sup
x∈B

λ(x) +
∫

B

ρ(x)dx,

if sup
x∈B

λ(x) +
∫

B

ρ(x)dx < 0.5

1− sup
x∈Bc

λ(x)−
∫

Bc

ρ(x)dx,

if sup
x∈Bc

λ(x) +
∫

Bc

ρ(x)dx < 0.5

0.5, otherwise.

Proof: It follows from the definition of third identification function imme-
diately.

Example 1.15: Suppose ξ is a discrete uncertain variable taking values
in {x1, x2, · · · } with third identification coefficients {(λ1, ρ1), (λ2, ρ2), · · · }.
Assume that

sup
xi∈B

λi +
∑

xi∈B

ρi ≥ 0.5 and/or sup
xi∈Bc

λi +
∑

xi∈Bc

ρi ≥ 0.5

for any set B of real numbers. Then we have

M{ξ ∈ B} =



sup
xi∈B

λi +
∑

xi∈B

ρi, if sup
xi∈B

λi +
∑

xi∈B

ρi < 0.5

1− sup
xi∈Bc

λi −
∑

xi∈Bc

ρi, if sup
xi∈Bc

λi +
∑

xi∈Bc

ρi < 0.5

0.5, otherwise.

1.4 Uncertainty Distribution

This section introduces the concept of uncertainty distribution in order to
describe uncertain variables. In many cases, it is sufficient to know the un-
certainty distribution rather than the uncertain variable itself.

Definition 1.13 (Liu [127]) The uncertainty distribution Φ: < → [0, 1] of
an uncertain variable ξ is defined by

Φ(x) = M {ξ ≤ x} . (1.39)

Theorem 1.16 (Peng and Iwamura [186], Sufficient and Necessary Condi-
tion for Uncertainty Distribution) A function Φ : < → [0, 1] is an uncertainty
distribution if and only if it is an increasing function except Φ(x) ≡ 0 and
Φ(x) ≡ 1.
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Proof: It is obvious that an uncertainty distribution Φ is an increasing
function. Conversely, suppose that Φ is an increasing function but Φ(x) 6≡ 0
and Φ(x) 6≡ 1. We will prove that there is an uncertain variable whose
uncertainty distribution is just Φ. Let C be a collection of all intervals of the
form (−∞, a], (b,∞), ∅ and <. We define a set on < as follows,

M{(−∞, a]} = Φ(a),

M{(b,+∞)} = 1− Φ(b),

M{∅} = 0, M{<} = 1.

For an arbitrary Borel set B of real numbers, there exists a sequence {Ai} in
C such that

B ⊂
∞⋃

i=1

Ai.

Note that such a sequence is not unique. Thus the set function M{B} is
defined by

M{B} =



inf
B⊂∪Ai

∞∑
i=1

M{Ai}, if inf
B⊂∪Ai

∞∑
i=1

M{Ai} < 0.5

1− inf
Bc⊂∪Ai

∞∑
i=1

M{Ai}, if inf
Bc⊂∪Ai

∞∑
i=1

M{Ai} < 0.5

0.5, otherwise.

We may prove that the set function M is indeed an uncertain measure on <,
and the uncertain variable defined by the identity function ξ(γ) = γ from the
uncertainty space (<,L,M) to < has the uncertainty distribution Φ.

Example 1.16: Let c be a number with 0 < c < 1. Then Φ(x) ≡ c is an
uncertainty distribution. When c ≤ 0.5, we define a set function over < as
follows,

M{Λ} =



0, if Λ = ∅
c, if Λ is upper bounded

0.5, if both Λ and Λc are upper unbounded
1− c, if Λc is upper bounded

1, if Λ = Γ.

Then (<,L,M) is an uncertainty space. It is easy to verify that the identity
function ξ(γ) = γ is an uncertain variable whose uncertainty distribution is
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just Φ(x) ≡ c. When c > 0.5, we define

M{Λ} =



0, if Λ = ∅
1− c, if Λ is upper bounded
0.5, if both Λ and Λc are upper unbounded
c, if Λc is upper bounded
1, if Λ = Γ.

Then the function ξ(γ) = −γ is an uncertain variable whose uncertainty
distribution is just Φ(x) ≡ c.

Example 1.17: Assume that two uncertain variables ξ and η have the same
uncertainty distribution. One question is whether ξ = η or not. Generally
speaking, it is not true. Take (Γ,L,M) to be {γ1, γ2} with

M{γ1} = M{γ2} = 0.5.

We now define two uncertain variables as follows,

ξ(γ) =
{
−1, if γ = γ1

1, if γ = γ2,
η(γ) =

{
1, if γ = γ1

−1, if γ = γ2.

Then ξ and η have the same uncertainty distribution,

Φ(x) =


0, if x < −1

0.5, if − 1 ≤ x < 1
1, if x ≥ 1.

However, it is clear that ξ 6= η in the sense of Definition 1.6.

Definition 1.14 An uncertain variable ξ is called linear if it has a linear
uncertainty distribution

Φ(x) =


0, if x ≤ a

(x− a)/(b− a), if a ≤ x ≤ b

1, if x ≥ b

(1.40)

denoted by L(a, b) where a and b are real numbers with a < b.

Definition 1.15 An uncertain variable ξ is called zigzag if it has a zigzag
uncertainty distribution

Φ(x) =


0, if x ≤ a

(x− a)/2(b− a), if a ≤ x ≤ b

(x+ c− 2b)/2(c− b), if b ≤ x ≤ c

1, if x ≥ c

(1.41)

denoted by Z(a, b, c) where a, b, c are real numbers with a < b < c.
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Figure 1.4: Linear Uncertainty Distribution
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Figure 1.5: Zigzag Uncertainty Distribution

Definition 1.16 An uncertain variable ξ is called normal if it has a normal
uncertainty distribution

Φ(x) =
(

1 + exp
(
π(e− x)√

3σ

))−1

, x ∈ < (1.42)

denoted by N (e, σ) where e and σ are real numbers with σ > 0.

Definition 1.17 An uncertain variable ξ is called lognormal if ln ξ is a nor-
mal uncertain variable N (e, σ). In other words, a lognormal uncertain vari-
able has an uncertainty distribution

Φ(x) =
(

1 + exp
(
π(e− lnx)√

3σ

))−1

, x ≥ 0 (1.43)

denoted by LOGN (e, σ), where e and σ are real numbers with σ > 0.

Measure Inversion Theorem

Theorem 1.17 (Measure Inversion Theorem) Let ξ be an uncertain variable
with uncertainty distribution Φ. Then for any real number x, we have

M{ξ ≤ x} = Φ(x), M{ξ > x} = 1− Φ(x). (1.44)
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Figure 1.6: Normal Uncertainty Distribution
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Figure 1.7: Lognormal Uncertainty Distribution

Proof: The equation M{ξ ≤ x} = Φ(x) follows from the definition of un-
certainty distribution immediately. By using the self-duality of uncertain
measure, we get M{ξ > x} = 1−M{ξ ≤ x} = 1− Φ(x).

Remark 1.5: If the uncertainty distribution Φ is a continuous function,
then we also have

M{ξ < x} = Φ(x), M{ξ ≥ x} = 1− Φ(x). (1.45)

Theorem 1.18 Let ξ be an uncertain variable with continuous uncertainty
distribution Φ. Then for any interval [a, b], we have

Φ(b)− Φ(a) ≤M{a ≤ ξ ≤ b} ≤ Φ(b) ∧ (1− Φ(a)). (1.46)

Proof: It follows from the subadditivity of uncertain measure and measure
inversion theorem that

M{a ≤ ξ ≤ b}+M{ξ ≤ a} ≤M{ξ ≤ b}.

That is,
M{a ≤ ξ ≤ b}+ Φ(a) ≤ Φ(b).
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Thus the inequality on the left hand side is verified. It follows from the
monotonicity of uncertain measure and measure inversion theorem that

M{a ≤ ξ ≤ b} ≤M{ξ ∈ (−∞, b]} = Φ(b).

On the other hand,

M{a ≤ x ≤ b} ≤M{ξ ∈ [a,+∞)} = 1− Φ(inf a).

Hence the inequality on the right hand side is proved.

Remark 1.6: When a scalar is needed for M{a ≤ ξ ≤ b}, it follows from
the maximum uncertainty principle that

M{a ≤ ξ ≤ b} =


Φ(b)− Φ(a), if Φ(b)− Φ(a) > 0.5

Φ(b) ∧ (1− Φ(a)), if Φ(b) ∧ (1− Φ(a)) < 0.5

0.5, otherwise.

(1.47)

Regular Uncertainty Distribution

Definition 1.18 An uncertainty distribution Φ is said to be regular if its
inverse function Φ−1(α) exists and is unique for each α ∈ (0, 1).

It is easy to verify that a regular uncertainty distribution Φ is a continuous
function. In addition, Φ is strictly increasing at each point x with 0 < Φ(x) <
1. Furthermore,

lim
x→−∞

Φ(x) = 0, lim
x→+∞

Φ(x) = 1. (1.48)

For example, linear uncertainty distribution, zigzag uncertainty distribution,
normal uncertainty distribution, and lognormal uncertainty distribution are
all regular.

Joint Uncertainty Distribution

Definition 1.19 Let (ξ1, ξ2, · · · , ξn) be an uncertain vector. Then the joint
uncertainty distribution Φ : <n → [0, 1] is defined by

Φ(x1, x2, · · · , xn) = M {ξ1 ≤ x1, ξ2 ≤ x2, · · · , ξn ≤ xn} . (1.49)

1.5 Independence

Definition 1.20 (Liu [130]) The uncertain variables ξ1, ξ2, · · · , ξm are said
to be independent if

M

{
m⋂

i=1

(ξi ∈ Bi)

}
= min

1≤i≤m
M {ξi ∈ Bi} (1.50)

for any Borel sets B1, B2, · · · , Bm of real numbers.
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Example 1.18: Let ξ1 be an uncertain variable and let ξ2 be a constant c.
For any Borel sets B1 and B2, if c ∈ B2, then M{ξ2 ∈ B2} = 1 and

M {(ξ1 ∈ B1) ∩ (ξ2 ∈ B2)} = M{ξ1 ∈ B1} = M{ξ1 ∈ B1} ∧M{ξ2 ∈ B2}.

If c 6∈ B2, then M{ξ2 ∈ B2} = 0 and

M {(ξ1 ∈ B1) ∩ (ξ2 ∈ B2)} = M{∅} = 0 = M{ξ1 ∈ B1} ∧M{ξ2 ∈ B2}.

It follows from the definition of independence that an uncertain variable is
always independent of a constant.

Theorem 1.19 The uncertain variables ξ1, ξ2, · · · , ξm are independent if and
only if

M

{
m⋃

i=1

(ξi ∈ Bi)

}
= max

1≤i≤m
M {ξi ∈ Bi} (1.51)

for any Borel sets B1, B2, · · · , Bm of real numbers.

Proof: It follows from the self-duality of uncertain measure that ξ1, ξ2, · · · , ξm
are independent if and only if

M

{
m⋃

i=1

(ξi ∈ Bi)

}
= 1−M

{
m⋂

i=1

(ξi ∈ Bc
i )

}
= 1− min

1≤i≤m
M{ξi ∈ Bc

i } = max
1≤i≤m

M {ξi ∈ Bi} .

Thus the proof is complete.

Theorem 1.20 Let Φi be uncertainty distributions of uncertain variables
ξi, i = 1, 2, · · · ,m, respectively, and Φ the joint uncertainty distribution of
uncertain vector (ξ1, ξ2, · · · , ξm). If ξ1, ξ2, · · · , ξm are independent, then we
have

Φ(x1, x2, · · · , xm) = min
1≤i≤m

Φi(xi) (1.52)

for any real numbers x1, x2, · · · , xm.

Proof: Since ξ1, ξ2, · · · , ξm are independent uncertain variables, we have

Φ(x1, x2, · · · , xm) = M

{
m⋂

i=1

(ξi ≤ xi)

}
= min

1≤i≤m
M{ξi ≤ xi} = min

1≤i≤m
Φi(xi)

for any real numbers x1, x2, · · · , xm. The theorem is proved.

Example 1.19: However, the equation (1.52) does not imply that the uncer-
tain variables are independent. For example, let ξ be an uncertain variable
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with uncertainty distribution Φ. Then the joint uncertainty distribution Ψ
of uncertain vector (ξ, ξ) is

Ψ(x1, x2) = M{ξ ≤ x1, ξ ≤ x2} = M{ξ ≤ x1} ∧M{ξ ≤ x2} = Φ(x1) ∧ Φ(x2)

for any real numbers x1 and x2. But, generally speaking, an uncertain vari-
able is not independent with itself.

Theorem 1.21 Let ξ1, ξ2, · · · , ξm be independent uncertain variables, and
f1, f2, · · · , fn measurable functions. Then f1(ξ1), f2(ξ2), · · · , fm(ξm) are in-
dependent uncertain variables.

Proof: For any Borel sets B1, B2, · · · , Bm of <, it follows from the definition
of independence that

M

{
m⋂

i=1

(fi(ξi) ∈ Bi)

}
= M

{
m⋂

i=1

(ξi ∈ f−1
i (Bi))

}
= min

1≤i≤m
M{ξi ∈ f−1

i (Bi)} = min
1≤i≤m

M{fi(ξi) ∈ Bi}.

Thus f1(ξ1), f2(ξ2), · · · , fm(ξm) are independent uncertain variables.

1.6 Operational Law

Theorem 1.22 (Liu [130], Operational Law) Let ξ1, ξ2, · · · , ξn be indepen-
dent uncertain variables, and f : <n → < a measurable function. Then
ξ = f(ξ1, ξ2, · · · , ξn) is an uncertain variable such that

M{ξ ∈ B} =



sup
f(B1,B2,··· ,Bn)⊂B

min
1≤k≤n

Mk{ξk ∈ Bk},

if sup
f(B1,B2,··· ,Bn)⊂B

min
1≤k≤n

Mk{ξk ∈ Bk} > 0.5

1− sup
f(B1,B2,··· ,Bn)⊂Bc

min
1≤k≤n

Mk{ξk ∈ Bk},

if sup
f(B1,B2,··· ,Bn)⊂Bc

min
1≤k≤n

Mk{ξk ∈ Bk} > 0.5

0.5, otherwise

where B,B1, B2, · · · , Bn are Borel sets, and f(B1, B2, · · · , Bn) ⊂ B means
f(x1, x2, · · · , xn) ∈ B for any x1 ∈ B1, x2 ∈ B2, · · · , xn ∈ Bn.

Proof: Write Λ = {ξ ∈ B} and Λk = {ξk ∈ Bk} for k = 1, 2, · · · , n. It is
easy to verify that

Λ1 × Λ2 × · · · × Λn ⊂ Λ if and only if f(B1, B2, · · · , Bn) ⊂ B,

Λ1 × Λ2 × · · · × Λn ⊂ Λc if and only if f(B1, B2, · · · , Bn) ⊂ Bc.

Thus the operational law follows from the product measure axiom immedi-
ately.
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Increasing Function of Single Uncertain Variable

Theorem 1.23 Let ξ be an uncertain variable with regular uncertainty dis-
tribution Φ, and let f be a strictly increasing function. Then f(ξ) has an
uncertainty distribution

Ψ(x) = Φ(f−1(x)), x ∈ < (1.53)

whose inverse function is

Ψ−1(α) = f(Φ−1(α)), 0 < α < 1. (1.54)

Proof: Since f is a strictly increasing function, we have, for each real number
x,

f((−∞, f−1(x)]) = (−∞, x].

It follows from the operational law that

Ψ(x) = M{f(ξ) ∈ (−∞, x]} = M
{
ξ ∈ (−∞, f−1(x)]

}
= Φ(f−1(x)).

The first part is verified. Now let Ψ(x) = α. Then

Φ(f−1(x)) = α implies x = f(Φ−1(α)).

Thus we have Ψ−1(α) = x = f(Φ−1(α)). The theorem is proved.

99 Method 1.1 It is suggested that an uncertain variable ξ with uncertainty
distribution Φ is represented on a computer by

0.01 0.02 0.03 · · · 0.99
x1 x2 x3 · · · x99

(1.55)

where 0.01, 0.02, 0.03, · · · , 0.99 in the first row are the values of uncertainty
distribution Φ, and x1, x2, x3, · · · , x99 in the second row are the corresponding
values of Φ−1(0.01),Φ−1(0.02),Φ−1(0.03), · · · ,Φ−1(0.99). Essentially, it is a
discrete representation of uncertainty distribution Φ. Then for any strictly
increasing function f(x), the uncertain variable f(ξ) is

0.01 0.02 0.03 · · · 0.99
f(x1) f(x2) f(x3) · · · f(x99)

(1.56)

The 99 method may be extended to the 999 method if a more precise result is
needed.

Example 1.20: Let ξ be an uncertain variable with regular uncertainty
distribution Φ. Then for any number k > 0, the uncertainty distribution of
kξ is

Ψ(x) = Φ
(x
k

)
, x ∈ < (1.57)
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whose inverse function is

Ψ−1(α) = kΦ−1(α), 0 < α < 1. (1.58)

If ξ is represented by

0.01 0.02 0.03 · · · 0.99
x1 x2 x3 · · · x99

(1.59)

then the 99 method yields that kξ is

0.01 0.02 0.03 · · · 0.99
kx1 kx2 kx3 · · · kx99

(1.60)

Example 1.21: If ξ is an uncertain variables with regular uncertainty dis-
tribution Φ and k is a constant, then ξ + k is an uncertain variable with
uncertainty distribution

Ψ(x) = Φ(x− k), x ∈ < (1.61)

whose inverse function is

Ψ−1(α) = Φ−1(α) + k, 0 < α < 1. (1.62)

If ξ is represented by

0.01 0.02 0.03 · · · 0.99
x1 x2 x3 · · · x99

(1.63)

then the 99 method yields that ξ + k is

0.01 0.02 0.03 · · · 0.99
x1 + k x2 + k x3 + k · · · x99 + k

(1.64)

Example 1.22: Let ξ be a nonnegative uncertain variable with regular un-
certainty distribution Φ. Since x2 is a strictly increasing function on [0,+∞),
the square ξ2 is an uncertain variable with uncertainty distribution

Ψ(x) = Φ(
√
x), ∀x ≥ 0 (1.65)

whose inverse function is

Ψ−1(α) =
(
Φ−1(α)

)2
, 0 < α < 1. (1.66)

If ξ is represented by

0.01 0.02 0.03 · · · 0.99
x1 x2 x3 · · · x99

(1.67)
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then the 99 method yields that the uncertain variable ξ2 is

0.01 0.02 0.03 · · · 0.99
x2

1 x2
2 x2

3 · · · x2
99

(1.68)

Example 1.23: Let ξ be an uncertain variable with regular uncertainty
distribution Φ. Since exp(x) is a strictly increasing function, exp(ξ) is an
uncertain variable with uncertainty distribution

Ψ(x) = Φ(lnx), ∀x > 0 (1.69)

whose inverse function is

Ψ−1(α) = exp
(
Φ−1(α)

)
, 0 < α < 1. (1.70)

If ξ is represented by

0.01 0.02 0.03 · · · 0.99
x1 x2 x3 · · · x99

(1.71)

then the 99 method yields that the uncertain variable exp(ξ) is

0.01 0.02 0.03 · · · 0.99
exp(x1) exp(x2) exp(x3) · · · exp(x99)

(1.72)

Decreasing Function of Single Uncertain Variable

Theorem 1.24 Let ξ be an uncertain variable with regular uncertainty dis-
tribution Φ, and let f be a strictly decreasing function. Then f(ξ) has an
uncertainty distribution

Ψ(x) = 1− Φ(f−1(x)), x ∈ < (1.73)

whose inverse function is

Ψ−1(α) = f(Φ−1(1− α)), 0 < α < 1. (1.74)

Proof: Since f is a strictly increasing function, we have, for each real number
x,

f((−∞, f−1(x))) = (x,+∞).

It follows from the operational law and continuity of Φ that

Ψ(x) = M{f(ξ) ∈ (−∞, x]} = 1−M{f(ξ) ∈ (x,+∞)}

= 1−M{ξ ∈ (−∞, f−1(x))} = 1− Φ(f−1(x)).

The first part is verified. Now let Ψ(x) = α. Then

1− Φ(f−1(x)) = α implies x = f(Φ−1(1− α)).

Thus we have Ψ−1(α) = x = f(Φ−1(1− α)). The theorem is proved.
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99 Method 1.2 Let ξ be an uncertain variable represented on a computer
by

0.01 0.02 0.03 · · · 0.99
x1 x2 x3 · · · x99

(1.75)

Then for any strictly decreasing function f(x), the uncertain variable f(ξ) is

0.01 0.02 0.03 · · · 0.99
f(x99) f(x98) f(x97) · · · f(x1)

(1.76)

Example 1.24: Let ξ be an uncertain variable with regular uncertainty
distribution Φ. Then −ξ has an uncertainty distribution

Ψ(x) = 1− Φ(−x), x ∈ < (1.77)

whose inverse function is

Ψ−1(α) = −Φ−1(1− α), 0 < α < 1. (1.78)

If ξ is represented by

0.01 0.02 0.03 · · · 0.99
x1 x2 x3 · · · x99

(1.79)

then the 99 method yields that the uncertain variable −ξ is

0.01 0.02 0.03 · · · 0.99
−x99 −x98 −x97 · · · −x1

(1.80)

Example 1.25: Let ξ be a positive uncertain variable with regular uncer-
tainty distribution Φ. Since 1/x is a strictly decreasing function on (0,+∞),
the reciprocal 1/ξ is an uncertain variable with uncertainty distribution

Ψ(x) = 1− Φ
(

1
x

)
, ∀x > 0 (1.81)

whose inverse function is

Ψ−1(α) =
1

Φ−1(1− α)
, 0 < α < 1. (1.82)

If ξ is represented by

0.01 0.02 0.03 · · · 0.99
x1 x2 x3 · · · x99

(1.83)

then the 99 method yields that the uncertain variable 1/ξ is

0.01 0.02 0.03 · · · 0.99
1/x99 1/x98 1/x97 · · · 1/x1

(1.84)
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Example 1.26: Let ξ be an uncertain variable with regular uncertainty
distribution Φ. Since exp(−x) is a strictly decreasing function, exp(−ξ) is an
uncertain variable with uncertainty distribution

Ψ(x) = Φ(− lnx), ∀x > 0 (1.85)

whose inverse function is

Ψ−1(α) = exp
(
−Φ−1(1− α)

)
, 0 < α < 1. (1.86)

If ξ is represented by

0.01 0.02 0.03 · · · 0.99
x1 x2 x3 · · · x99

(1.87)

then the 99 method yields that the uncertain variable exp(−ξ) is

0.01 0.02 0.03 · · · 0.99
exp(−x99) exp(−x98) exp(−x97) · · · exp(−x1)

(1.88)

Increasing Function of Multiple Uncertain Variables

Theorem 1.25 Let ξ1, ξ2, · · · , ξn be independent uncertain variables with
regular uncertainty distributions Φ1,Φ2, · · · ,Φn, respectively. If f : <n → <
is a strictly increasing function, then

ξ = f(ξ1, ξ2, · · · , ξn) (1.89)

is an uncertain variable with uncertainty distribution

Ψ(x) = sup
f(x1,x2,··· ,xn)=x

min
1≤i≤n

Φi(xi), x ∈ < (1.90)

whose inverse function is

Ψ−1(α) = f(Φ−1
1 (α),Φ−1

2 (α), · · · ,Φ−1
n (α)), 0 < α < 1. (1.91)

Proof: Since ξ1, ξ2, · · · , ξn are independent uncertain variables and f is a
strictly increasing function, we have

M{ξ ≤ Ψ−1(α)}

= M{f(ξ1, ξ2, · · · , ξn) ≤ f(Φ−1
1 (α),Φ−1

2 (α), · · · ,Φ−1
n (α))}

≥ M{(ξ1 ≤ Φ−1
1 (α)) ∩ (ξ2 ≤ Φ−1

2 (α)) ∩ · · · ∩ (ξn ≤ Φ−1
n (α))}

= M{ξ1 ≤ Φ−1
1 (α)} ∧M{ξ2 ≤ Φ−1

2 (α)} ∧ · · · ∧M{ξn ≤ Φ−1
n (α)}

= α ∧ α ∧ · · · ∧ α = α.
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On the other hand, there exists some index i such that

{f(ξ1, ξ2, · · · , ξn) ≤ f(Φ−1
1 (α),Φ−1

2 (α), · · · ,Φ−1
n (α))} ⊂ {ξi ≤ Φ−1

i (α)}.

Thus
M{ξ ≤ Ψ−1(α)} ≤M{ξi ≤ Φ−1

i (α)} = α.

It follows thatM{ξ ≤ Ψ−1(α)} = α. In other words, Ψ is just the uncertainty
distribution of ξ. The theorem is proved.

99 Method 1.3 Assume ξ1, ξ2, · · · , ξn are uncertain variables, and each ξi
is represented on a computer by

0.01 0.02 0.03 · · · 0.99
xi

1 xi
2 xi

3 · · · xi
99

(1.92)

Then for any strictly increasing function f(x1, x2, · · · , xn), the uncertain
variable f(ξ1, ξ2, · · · , ξn) is

0.01 0.02 · · · 0.99
f(x1

1, x
2
1, · · · , xn

1 ) f(x1
2, x

2
2, · · · , xn

2 ) · · · f(x1
99, x

2
99, · · · , xn

99)
(1.93)

Example 1.27: Let ξ1, ξ2, · · · , ξn be independent uncertain variables with
regular uncertainty distributions Φ1,Φ2, · · · ,Φn, respectively. Then the sum

ξ = ξ1 + ξ2 + · · ·+ ξn (1.94)

is an uncertain variable with uncertainty distribution

Ψ(x) = sup
x1+x2+···+xn=x

min
1≤i≤n

Φi(xi), x ∈ < (1.95)

whose inverse function is

Ψ−1(α) = Φ−1
1 (α) + Φ−1

2 (α) + · · ·+ Φ−1
n (α), 0 < α < 1. (1.96)

If each ξi (1 ≤ i ≤ n) is represented by

0.01 0.02 0.03 · · · 0.99
xi

1 xi
2 xi

3 · · · xi
99

(1.97)

then the 99 method yields that the sum ξ1 + ξ2 + · · ·+ ξn is

0.01 0.02 0.03 · · · 0.99
n∑

i=1

xi
1

n∑
i=1

xi
2

n∑
i=1

xi
3 · · ·

n∑
i=1

xi
99

(1.98)
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Example 1.28: Let ξ1, ξ2, · · · , ξn be independent and positive uncertain
variables with regular uncertainty distributions Φ1,Φ2, · · · ,Φn, respectively.
Then the product

ξ = ξ1 × ξ2 × · · · × ξn (1.99)

is an uncertain variable with uncertainty distribution

Ψ(x) = sup
x1×x2×···×xn=x

min
1≤i≤n

Φi(xi), x ∈ < (1.100)

whose inverse function is

Ψ−1(α) = Φ−1
1 (α)× Φ−1

2 (α)× · · · × Φ−1
n (α), 0 < α < 1. (1.101)

If each ξi (1 ≤ i ≤ n) is represented by

0.01 0.02 0.03 · · · 0.99
xi

1 xi
2 xi

3 · · · xi
99

(1.102)

then the 99 method yileds that the product ξ1 × ξ2 × · · · × ξn is

0.01 0.02 0.03 · · · 0.99
n∏

i=1

xi
1

n∏
i=1

xi
2

n∏
i=1

xi
3 · · ·

n∏
i=1

xi
99

(1.103)

Example 1.29: Assume ξ1, ξ2, ξ3 are independent and nonnegative uncer-
tain variables with regular uncertainty distributions Φ1,Φ2,Φ3, respectively.
Then the uncertainty distribution of (ξ1 + ξ2)ξ3 is

Ψ(x) = sup
(x1+x2)x3=x

Φ1(x1) ∧ Φ2(x2) ∧ Φ3(x3), x ≥ 0 (1.104)

whose inverse function is

Ψ−1(α) =
(
Φ−1

1 (α) + Φ−1
2 (α)

)
Φ−1

3 (α), 0 < α < 1. (1.105)

If ξ1, ξ2, ξ3 are respectively represented by

0.01 0.02 0.03 · · · 0.99
x1

1 x1
2 x1

3 · · · x1
99

0.01 0.02 0.03 · · · 0.99
x2

1 x2
2 x2

3 · · · x2
99

0.01 0.02 0.03 · · · 0.99
x3

1 x3
2 x3

3 · · · x3
99

(1.106)

then the 99 method yields that the uncertain variable (ξ1 + ξ2)ξ3 is

0.01 0.02 · · · 0.99
(x1

1 + x2
1)x

3
1 (x1

2 + x2
2)x

3
2 · · · (x1

99 + x2
99)x

3
99

(1.107)
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Theorem 1.26 Assume that ξ1 and ξ2 are independent linear uncertain
variables L(a1, b1) and L(a2, b2), respectively. Then the sum ξ1 + ξ2 is also a
linear uncertain variable L(a1 + a2, b1 + b2), i.e.,

L(a1, b1) + L(a2, b2) = L(a1 + a2, b1 + b2). (1.108)

The product of a linear uncertain variable L(a, b) and a scalar number k > 0
is also a linear uncertain variable L(ka, kb), i.e.,

k · L(a, b) = L(ka, kb). (1.109)

Proof: Assume that the uncertain variables ξ1 and ξ2 have uncertainty
distributions Φ1 and Φ2, respectively. Then

Φ−1
1 (α) = (1− α)a1 + αb1,

Φ−1
2 (α) = (1− α)a2 + αb2.

It follows from the operational law that the uncertainty distribution of ξ1+ξ2
is described by

Ψ−1(α) = Φ−1
1 (α) + Φ−1

2 (α) = (1− α)(a1 + a2) + α(b1 + b2).

Hence the sum is also a linear uncertain variable L(a1 + a2, b1 + b2). The
first part is verified. Next, suppose that the uncertainty distribution of the
uncertain variable ξ ∼ L(a, b) is Φ. It follows from the operational law that
when k > 0, the uncertainty distribution of kξ is described by

Ψ−1(α) = kΦ−1(α) = (1− α)(ka) + α(kb).

Hence kξ is just a linear uncertain variable L(ka, kb).

Theorem 1.27 Assume that ξ1 and ξ2 are independent zigzag uncertain
variables Z(a1, b1, c1) and Z(a2, b2, c3), respectively. Then the sum ξ1 + ξ2 is
also a zigzag uncertain variable Z(a1 + a2, b1 + b2, c1 + c2), i.e.,

Z(a1, b1, c1) + Z(a2, b2, c2) = Z(a1 + a2, b1 + b2, c1 + c2). (1.110)

The product of a zigzag uncertain variable Z(a, b, c) and a scalar number
k > 0 is also a zigzag uncertain variable Z(ka, kb, kc), i.e.,

k · Z(a, b, c) = Z(ka, kb, kc). (1.111)

Proof: Assume that the uncertain variables ξ1 and ξ2 have uncertainty
distributions Φ1 and Φ2, respectively. Then

Φ−1
1 (α) =

{
(1− 2α)a1 + 2αb1, if α < 0.5

(2− 2α)b1 + (2α− 1)c1, if α ≥ 0.5,
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Φ−1
2 (α) =

{
(1− 2α)a2 + 2αb2, if α < 0.5

(2− 2α)b2 + (2α− 1)c2, if α ≥ 0.5.

It follows from the operational law that the uncertainty distribution of ξ1+ξ2
is described by

Ψ−1(α) =

{
(1− 2α)(a1 + a2) + 2α(b1 + b2), if α < 0.5

(2− 2α)(b1 + b2) + (2α− 1)(c1 + c2), if α ≥ 0.5.

Hence the sum is also a zigzag uncertain variable Z(a1 + a2, b1 + b2, c1 + c2).
The first part is verified. Next, suppose that the uncertainty distribution of
the uncertain variable ξ ∼ Z(a, b, c) is Φ. It follows from the operational law
that when k > 0, the uncertainty distribution of kξ is described by

Ψ−1(α) = kΦ−1(α) =

{
(1− 2α)(ka) + 2α(kb), if α < 0.5

(2− 2α)(kb) + (2α− 1)(kc), if α ≥ 0.5.

Hence kξ is just a zigzag uncertain variable Z(ka, kb, kc).

Theorem 1.28 Let ξ1 and ξ2 be independent normal uncertain variables
N (e1, σ1) and N (e2, σ2), respectively. Then the sum ξ1 + ξ2 is also a normal
uncertain variable N (e1 + e2, σ1 + σ2), i.e.,

N (e1, σ1) +N (e2, σ2) = N (e1 + e2, σ1 + σ2). (1.112)

The product of a normal uncertain variable N (e, σ) and a scalar number
k > 0 is also a normal uncertain variable N (ke, kσ), i.e.,

k · N (e, σ) = N (ke, kσ). (1.113)

Proof: Assume that the uncertain variables ξ1 and ξ2 have uncertainty
distributions Φ1 and Φ2, respectively. Then

Φ−1
1 (α) = e1 +

σ1

√
3

π
ln

α

1− α
,

Φ−1
2 (α) = e2 +

σ2

√
3

π
ln

α

1− α
.

It follows from the operational law that the uncertainty distribution of ξ1+ξ2
is described by

Ψ−1(α) = Φ−1
1 (α) + Φ−1

2 (α) = (e1 + e2) +
(σ1 + σ2)

√
3

π
ln

α

1− α
.

Hence the sum is also a normal uncertain variable N (e1 + e2, σ1 + σ2). The
first part is verified. Next, suppose that the uncertainty distribution of the
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uncertain variable ξ ∼ N (e, σ) is Φ. It follows from the operational law that,
when k > 0, the uncertainty distribution of kξ is described by

Ψ−1(α) = kΦ−1(α) = (ke) +
(kσ)

√
3

π
ln

α

1− α
.

Hence kξ is just a normal uncertain variable N (ke, kσ).

Theorem 1.29 Assume that ξ1, ξ2, · · · , ξn are independent lognormal un-
certain variables LOGN (e1, σ1),LOGN (e2, σ2), · · · ,LOGN (en, σn), respec-
tively. Then the sum ξ1+ξ2+· · ·+ξn is an uncertain variable (not lognormal)
whose uncertainty distribution Ψ is described by

Ψ−1(α) =
n∑

i=1

exp(ei)
(

α

1− α

)√3σi/π

, 0 < α < 1. (1.114)

The product of a lognormal uncertain variable LOGN (e, σ) and a scalar num-
ber k > 0 is also a lognormal uncertain variable LOGN (e+ ln k, σ), i.e.,

k · LOGN (e, σ) = LOGN (e+ ln k, σ). (1.115)

Proof: Assume that the uncertain variables ξ1, ξ2, · · · , ξn have uncertainty
distributions Φ1,Φ2, · · · ,Φn, respectively. Then

Φ−1
i (α) = exp(ei)

(
α

1− α

)√3σi/π

for i = 1, 2, · · · , n. It follows from the operational law that the uncertainty
distribution of ξ1 + ξ2 + · · · + ξn is described by (1.114). The first part is
verified. Next, suppose that the uncertainty distribution of the uncertain
variable ξ ∼ LOGN (e, σ) is Φ. It follows from the operational law that,
when k > 0, the uncertainty distribution of kξ is described by

Ψ−1(α) = kΦ−1(α) = exp(e+ ln k)
(

α

1− α

)√3σ/π

.

Hence kξ is just a lognormal uncertain variable LOGN (e+ ln k, σ).

Example 1.30: Let ξ1, ξ2, · · · , ξn be independent uncertain variables with
regular uncertainty distributions Φ1,Φ2, · · · ,Φn, respectively. Then the max-
imum

ξ = ξ1 ∨ ξ2 ∨ · · · ∨ ξn (1.116)

is an uncertain variable with uncertainty distribution

Ψ(x) = Φ1(x) ∧ Φ2(x) ∧ · · · ∧ Φn(x), x ∈ < (1.117)
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whose inverse function is

Ψ−1(α) = Φ−1
1 (α) ∨ Φ−1

2 (α) ∨ · · · ∨ Φ−1
n (α), 0 < α < 1. (1.118)

If each ξi (1 ≤ i ≤ n) is represented by

0.01 0.02 0.03 · · · 0.99
xi

1 xi
2 xi

3 · · · xi
99

(1.119)

then the 99 method yields that the maximum ξ1 ∨ ξ2 ∨ · · · ∨ ξn is

0.01 0.02 0.03 · · · 0.99
n∨

i=1

xi
1

n∨
i=1

xi
2

n∨
i=1

xi
3 · · ·

n∨
i=1

xi
99

(1.120)

Example 1.31: Let ξ1, ξ2, · · · , ξn be independent uncertain variables with
regular uncertainty distributions Φ1,Φ2, · · · ,Φn, respectively. Then the min-
imum

ξ = ξ1 ∧ ξ2 ∧ · · · ∧ ξn (1.121)

is an uncertain variable with uncertainty distribution

Ψ(x) = Φ1(x) ∨ Φ2(x) ∨ · · · ∨ Φn(x), x ∈ < (1.122)

whose inverse function is

Ψ−1(α) = Φ−1
1 (α) ∧ Φ−1

2 (α) ∧ · · · ∧ Φ−1
n (α), 0 < α < 1. (1.123)

If each ξi (1 ≤ i ≤ n) is represented by

0.01 0.02 0.03 · · · 0.99
xi

1 xi
2 xi

3 · · · xi
99

(1.124)

then the 99 method yields that the minimum ξ1 ∧ ξ2 ∧ · · · ∧ ξn is

0.01 0.02 0.03 · · · 0.99
n∧

i=1

xi
1

n∧
i=1

xi
2

n∧
i=1

xi
3 · · ·

n∧
i=1

xi
99

(1.125)

Example 1.32: If ξ is an uncertain variable with regular uncertainty dis-
tribution Φ and k is a constant, then ξ ∨ k is an uncertain variable with
uncertainty distribution

Ψ(x) =

{
0, if x < k

Φ(x), if x ≥ k
(1.126)
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and is produced by the 99 method as follows,

0.01 0.02 0.03 · · · 0.99
x1 ∨ k x2 ∨ k x3 ∨ k · · · x99 ∨ k

(1.127)

In addition, ξ ∧ k is an uncertain variable with uncertainty distribution

Ψ(x) =

{
Φ(x), if x < k

1, if x ≥ k
(1.128)

and is produced by the 99 method as follows,

0.01 0.02 0.03 · · · 0.99
x1 ∧ k x2 ∧ k x3 ∧ k · · · x99 ∧ k

(1.129)

Decreasing Function of Multiple Uncertain Variables

Theorem 1.30 Let ξ1, ξ2, · · · , ξn be independent uncertain variables with
regular uncertainty distributions Φ1,Φ2, · · · ,Φn, respectively. If f : <n → <
is a strictly decreasing function, then

ξ = f(ξ1, ξ2, · · · , ξn) (1.130)

is an uncertain variable with uncertainty distribution

Ψ(x) = sup
f(x1,x2,··· ,xn)=x

min
1≤i≤n

(1− Φi(xi)), x ∈ < (1.131)

whose inverse function is

Ψ−1(α) = f(Φ−1
1 (1−α),Φ−1

2 (1−α), · · · ,Φ−1
n (1−α)), 0 < α < 1. (1.132)

Proof: Since ξ1, ξ2, · · · , ξn are independent uncertain variables and f is a
strictly decreasing function, we have

M{ξ ≤ Ψ−1(α)}

= M{f(ξ1, ξ2, · · · , ξn) ≤ f(Φ−1
1 (1− α),Φ−1

2 (1− α), · · · ,Φ−1
n (1− α))}

≥ M{(ξ1 ≥ Φ−1
1 (1− α)) ∩ (ξ2 ≥ Φ−1

2 (1− α)) ∩ · · · ∩ (ξn ≥ Φ−1
n (1− α))}

= M{ξ1 ≥ Φ−1
1 (1− α)}∧M{ξ2 ≥ Φ−1

2 (1− α)}∧ · · · ∧M{ξn ≥ Φ−1
n (1− α)}

= α ∧ α ∧ · · · ∧ α = α. (By the continuity of Φi’s)

On the other hand, there exists some index i such that

{f(ξ1, · · · , ξn) ≤ f(Φ−1
1 (1− α), · · · ,Φ−1

n (1− α))} ⊂ {ξi ≥ Φ−1
i (1− α)}.

Thus
M{ξ ≤ Ψ−1(α)} ≤M{ξi ≥ Φ−1

i (1− α)} = α.

It follows thatM{ξ ≤ Ψ−1(α)} = α. In other words, Ψ is just the uncertainty
distribution of ξ. The theorem is proved.
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99 Method 1.4 Assume ξ1, ξ2, · · · , ξn are uncertain variables, and each ξi
is represented on a computer by

0.01 0.02 0.03 · · · 0.99
xi

1 xi
2 xi

3 · · · xi
99

(1.133)

Then for any strictly decreasing function f(x1, x2, · · · , xn), the uncertain
variable f(ξ1, ξ2, · · · , ξn) is

0.01 0.02 · · · 0.99
f(x1

99, x
2
99, · · · , xn

99) f(x1
98, x

2
98, · · · , xn

98) · · · f(x1
1, x

2
1, · · · , xn

1 )

Alternating Monotone Function of Multiple Uncertain Variables

Theorem 1.31 Let ξ1, ξ2, · · · , ξn be independent uncertain variables with
regular uncertainty distributions Φ1,Φ2, · · · ,Φn, respectively. If the func-
tion f(x1, x2, · · · , xn) is strictly increasing with respect to x1, x2, · · · , xm and
strictly decreasing with respect to xm+1, xm+2, · · · , xn, then

ξ = f(ξ1, ξ2, · · · , ξn)

is an uncertain variable with uncertainty distribution

Ψ(x) = sup
f(x1,x2,··· ,xn)=x

(
min

1≤i≤m
Φi(xi) ∧ min

m+1≤i≤n
(1− Φi(xi))

)
, x ∈ <

whose inverse function is

Ψ−1(α) = f(Φ−1
1 (α), · · · ,Φ−1

m (α),Φ−1
m+1(1−α), · · · ,Φ−1

n (1−α)), 0 < α < 1.

Proof: We only prove the case of m = 1 and n = 2. Since ξ1 and ξ2
are independent uncertain variables and the function f(x1, x2) is strictly
increasing with respect to x1 and strictly decreasing with x2, we have

M{ξ ≤ Ψ−1(α)} = M{f(ξ1, ξ2) ≤ f(Φ−1
1 (α),Φ−1

2 (1− α))}

≥M{(ξ1 ≤ Φ−1
1 (α)) ∩ (ξ2 ≥ Φ−1

2 (1− α))}

= M{ξ1 ≤ Φ−1
1 (α)} ∧M{ξ2 ≥ Φ−1

2 (1− α)}

= α ∧ α = α.

On the other hand, the event {ξ ≤ Ψ−1(α)} is a subset of either M{ξ1 ≤
Φ−1

1 (α)} or {ξ2 ≥ Φ−1
2 (1− α)}. Thus M{ξ ≤ Ψ−1(α)} ≤ α. It follows that

M{ξ ≤ Ψ−1(α)} = α.

In other words, Ψ is just the uncertainty distribution of ξ. The theorem is
proved.
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99 Method 1.5 Assume ξ1, ξ2, · · · , ξn are independent uncertain variables,
and each ξi is represented on a computer by

0.01 0.02 0.03 · · · 0.99
xi

1 xi
2 xi

3 · · · xi
99

(1.134)

If the function f(x1, x2, · · · , xn) is strictly increasing with respect to x1, x2,
· · · , xm and strictly decreasing with xm+1, xm+2, · · · , xn, then the uncertain
variable f(ξ1, ξ2, · · · , ξn) is

0.01 · · · 0.99
f(x1

1, · · · , xm
1 , x

m+1
99 , · · · , xn

99) · · · f(x1
99, · · · , xm

99, x
m+1
1 , · · · , xn

1 )

Example 1.33: Let ξ1 and ξ2 be independent uncertain variables with reg-
ular uncertainty distributions Φ1 and Φ2, respectively. Then the uncertainty
distribution Ψ of the difference ξ1 − ξ2 is

Ψ(x) = sup
x1−x2=x

Φ1(x1) ∧ (1− Φ2(x2)), x ∈ < (1.135)

whose inverse function is

Ψ−1(α) = Φ−1
1 (α)− Φ−1

2 (1− α), 0 < α < 1. (1.136)

If ξ1 and x2 are respectively represented by

0.01 0.02 0.03 · · · 0.99
x1

1 x1
2 x1

3 · · · x1
99

(1.137)

0.01 0.02 0.03 · · · 0.99
x2

1 x2
2 x2

3 · · · x2
99

(1.138)

then the 99 method yields that ξ1 − ξ2 is

0.01 0.02 0.03 · · · 0.99
x1

1 − x2
99 x1

2 − x2
98 x1

3 − x2
97 · · · x1

99 − x2
1

(1.139)

Example 1.34: Let ξ1 and ξ2 be independent and positive uncertain vari-
ables with regular uncertainty distributions Φ1 and Φ2, respectively. Then
the uncertainty distribution Ψ of the quotient ξ1/ξ2 is

Ψ(x) = sup
x1/x2=x

Φ1(x1) ∧ (1− Φ2(x2)), x > 0 (1.140)

whose inverse function is

Ψ−1(α) = Φ−1
1 (α)/Φ−1

2 (1− α), 0 < α < 1. (1.141)
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If ξ1 and ξ2 are respectively represented by

0.01 0.02 0.03 · · · 0.99
x1

1 x1
2 x1

3 · · · x1
99

(1.142)

0.01 0.02 0.03 · · · 0.99
x2

1 x2
2 x2

3 · · · x2
99

(1.143)

then the 99 method yields that ξ1/ξ2 is

0.01 0.02 0.03 · · · 0.99
x1

1/x
2
99 x1

2/x
2
98 x1

3/x
2
97 · · · x1

99/x
2
1

(1.144)

Example 1.35: Assume ξ1, ξ2, ξ3 are independent and positive uncertain
variables with regular uncertainty distributions Φ1,Φ2,Φ3, respectively. Then
the uncertainty distribution of ξ1/(ξ2 + ξ3) is

Ψ(x) = sup
x1/(x2+x3)=x

Φ1(x1) ∧ (1− Φ2(x2)) ∧ (1− Φ3(x3)), x > 0 (1.145)

whose inverse function is

Ψ−1(α) = Φ−1
1 (α)/(Φ−1

2 (1− α) + Φ−1
3 (1− α)), 0 < α < 1. (1.146)

If ξ1, ξ2, ξ3 are respectively represented by

0.01 0.02 0.03 · · · 0.99
x1

1 x1
2 x1

3 · · · x1
99

(1.147)

0.01 0.02 0.03 · · · 0.99
x2

1 x2
2 x2

3 · · · x2
99

(1.148)

0.01 0.02 0.03 · · · 0.99
x3

1 x3
2 x3

3 · · · x3
99

(1.149)

then the 99 method yields that the uncertain variable ξ1/(ξ2 + ξ3) is

0.01 0.02 · · · 0.99
x1

1/(x
2
99 + x3

99) x1
2/(x

2
98 + x3

98) · · · x1
99/(x

2
1 + x3

1)
(1.150)

1.7 Expected Value

Expected value is the average value of uncertain variable in the sense of
uncertain measure, and represents the size of uncertain variable.

Definition 1.21 (Liu [127]) Let ξ be an uncertain variable. Then the ex-
pected value of ξ is defined by

E[ξ] =
∫ +∞

0

M{ξ ≥ r}dr −
∫ 0

−∞
M{ξ ≤ r}dr (1.151)

provided that at least one of the two integrals is finite.
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Theorem 1.32 Let ξ be an uncertain variable with uncertainty distribution
Φ. If the expected value exists, then

E[ξ] =
∫ +∞

0

(1− Φ(x))dx−
∫ 0

−∞
Φ(x)dx. (1.152)

Proof: It follows from the definitions of expected value operator and uncer-
tainty distribution that

E[ξ] =
∫ +∞

0

M{ξ ≥ r}dr −
∫ 0

−∞
M{ξ ≤ r}dr

=
∫ +∞

0

(1− Φ(x))dx−
∫ 0

−∞
Φ(x)dx.

See Figure 1.8. The theorem is proved.
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Figure 1.8: Expected Value E[ξ] =
∫ +∞

0

(1− Φ(x))dx−
∫ 0

−∞
Φ(x)dx

Theorem 1.33 Let ξ be an uncertain variable with regular uncertainty dis-
tribution Φ. If the expected value exists, then

E[ξ] =
∫ 1

0

Φ−1(α)dα. (1.153)

Proof: It follows from the definitions of expected value operator and uncer-
tainty distribution that

E[ξ] =
∫ +∞

0

M{ξ ≥ r}dr −
∫ 0

−∞
M{ξ ≤ r}dr

=
∫ 1

Φ(0)

Φ−1(α)dα+
∫ Φ(0)

0

Φ−1(α)dα =
∫ 1

0

Φ−1(α)dα.

See Figure 1.9. The theorem is proved.
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Figure 1.9: Expected Value E[ξ] =
∫ 1

0

Φ−1(α)dα

Theorem 1.34 Let ξ be an uncertain variable with uncertainty distribution
Φ. If the expected value exists, then

E[ξ] =
∫ +∞

−∞
xdΦ(x). (1.154)

Proof: Without loss of generality, we suppose that Φ is regular. Otherwise,
we may give it a small perturbation such that it becomes regular. It follows
from Theorem 1.33 that

E[ξ] =
∫ 1

0

Φ−1(α)dα.

Now write Φ−1(α) = x. Then we immediately have α = Φ(x). The change
of variable of integral produces (1.154). The theorem is verified.

Example 1.36: Suppose that ξ is a simple uncertain variable taking values
in {x1, x2, · · · , xm} with x1 < x2 < · · · < xm. That is, the uncertainty
distribution Φ of ξ is a step function jumping only at x1, x2, · · · , xm, i.e.,

Φ(x) =



Φ(x0), if x < x1

Φ(x1), if x1 ≤ x < x2

· · ·
Φ(xm−1), if xm−1 ≤ x < xm

Φ(xm), if x ≥ xm.
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Note that Φ(x0) = 0 and Φ(xm) = 1. If x1 ≥ 0, then the expected value is

E[ξ] =
∫ x1

0

1dx+
m−1∑
i=1

∫ xi+1

xi

(1− Φ(xi))dx+
∫ +∞

xm

0dx

= x1 +
m−1∑
i=1

(1− Φ(xi))(xi+1 − xi) + 0

=
m∑

i=1

(Φ(xi)− Φ(xi−1))xi.

If xm ≤ 0, then the expected value is

E[ξ] = −
∫ x1

−∞
0dx−

m−1∑
i=1

∫ xi+1

xi

Φ(xi)dx−
∫ 0

xm

1dx

= 0−
m−1∑
i=1

Φ(xi)(xi+1 − xi) + xm

=
m∑

i=1

(Φ(xi)− Φ(xi−1))xi.

If there exists an index k such that xk ≤ 0 ≤ xk+1, then the expected value
is

E[ξ] =
∫ xk+1

0

(1− Φ(xk))dx+
m−1∑

i=k+1

∫ xi+1

xi

(1− Φ(xi))dx

−
k−1∑
i=1

∫ xi+1

xi

Φ(xi)dx−
∫ 0

xk

Φ(xk)dx

= Xk+1(1− Φ(xk)) +
m−1∑

i=k+1

(1− Φ(xi))(xi+1 − xi)

−
k−1∑
i=1

Φ(xi)(xi+1 − xi) + xkΦ(xk)

=
m∑

i=1

(Φ(xi)− Φ(xi−1))xi.

Thus we always have the expected value

E[ξ] =
m∑

i=1

(Φ(xi)− Φ(xi−1))xi (1.155)

where Φ(x0) = 0 and Φ(xm) = 1.
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Example 1.37: Let ξ ∼ L(a, b) be a linear uncertain variable. If a ≥ 0,
then the expected value is

E[ξ] =

(∫ a

0

1dx+
∫ b

a

(
1− x− a

b− a

)
dx+

∫ +∞

b

0dx

)
−
∫ 0

−∞
0dx =

a+ b

2
.

If b ≤ 0, then the expected value is

E[ξ] =
∫ +∞

0

0dx−

(∫ a

−∞
0dx+

∫ b

a

x− a

b− a
dx+

∫ 0

b

1dx

)
=
a+ b

2
.

If a < 0 < b, then the expected value is

E[ξ] =
∫ b

0

(
1− x− a

b− a

)
dx−

∫ 0

a

x− a

b− a
dx =

a+ b

2
.

Thus we always have the expected value

E[ξ] =
a+ b

2
. (1.156)

Example 1.38: The zigzag uncertain variable ξ ∼ Z(a, b, c) has an expected
value

E[ξ] =
a+ 2b+ c

4
. (1.157)

Example 1.39: The normal uncertain variable ξ ∼ N (e, σ) has an expected
value e, i.e.,

E[ξ] = e. (1.158)

Example 1.40: If σ < π/
√

3, then the lognormal uncertain variable ξ ∼
LOGN (e, σ) has an expected value

E[ξ] =
√

3σ exp(e) csc(
√

3σ). (1.159)

Otherwise, E[ξ] = +∞.

Linearity of Expected Value Operator

Theorem 1.35 Let ξ and η be independent uncertain variables with finite
expected values. Then for any real numbers a and b, we have

E[aξ + bη] = aE[ξ] + bE[η]. (1.160)
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Proof: Without loss of generality, suppose that ξ and η are independent un-
certain variables with regular uncertainty distributions Φ and Ψ, respectively.
Otherwise, we may give them a small perturbation such that the uncertainty
distributions are regular.

Step 1: We first prove E[aξ] = aE[ξ]. If a = 0, then the equation holds
trivially. If a > 0, then the uncertainty distribution Υ of aξ is determined by

Υ−1(α) = aΦ−1(α).

It follows from Theorem 1.33 that

E[aξ] =
∫ 1

0

aΦ−1(α)dα = a

∫ 1

0

Φ−1(α)dα = aE[ξ].

If a < 0, then the uncertainty distribution Υ of aξ is determined by

Υ−1(α) = aΦ−1(1− α).

It follows from Theorem 1.33 that

E[aξ] =
∫ 1

0

aΦ−1(1− α)dα = a

∫ 1

0

Φ−1(α)dα = aE[ξ].

Thus we always have E[aξ] = aE[ξ].

Step 2: We prove E[ξ + η] = E[ξ] + E[η]. The uncertainty distribution
Υ of the sum ξ + η is described by

Υ−1(α) = Φ−1(α) + Ψ−1(α).

It follows from Theorem 1.33 that

E[ξ + η] =
∫ 1

0

Υ−1(α)dα =
∫ 1

0

Φ−1(α)dα+
∫ 1

0

Ψ−1(α)dα = E[ξ] + E[η].

Step 3: Finally, for any real numbers a and b, it follows from Steps 1
and 2 that

E[aξ + bη] = E[aξ] + E[bη] = aE[ξ] + bE[η].

The theorem is proved.

Example 1.41: Generally speaking, the expected value operator is not
necessarily linear if ξ and η are not independent. For example, take (Γ,L,M)
to be {γ1, γ2, γ3} withM{γ1} = 0.7,M{γ2} = 0.3,M{γ3} = 0.2,M{γ1, γ2} =
0.8, M{γ1, γ3} = 0.7, M{γ2, γ3} = 0.3. The uncertain variables are defined
by

ξ1(γ) =


1, if γ = γ1

0, if γ = γ2

2, if γ = γ3,

ξ2(γ) =


0, if γ = γ1

2, if γ = γ2

3, if γ = γ3.
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Note that ξ1 and ξ2 are not independent, and their sum is

(ξ1 + ξ2)(γ) =


1, if γ = γ1

2, if γ = γ2

5, if γ = γ3.

Thus E[ξ1] = 0.9, E[ξ2] = 0.8, and E[ξ1 + ξ2] = 1.9. This fact implies that

E[ξ1 + ξ2] > E[ξ1] + E[ξ2].

If the uncertain variables are defined by

η1(γ) =


0, if γ = γ1

1, if γ = γ2

2, if γ = γ3,

η2(γ) =


0, if γ = γ1

3, if γ = γ2

1, if γ = γ3.

Then we have

(η1 + η2)(γ) =


0, if γ = γ1

4, if γ = γ2

3, if γ = γ3.

Thus E[η1] = 0.5, E[η2] = 0.9, and E[η1 + η2] = 1.2. This fact implies that

E[η1 + η2] < E[η1] + E[η2].

Expected Value of Function of Single Uncertain Variable

Let ξ be an uncertain variable, and f : < → < a function. Then the expected
value of f(ξ) is

E[f(ξ)] =
∫ +∞

0

M{f(ξ) ≥ r}dr −
∫ 0

−∞
M{f(ξ) ≤ r}dr.

For random case, it has been proved that the expected value E[f(ξ)] is the
Lebesgue-Stieltjes integral of f(x) with respect to the uncertainty distribution
Φ of ξ if the integral exists. However, generally speaking, it is not true for
uncertain case.

Example 1.42: We consider an uncertain variable ξ whose first identification
function is given by

λ(x) =

{
0.3, if − 1 ≤ x < 0

0.5, if 0 ≤ x ≤ 1.

Then the expected value E[ξ2] = 0.5. However, the uncertainty distribution
of ξ is

Φ(x) =


0, if x < −1

0.3, if − 1 ≤ x < 0
0.5, if 0 ≤ x < 1
1, if x ≥ 1
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and the Lebesgue-Stieltjes integral∫ +∞

−∞
x2dΦ(x) = (−1)2 × 0.3 + 02 × 0.2 + 12 × 0.5 = 0.8 6= E[ξ2].

Theorem 1.36 (Liu and Ha [138]) Let ξ be an uncertain variable whose
uncertainty distribution Φ. If f(x) is a strictly monotone function such that
the expected value E[f(ξ)] exists, then

E[f(ξ)] =
∫ +∞

−∞
f(x)dΦ(x). (1.161)

Proof: We first suppose that f(x) is a strictly increasing function. Then
f(ξ) has an uncertainty distribution Φ(f−1(x)). It follows from the change
of variable of integral that

E[f(ξ)] =
∫ +∞

−∞
xdΦ(f−1(x)) =

∫ +∞

−∞
f(x)dΦ(x).

If f(x) is a strictly decreasing function, then −f(x) is a strictly increasing
function. Hence

E[f(ξ)] = −E[−f(ξ)] = −
∫ +∞

−∞
−f(x)dΦ(x) =

∫ +∞

−∞
f(y)dΦ(y).

The theorem is verified.

Example 1.43: Let ξ be a positive linear uncertain variable L(a, b). Then
its uncertainty distribution is Φ(x) = (x− a)/(b− a). Thus

E[ξ2] =
∫ b

a

x2dΦ(x) =
a2 + b2 + ab

3
.

Example 1.44: Let ξ be a positive linear uncertain variable L(a, b). Then
its uncertainty distribution is Φ(x) = (x− a)/(b− a). Thus

E[exp(ξ)] =
∫ b

a

exp(x)dΦ(x) =
exp(b)− exp(a)

b− a
.

Theorem 1.37 (Liu and Ha [138]) Assume ξ is an uncertain variable with
regular uncertainty distribution Φ. If f(x) is a strictly monotone function
such that the expected value E[f(ξ)] exists, then

E[f(ξ)] =
∫ 1

0

f(Φ−1(α))dα. (1.162)
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Proof: Suppose that f is a strictly increasing function. It follows from
Theorem 1.25 that the uncertainty distribution of f(ξ) is described by

Ψ−1(α) = f(Φ−1(α)).

By using Theorem 1.33, the equation (1.162) is proved. When f is a strictly
decreasing function, it follows from Theorem 1.30 that the uncertainty dis-
tribution of f(ξ) is described by

Ψ−1(α) = f(Φ−1(1− α)).

By using Theorem 1.33 and the change of variable of integral, we get the
equation (1.162). The theorem is verified.

Example 1.45: Let ξ be a nonnegative uncertain variable with regular
uncertainty distribution Φ. Then

E[
√
ξ] =

∫ 1

0

√
Φ−1(α)dα. (1.163)

Example 1.46: Let ξ be a positive uncertain variable with regular uncer-
tainty distribution Φ. Then

E

[
1
ξ

]
=
∫ 1

0

1
Φ−1(1− α)

dα =
∫ 1

0

1
Φ−1(α)

dα. (1.164)

Expected Value of Function of Multiple Uncertain Variables

Theorem 1.38 (Liu and Ha [138]) Assume ξ1, ξ2, · · · , ξn are independent
uncertain variables with regular uncertainty distributions Φ1,Φ2, · · · ,Φn, re-
spectively. If f : <n → < is a strictly monotone function, then the uncertain
variable ξ = f(ξ1, ξ2, · · · , ξn) has an expected value

E[ξ] =
∫ 1

0

f(Φ−1
1 (α),Φ−1

2 (α), · · · ,Φ−1
n (α))dα (1.165)

provided that the expected value E[ξ] exists.

Proof: Suppose that f is a strictly increasing function. It follows from
Theorem 1.25 that the uncertainty distribution of ξ has an inverse function

Ψ−1(α) = f(Φ−1
1 (α),Φ−1

2 (α), · · · ,Φ−1
n (α)).

By using Theorem 1.33, we obtain (1.165). When f is a strictly decreasing
function, it follows from Theorem 1.30 that the uncertainty distribution of ξ
has an inverse function

Ψ−1(α) = f(Φ−1
1 (1− α),Φ−1

2 (1− α), · · · ,Φ−1
n (1− α)).
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By using Theorem 1.33 and the change of variable of integral, we obtain
(1.165). The theorem is proved.

Example 1.47: Let ξ and η be independent and nonnegative uncertain
variables with regular uncertainty distributions Φ and Ψ, respectively. Then

E[ξη] =
∫ 1

0

Φ−1(α)Ψ−1(α)dα. (1.166)

Exercise 1.1. What is the expected value of an alternating monotone func-
tion of uncertain variables?

Exercise 1.2. Let ξ and η be independent and positive uncertain variables
with regular uncertainty distributions Φ and Ψ, respectively. Prove

E

[
ξ

η

]
=
∫ 1

0

Φ−1(α)
Ψ−1(1− α)

dα. (1.167)

1.8 Variance

The variance of uncertain variable provides a measure of the spread of the
distribution around its expected value. A small value of variance indicates
that the uncertain variable is tightly concentrated around its expected value;
and a large value of variance indicates that the uncertain variable has a wide
spread around its expected value.

Definition 1.22 (Liu [127]) Let ξ be an uncertain variable with finite ex-
pected value e. Then the variance of ξ is defined by V [ξ] = E[(ξ − e)2].

Let ξ be an uncertain variable with expected value e. If we only know its
uncertainty distribution Φ, then the variance

V [ξ] =
∫ +∞

0

M{(ξ − e)2 ≥ r}dr

=
∫ +∞

0

M{(ξ ≥ e+
√
r) ∪ (ξ ≤ e−

√
r)}dr

≤
∫ +∞

0

(M{ξ ≥ e+
√
r}+M{ξ ≤ e−

√
r})dr

=
∫ +∞

0

(1− Φ(e+
√
r) + Φ(e−

√
r))dr

=
∫ +∞

e

2(r − e)(1− Φ(r) + Φ(2e− r))dr.
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For this case, we will stipulate that the variance is

V [ξ] = 2
∫ +∞

e

(r − e)(1− Φ(r) + Φ(2e− r))dr. (1.168)

Mention that this is a stipulation rather than a precise formula!

Example 1.48: It has been verified that the linear uncertain variable ξ ∼
L(a, b) has an expected value (a+b)/2. Note that the uncertainty distribution
is Φ(x) = (x − a)/(b − a) when a ≤ x ≤ b. It follows from the stipulation
(1.168) that the variance is

V [ξ] = 2
∫ b

(a+b)/2

(
r − a+ b

2

)(
1− r − a

b− a
+
b− r

b− a

)
dr =

(b− a)2

12
.

In fact, a precise conclusion is (b− a)2/24 ≤ V [ξ] ≤ (b− a)2/12.

Example 1.49: It has been verified that the normal uncertain variable
ξ ∼ N (e, σ) has expected value e. It follows from the stipulation (1.168) that
the variance is

V [ξ] = σ2. (1.169)

In fact, a precise conclusion is σ2/2 ≤ V [ξ] ≤ σ2.

Theorem 1.39 If ξ is an uncertain variable with finite expected value, a and
b are real numbers, then V [aξ + b] = a2V [ξ].

Proof: It follows from the definition of variance that

V [aξ + b] = E
[
(aξ + b− aE[ξ]− b)2

]
= a2E[(ξ − E[ξ])2] = a2V [ξ].

Theorem 1.40 Let ξ be an uncertain variable with expected value e. Then
V [ξ] = 0 if and only if M{ξ = e} = 1.

Proof: If V [ξ] = 0, then E[(ξ − e)2] = 0. Note that

E[(ξ − e)2] =
∫ +∞

0

M{(ξ − e)2 ≥ r}dr

which implies M{(ξ − e)2 ≥ r} = 0 for any r > 0. Hence we have

M{(ξ − e)2 = 0} = 1.

That is, M{ξ = e} = 1. Conversely, if M{ξ = e} = 1, then we have M{(ξ −
e)2 = 0} = 1 and M{(ξ − e)2 ≥ r} = 0 for any r > 0. Thus

V [ξ] =
∫ +∞

0

M{(ξ − e)2 ≥ r}dr = 0.

The theorem is proved.
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Maximum Variance Theorem

Let ξ be an uncertain variable that takes values in [a, b], but whose uncer-
tainty distribution is otherwise arbitrary. If its expected value is given, what
is the possible maximum variance? The maximum variance theorem will an-
swer this question, thus playing an important role in treating games against
nature.

Theorem 1.41 Let f be a convex function on [a, b], and ξ an uncertain
variable that takes values in [a, b] and has expected value e. Then

E[f(ξ)] ≤ b− e

b− a
f(a) +

e− a

b− a
f(b). (1.170)

Proof: For each γ ∈ Γ, we have a ≤ ξ(γ) ≤ b and

ξ(γ) =
b− ξ(γ)
b− a

a+
ξ(γ)− a

b− a
b.

It follows from the convexity of f that

f(ξ(γ)) ≤ b− ξ(γ)
b− a

f(a) +
ξ(γ)− a

b− a
f(b).

Taking expected values on both sides, we obtain the inequality.

Theorem 1.42 (Maximum Variance Theorem) Let ξ be an uncertain vari-
able that takes values in [a, b] and has expected value e. Then

V [ξ] ≤ (e− a)(b− e) (1.171)

and equality holds if the uncertain variable ξ is determined by

M{ξ = x} =


b− e

b− a
, if x = a

e− a

b− a
, if x = b.

(1.172)

Proof: It follows from Theorem 1.41 immediately by defining f(x) = (x−e)2.
It is also easy to verify that the uncertain variable determined by (1.172) has
variance (e− a)(b− e). The theorem is proved.

1.9 Moments

Definition 1.23 (Liu [127]) Let ξ be an uncertain variable. Then for any
positive integer k,
(a) the expected value E[ξk] is called the kth moment;
(b) the expected value E[|ξ|k] is called the kth absolute moment;
(c) the expected value E[(ξ − E[ξ])k] is called the kth central moment;
(d) the expected value E[|ξ−E[ξ]|k] is called the kth absolute central moment.
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Note that the first central moment is always 0, the first moment is just
the expected value, and the second central moment is just the variance.

Theorem 1.43 Let ξ be a nonnegative uncertain variable, and k a positive
number. Then the k-th moment

E[ξk] = k

∫ +∞

0

rk−1
M{ξ ≥ r}dr. (1.173)

Proof: It follows from the nonnegativity of ξ that

E[ξk] =
∫ ∞

0

M{ξk ≥ x}dx =
∫ ∞

0

M{ξ ≥ r}drk = k

∫ ∞

0

rk−1
M{ξ ≥ r}dr.

The theorem is proved.

Theorem 1.44 Let ξ be an uncertain variable, and t a positive number. If
E[|ξ|t] <∞, then

lim
x→∞

xt
M{|ξ| ≥ x} = 0. (1.174)

Conversely, if (1.174) holds for some positive number t, then E[|ξ|s] <∞ for
any 0 ≤ s < t.

Proof: It follows from the definition of expected value operator that

E[|ξ|t] =
∫ +∞

0

M{|ξ|t ≥ r}dr <∞.

Thus we have

lim
x→∞

∫ +∞

xt/2

M{|ξ|t ≥ r}dr = 0.

The equation (1.174) is proved by the following relation,∫ +∞

xt/2

M{|ξ|t ≥ r}dr ≥
∫ xt

xt/2

M{|ξ|t ≥ r}dr ≥ 1
2
xt
M{|ξ| ≥ x}.

Conversely, if (1.174) holds, then there exists a number a > 0 such that

xt
M{|ξ| ≥ x} ≤ 1, ∀x ≥ a.

Thus we have

E[|ξ|s] =
∫ a

0

M{|ξ|s ≥ r}dr +
∫ +∞

a

M{|ξ|s ≥ r}dr

=
∫ a

0

M{|ξ|s ≥ r}dr +
∫ +∞

a

srs−1
M{|ξ| ≥ r}dr

≤
∫ a

0

M{|ξ|s ≥ r}dr + s

∫ +∞

a

rs−t−1dr

< +∞.

(
by
∫ +∞

a

rpdr <∞ for any p < −1
)
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The theorem is proved.

Theorem 1.45 Let ξ be an uncertain variable that takes values in [a, b] and
has expected value e. Then for any positive integer k, the kth absolute moment
and kth absolute central moment satisfy the following inequalities,

E[|ξ|k] ≤ b− e

b− a
|a|k +

e− a

b− a
|b|k, (1.175)

E[|ξ − e|k] ≤ b− e

b− a
(e− a)k +

e− a

b− a
(b− e)k. (1.176)

Proof: It follows from Theorem 1.41 immediately by defining f(x) = |x|k
and f(x) = |x− e|k.

1.10 Critical Values

In order to rank uncertain variables, we may use two critical values: opti-
mistic value and pessimistic value.

Definition 1.24 (Liu [127]) Let ξ be an uncertain variable, and α ∈ (0, 1].
Then

ξsup(α) = sup
{
r
∣∣M {ξ ≥ r} ≥ α

}
(1.177)

is called the α-optimistic value to ξ, and

ξinf(α) = inf
{
r
∣∣M {ξ ≤ r} ≥ α

}
(1.178)

is called the α-pessimistic value to ξ.

This means that the uncertain variable ξ will reach upwards of the α-
optimistic value ξsup(α) with uncertain measure α, and will be below the
α-pessimistic value ξinf(α) with uncertain measure α.

Theorem 1.46 Let ξ be an uncertain variable with regular uncertainty dis-
tribution Φ. Then its α-optimistic value and α-pessimistic value are

ξsup(α) = Φ−1(1− α), (1.179)

ξinf(α) = Φ−1(α). (1.180)

Proof: It follows from the definition of α-optimistic value and α-pessimistic
value immediately.

Example 1.50: Let ξ be a linear uncertain variable L(a, b). Then its α-
optimistic and α-pessimistic values are

ξsup(α) = αa+ (1− α)b,
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Figure 1.10: Optimistic Value and Pessimistic Value

ξinf(α) = (1− α)a+ αb.

Example 1.51: Let ξ be a zigzag uncertain variable Z(a, b, c). Then its
α-optimistic and α-pessimistic values are

ξsup(α) =

{
2αb+ (1− 2α)c, if α < 0.5

(2α− 1)a+ (2− 2α)b, if α ≥ 0.5,

ξinf(α) =

{
(1− 2α)a+ 2αb, if α < 0.5

(2− 2α)b+ (2α− 1)c, if α ≥ 0.5.

Example 1.52: Let ξ be a normal uncertain variable N (e, σ). Then its
α-optimistic and α-pessimistic values are

ξsup(α) = e− σ
√

3
π

ln
α

1− α
,

ξinf(α) = e+
σ
√

3
π

ln
α

1− α
.

Example 1.53: Let ξ be a lognormal uncertain variable LOGN (e, σ). Then
its α-optimistic and α-pessimistic values are

ξsup(α) = exp(e)
(

1− α

α

)√3σ/π

,

ξinf(α) = exp(e)
(

α

1− α

)√3σ/π

.

Theorem 1.47 Let ξ be an uncertain variable, and α ∈ (0, 1]. Then for any
positive number ε, we have

M{ξ ≤ ξinf(α) + ε} ≥ α, M{ξ ≥ ξsup(α)− ε} ≥ α. (1.181)
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Proof: It follows from the definition of α-pessimistic value that there exists
a decreasing sequence {xi} such that M{ξ ≤ xi} ≥ α and xi ↓ ξinf(α) as
i → ∞. Thus for any positive number ε, there exists an index i such that
xi < ξinf(α) + ε. Hence

M{ξ ≤ ξinf(α) + ε} ≥M{ξ ≤ xi} ≥ α.

Similarly, there exists an increasing sequence {xi} such that M{ξ ≥ xi} ≥ α
and xi ↑ ξsup(α) as i → ∞. Thus for any positive number ε, there exists an
index i such that xi > ξsup(α)− ε. Hence

M{ξ ≥ ξsup(α)− ε} ≥M{ξ ≥ xi} ≥ α.

The theorem is proved.

Theorem 1.48 Let ξ be an uncertain variable, and α ∈ (0, 1]. Then we have
(a) ξinf(α) is an increasing and left-continuous function of α;
(b) ξsup(α) is a decreasing and left-continuous function of α.

Proof: (a) Let α1 and α2 be two numbers with 0 < α1 < α2 ≤ 1. Then for
any number r < ξsup(α2), we have

M {ξ ≥ r} ≥ α2 > α1.

Thus, by the definition of optimistic value, we obtain ξsup(α1) ≥ ξsup(α2).
That is, the value ξsup(α) is a decreasing function of α. Next, we prove the
left-continuity of ξinf(α) with respect to α. Let {αi} be an arbitrary sequence
of positive numbers such that αi ↑ α. Then {ξinf(αi)} is an increasing se-
quence. If the limitation is equal to ξinf(α), then the left-continuity is proved.
Otherwise, there exists a number z∗ such that

lim
i→∞

ξinf(αi) < z∗ < ξinf(α).

Thus M{ξ ≤ z∗} ≥ αi for each i. Letting i → ∞, we get M{ξ ≤ z∗} ≥ α.
Hence z∗ ≥ ξinf(α). A contradiction proves the left-continuity of ξinf(α) with
respect to α. The part (b) may be proved similarly.

Theorem 1.49 Let ξ be an uncertain variable, and α ∈ (0, 1]. Then we have
(a) if α > 0.5, then ξinf(α) ≥ ξsup(α);
(b) if α ≤ 0.5, then ξinf(α) ≤ ξsup(α).

Proof: Part (a): Write ξ̄(α) = (ξinf(α) + ξsup(α))/2. If ξinf(α) < ξsup(α),
then we have

1 ≥M{ξ < ξ̄(α)}+M{ξ > ξ̄(α)} ≥ α+ α > 1.

A contradiction proves ξinf(α) ≥ ξsup(α). Part (b): Assume that ξinf(α) >
ξsup(α). It follows from the definition of ξinf(α) that M{ξ ≤ ξ̄(α)} < α.
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Similarly, it follows from the definition of ξsup(α) that M{ξ ≥ ξ̄(α)} < α.
Thus

1 ≤M{ξ ≤ ξ̄(α)}+M{ξ ≥ ξ̄(α)} < α+ α ≤ 1.

A contradiction proves ξinf(α) ≤ ξsup(α). The theorem is verified.

Theorem 1.50 Let ξ be an uncertain variable, and α ∈ (0, 1]. Then we have
(a) if c ≥ 0, then (cξ)sup(α) = cξsup(α) and (cξ)inf(α) = cξinf(α);
(b) if c < 0, then (cξ)sup(α) = cξinf(α) and (cξ)inf(α) = cξsup(α).

Proof: (a) If c = 0, then the part (a) is obvious. In the case of c > 0, we
have

(cξ)sup(α) = sup{r
∣∣M{cξ ≥ r} ≥ α}

= c sup{r/c | M{ξ ≥ r/c} ≥ α}

= cξsup(α).

A similar way may prove (cξ)inf(α) = cξinf(α). In order to prove the part (b),
it suffices to prove that (−ξ)sup(α) = −ξinf(α) and (−ξ)inf(α) = −ξsup(α).
In fact, we have

(−ξ)sup(α) = sup{r
∣∣M{−ξ ≥ r} ≥ α}

= − inf{−r | M{ξ ≤ −r} ≥ α}

= −ξinf(α).

Similarly, we may prove that (−ξ)inf(α) = −ξsup(α). The theorem is proved.

Theorem 1.51 Suppose that ξ and η are independent uncertain variables,
and α ∈ (0, 1]. Then we have

(ξ + η)sup(α) = ξsup(α) + ηsup(α), (ξ + η)inf(α) = ξinf(α) + ηinf(α),

(ξ ∨ η)sup(α) = ξsup(α) ∨ ηsup(α), (ξ ∨ η)inf(α) = ξinf(α) ∨ ηinf(α),

(ξ ∧ η)sup(α) = ξsup(α) ∧ ηsup(α), (ξ ∧ η)inf(α) = ξinf(α) ∧ ηinf(α).

Proof: For any given number ε > 0, since ξ and η are independent uncertain
variables, we have

M{ξ + η ≥ ξsup(α) + ηsup(α)− ε}
≥ M {(ξ ≥ ξsup(α)− ε/2) ∩ (η ≥ ηsup(α)− ε/2)}
= M{ξ ≥ ξsup(α)− ε/2} ∧M{η ≥ ηsup(α)− ε/2} ≥ α

which implies
(ξ + η)sup(α) ≥ ξsup(α) + ηsup(α)− ε. (1.182)
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On the other hand, by the independence, we have

M{ξ + η ≥ ξsup(α) + ηsup(α) + ε}
≤ M {(ξ ≥ ξsup(α) + ε/2) ∪ (η ≥ ηsup(α) + ε/2)}
= M{ξ ≥ ξsup(α) + ε/2} ∨M{η ≥ ηsup(α) + ε/2} < α

which implies
(ξ + η)sup(α) ≤ ξsup(α) + ηsup(α) + ε. (1.183)

It follows from (1.182) and (1.183) that

ξsup(α) + ηsup(α) + ε ≥ (ξ + η)sup(α) ≥ ξsup(α) + ηsup(α)− ε.

Letting ε → 0, we obtain (ξ + η)sup(α) = ξsup(α) + ηsup(α). The other
equalities may be proved similarly.

Example 1.54: The independence condition cannot be removed in Theo-
rem 1.51. For example, let Γ = {γ1, γ2}, M{γ1} = M{γ2} = 1/2, and let
uncertain variables ξ and η be defined as

ξ(γ) =

{
0, if γ = γ1

1, if γ = γ2,
η(γ) =

{
1, if γ = γ1

0, if γ = γ2.

However, (ξ + η)sup(0.6) = 1 6= 0 = ξsup(0.6) + ηsup(0.6).

Theorem 1.52 (Zuo [253]) Let ξ1, ξ2, · · · , ξn be independent uncertain vari-
ables with regular uncertainty distributions. If f : <n → < is a continuous
and strictly increasing function, then ξ = f(ξ1, ξ2, · · · , ξn) is an uncertain
variable, and

ξsup(α) = f(ξ1 sup(α), ξ2 sup(α), · · · , ξn sup(α)), (1.184)

ξinf(α) = f(ξ1 inf(α), ξ2 inf(α), · · · , ξn inf(α)). (1.185)

Proof: Since f is a strictly increasing function, it follows from Theorem 1.25
that the uncertainty distribution Ψ of ξ is determined by

Ψ−1(α) = f(Φ−1
1 (α),Φ−1

2 (α), · · · ,Φ−1
n (α))

where Φ1,Φ2, · · · ,Φn are uncertainty distributions of ξ1, ξ2, · · · , ξn, respec-
tively. By using Theorem 1.46, we get (1.184) and (1.185). The theorem is
proved.

Example 1.55: Let ξ and η be independent and positive uncertain vari-
ables with regular uncertainty distributions. Since f(x, y) = xy is a strictly
increasing function when x > 0 and y > 0, we immediately have

(ξη)sup(α) = ξsup(α)ηsup(α), (ξη)inf(α) = ξinf(α)ηinf(α) (1.186)

by using Theorem 1.52.



58 Chapter 1 - Uncertainty Theory

Theorem 1.53 (Zuo [253]) Let ξ1, ξ2, · · · , ξn be independent uncertain vari-
ables with regular uncertainty distributions. If f is a continuous and strictly
decreasing function, then

ξsup(α) = f(ξ1 inf(α), ξ2 inf(α), · · · , ξn inf(α)), (1.187)

ξinf(α) = f(ξ1 sup(α), ξ2 sup(α), · · · , ξn sup(α)). (1.188)

Proof: Since f is a strictly decreasing function, it follows from Theorem 1.30
that the uncertainty distribution Ψ of ξ is determined by

Ψ−1(α) = f(Φ−1
1 (1− α),Φ−1

2 (1− α), · · · ,Φ−1
n (1− α)).

By using Theorem 1.46, we get (1.187) and (1.188). The theorem is proved.

Exercise 1.3. What are the critical values to an alternating monotone
function of uncertain variables?

Exercise 1.4. Let ξ and η be independent and positive uncertain variables
with regular uncertainty distributions. Prove(

ξ

η

)
sup

(α) =
ξsup(α)
ηinf(α)

,

(
ξ

η

)
inf

(α) =
ξinf(α)
ηsup(α)

. (1.189)

1.11 Entropy

This section provides a definition of entropy to characterize the uncertainty
of uncertain variables resulting from information deficiency.

Definition 1.25 (Liu [130]) Suppose that ξ is an uncertain variable with
uncertainty distribution Φ. Then its entropy is defined by

H[ξ] =
∫ +∞

−∞
S(Φ(x))dx (1.190)

where S(t) = −t ln t− (1− t) ln(1− t).

Example 1.56: Let ξ be an uncertain variable with uncertainty distribution

Φ(x) =

{
0, if x < a

1, if x ≥ a.
(1.191)

Essentially, ξ is a constant a. It follows from the definition of entropy that

H[ξ] = −
∫ a

−∞
(0 ln 0 + 1 ln 1) dx−

∫ +∞

a

(1 ln 1 + 0 ln 0) dx = 0.
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Figure 1.11: Function S(t) = −t ln t − (1 − t) ln(1 − t). It is easy to verify
that S(t) is a symmetric function about t = 0.5, strictly increases on the in-
terval [0, 0.5], strictly decreases on the interval [0.5, 1], and reaches its unique
maximum ln 2 at t = 0.5.

This means a constant has no uncertainty.

Example 1.57: Let ξ be an uncertain variable on [a, b] with uncertainty
distribution

Φ(x) =


0, if x < a

0.5, if a ≤ x < b

1, if x ≥ b.

(1.192)

It follows from the definition of entropy that

H[ξ] = −
∫ b

a

(0.5 ln 0.5 + (1− 0.5) ln (1− 0.5)) dx = (b− a) ln 2.

Example 1.58: Let ξ be a linear uncertain variable L(a, b). Then its entropy
is

H[ξ] = −
∫ b

a

(
x− a

b− a
ln
x− a

b− a
+
b− x

b− a
ln
b− x

b− a

)
dx =

b− a

2
. (1.193)

Example 1.59: Let ξ be a zigzag uncertain variable Z(a, b, c). Then its
entropy is

H[ξ] =
c− a

2
. (1.194)

Example 1.60: Let ξ be a normal uncertain variable N (e, σ). Then its
entropy is

H[ξ] =
πσ√

3
. (1.195)
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Theorem 1.54 Let ξ be an uncertain variable. Then H[ξ] ≥ 0 and equality
holds if ξ is essentially a constant.

Proof: The positivity is clear. In addition, when an uncertain variable tends
to a constant, its entropy tends to the minimum 0.

Theorem 1.55 Let ξ be an uncertain variable taking values on the interval
[a, b]. Then

H[ξ] ≤ (b− a) ln 2 (1.196)

and equality holds if ξ has an uncertainty distribution (1.192).

Proof: The theorem follows from the fact that the function S(t) reaches its
maximum ln 2 at t = 0.5.

Theorem 1.56 Let ξ be an uncertain variable, and let c be a real number.
Then

H[ξ + c] = H[ξ]. (1.197)

That is, the entropy is invariant under arbitrary translations.

Proof: Write the uncertainty distribution of ξ by Φ. Then the uncertain
variable ξ + c has an uncertainty distribution Φ(x − c). It follows from the
definition of entropy that

H[ξ + c] =
∫ +∞

−∞
S (Φ(x− c)) dx =

∫ +∞

−∞
S(Φ(x))dx = H[ξ].

The theorem is proved.

Theorem 1.57 (Dai and Chen [24]) Let ξ be an uncertain variable with
regular uncertainty distribution Φ. Then

H[ξ] =
∫ 1

0

Φ−1(α) ln
α

1− α
dα. (1.198)

Proof: It is clear that S(α) is a derivable function with S′(α) = − lnα/(1−
α). Since

S(Φ(x)) =
∫ Φ(x)

0

S′(α)dα = −
∫ 1

Φ(x)

S′(α)dα,

we have

H[ξ] =
∫ +∞

−∞
S(Φ(x))dx =

∫ 0

−∞

∫ Φ(x)

0

S′(α)dαdx−
∫ +∞

0

∫ 1

Φ(x)

S′(α)dαdx.
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It follows from Fubini theorem that

H[ξ] =
∫ Φ(0)

0

∫ 0

Φ−1(α)

S′(α)dxdα−
∫ 1

Φ(0)

∫ Φ−1(α)

0

S′(α)dxdα

= −
∫ Φ(0)

0

Φ−1(α)S′(α)dα−
∫ 1

Φ(0)

Φ−1(α)S′(α)dα

= −
∫ 1

0

Φ−1(α)S′(α)dα =
∫ 1

0

Φ−1(α) ln
α

1− α
dα.

The theorem is verified.

Theorem 1.58 (Dai and Chen [24]) Let ξ and η be independent uncertain
variables. Then for any real numbers a and b, we have

H[aξ + bη] = |a|H[ξ] + |b|H[η]. (1.199)

Proof: Without loss of generality, we suppose that ξ and η have regular
uncertainty distributions Φ and Ψ, respectively. Otherwise, we may give
them a small perturbation such that the uncertainty distributions are regular.

Step 1: We prove H[aξ] = |a|H[ξ]. If a > 0, then the uncertainty
distribution Υ of aξ is determined by

Υ−1(α) = aΦ−1(α).

It follows from Theorem 1.57 that

H[aξ] =
∫ 1

0

aΦ−1(α) ln
α

1− α
dα = a

∫ 1

0

Φ−1(α) ln
α

1− α
dα = |a|H[ξ].

If a = 0, we immediately have H[aξ] = 0 = |a|H[ξ]. If a < 0, then the
uncertainty distribution Υ of aξ is determined by

Υ−1(α) = aΦ−1(1− α).

It follows from Theorem 1.57 that

H[aξ] =
∫ 1

0

aΦ−1(1− α) ln
α

1− α
dα =(−a)

∫ 1

0

Φ−1(α) ln
α

1− α
dα = |a|H[ξ].

Thus we always have H[aξ] = |a|H[ξ].

Step 2: We prove H[ξ + η] = H[ξ] + H[η]. Note that the uncertainty
distribution Υ of ξ + η is determined by

Υ−1(α) = Φ−1(α) + Ψ−1(α).
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It follows from Theorem 1.57 that

H[ξ + η] =
∫ 1

0

(Φ−1(α) + Ψ−1(α)) ln
α

1− α
dα = H[ξ] +H[η].

Step 3: Finally, for any real numbers a and b, it follows from Steps 1
and 2 that

H[aξ + bη] = H[aξ] +H[bη] = |a|H[ξ] + |b|H[η].

The theorem is proved.

Entropy of Function of Uncertain Variables

Theorem 1.59 (Dai and Chen [24]) Let ξ1, ξ2, · · · , ξn be independent uncer-
tain variables with regular uncertainty distributions Φ1,Φ2, · · · ,Φn, respec-
tively. If f : <n → < is a strictly increasing function, then the uncertain
variable ξ = f(ξ1, ξ2, · · · , ξn) has an entropy

H[ξ] =
∫ 1

0

f(Φ−1
1 (α),Φ−1

2 (α), · · · ,Φ−1
n (α)) ln

α

1− α
dα. (1.200)

Proof: Since f is a strictly increasing function, it follows from Theorem 1.25
that the uncertainty distribution Ψ of ξ is determined by

Ψ−1(α) = f(Φ−1
1 (α),Φ−1

2 (α), · · · ,Φ−1
n (α)).

By using Theorem 1.57, we get (1.200). The theorem is thus verified.

Exercise 1.5. Let ξ and η be independent and nonnegative uncertain vari-
ables with regular uncertainty distributions Φ and Ψ, respectively. Then

H[ξη] =
∫ 1

0

Φ−1(α)Ψ−1(α) ln
α

1− α
dα. (1.201)

Theorem 1.60 (Dai and Chen [24]) Let ξ1, ξ2, · · · , ξn be independent uncer-
tain variables with regular uncertainty distributions Φ1,Φ2, · · · ,Φn, respec-
tively. If f is a strictly decreasing function, then

H[ξ] =
∫ 1

0

f(Φ−1
1 (α),Φ−1

2 (α), · · · ,Φ−1
n (α)) ln

1− α

α
dα. (1.202)

Proof: Since f is a strictly decreasing function, it follows from Theorem 1.30
that the uncertainty distribution Ψ of ξ is determined by

Ψ−1(α) = f(Φ−1
1 (1− α),Φ−1

2 (1− α), · · · ,Φ−1
n (1− α)).

By using Theorem 1.57, we get (1.202). The theorem is thus verified.
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Exercise 1.6. What is the entropy of an alternating monotone function of
uncertain variables?

Exercise 1.7. Let ξ and η be independent and positive uncertain variables
with regular uncertainty distributions Φ and Ψ, respectively. Prove

H

[
ξ

η

]
=
∫ 1

0

Φ−1(α)
Ψ−1(1− α)

ln
α

1− α
dα. (1.203)

Maximum Entropy Principle

Given some constraints, for example, expected value and variance, there are
usually multiple compatible uncertainty distributions. Which uncertainty
distribution shall we take? The maximum entropy principle attempts to
select the uncertainty distribution that maximizes the value of entropy and
satisfies the prescribed constraints.

Theorem 1.61 (Chen and Dai [19]) Let ξ be an uncertain variable whose
uncertainty distribution is arbitrary but the expected value e and variance σ2.
Then

H[ξ] ≤ πσ√
3

(1.204)

and the equality holds if ξ is a normal uncertain variable N (e, σ).

Proof: Let Φ(x) be the uncertainty distribution of ξ and write Ψ(x) =
Φ(2e− x) for x ≥ e. It follows from the stipulation (1.168) that the variance
is

V [ξ] = 2
∫ +∞

e

(x− e)(1− Φ(x))dx+ 2
∫ +∞

e

(x− e)Ψ(x)dx = σ2.

Thus there exists a real number κ such that

2
∫ +∞

e

(x− e)(1− Φ(x))dx = κσ2,

2
∫ +∞

e

(x− e)Ψ(x)dx = (1− κ)σ2.

The maximum entropy distribution Φ should maximize the entropy

H[ξ] =
∫ +∞

−∞
S(Φ(x))dx =

∫ +∞

e

S(Φ(x))dx+
∫ +∞

e

S(Ψ(x))dx
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subject to the above two constraints. The Lagrangian is

L =
∫ +∞

e

S(Φ(x))dx+
∫ +∞

e

S(Ψ(x))dx

−α
(

2
∫ +∞

e

(x− e)(1− Φ(x))dx− κσ2

)

−β
(

2
∫ +∞

e

(x− e)Ψ(x)dx− (1− κ)σ2

)
.

The maximum entropy distribution meets Euler-Lagrange equations

lnΦ(x)− ln(1− Φ(x)) = 2α(x− e),

lnΨ(x)− ln(1−Ψ(x)) = 2β(e− x).

Thus Φ and Ψ have the forms

Φ(x) = (1 + exp(2α(e− x)))−1,

Ψ(x) = (1 + exp(2β(x− e)))−1.

Substituting them into the variance constraints, we get

Φ(x) =
(

1 + exp
(
π(e− x)√

6κσ

))−1

,

Ψ(x) =

(
1 + exp

(
π(x− e)√
6(1− κ)σ

))−1

.

Then the entropy is

H[ξ] =
πσ
√
κ√

6
+
πσ
√

1− κ√
6

which achieves the maximum when κ = 1/2. Thus the maximum entropy
distribution is just the normal uncertainty distribution N (e, σ).

1.12 Distance

Definition 1.26 (Liu [127]) The distance between uncertain variables ξ and
η is defined as

d(ξ, η) = E[|ξ − η|]. (1.205)

Theorem 1.62 Let ξ, η, τ be uncertain variables, and let d(·, ·) be the dis-
tance. Then we have
(a) (Nonnegativity) d(ξ, η) ≥ 0;
(b) (Identification) d(ξ, η) = 0 if and only if ξ = η;
(c) (Symmetry) d(ξ, η) = d(η, ξ);
(d) (Triangle Inequality) d(ξ, η) ≤ 2d(ξ, τ) + 2d(η, τ).
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Proof: The parts (a), (b) and (c) follow immediately from the definition.
Now we prove the part (d). It follows from the countable subadditivity axiom
that

d(ξ, η) =
∫ +∞

0

M {|ξ − η| ≥ r}dr

≤
∫ +∞

0

M {|ξ − τ |+ |τ − η| ≥ r}dr

≤
∫ +∞

0

M {(|ξ − τ | ≥ r/2) ∪ (|τ − η| ≥ r/2)}dr

≤
∫ +∞

0

(M{|ξ − τ | ≥ r/2}+M{|τ − η| ≥ r/2}) dr

= 2E[|ξ − τ |] + 2E[|τ − η|] = 2d(ξ, τ) + 2d(τ, η).

Example 1.61: Let Γ = {γ1, γ2, γ3}. Define M{∅} = 0, M{Γ} = 1 and
M{Λ} = 1/2 for any subset Λ (excluding ∅ and Γ). We set uncertain variables
ξ, η and τ as follows,

ξ(γ) =


1, if γ = γ1

1, if γ = γ2

0, if γ = γ3,

η(γ) =


0, if γ = γ1

−1, if γ = γ2

−1, if γ = γ3,

τ(γ) ≡ 0.

It is easy to verify that d(ξ, τ) = d(τ, η) = 1/2 and d(ξ, η) = 3/2. Thus

d(ξ, η) =
3
2
(d(ξ, τ) + d(τ, η)).

A conjecture is d(ξ, η) ≤ 1.5(d(ξ, τ)+d(τ, η)) for arbitrary uncertain variables
ξ, η and τ . This is an open problem.

1.13 Inequalities

Theorem 1.63 (Liu [127]) Let ξ be an uncertain variable, and f a non-
negative function. If f is even and increasing on [0,∞), then for any given
number t > 0, we have

M{|ξ| ≥ t} ≤ E[f(ξ)]
f(t)

. (1.206)
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Proof: It is clear that M{|ξ| ≥ f−1(r)} is a monotone decreasing function
of r on [0,∞). It follows from the nonnegativity of f(ξ) that

E[f(ξ)] =
∫ +∞

0

M{f(ξ) ≥ r}dr =
∫ +∞

0

M{|ξ| ≥ f−1(r)}dr

≥
∫ f(t)

0

M{|ξ| ≥ f−1(r)}dr ≥
∫ f(t)

0

dr ·M{|ξ| ≥ f−1(f(t))}

= f(t) ·M{|ξ| ≥ t}

which proves the inequality.

Theorem 1.64 (Liu [127], Markov Inequality) Let ξ be an uncertain vari-
able. Then for any given numbers t > 0 and p > 0, we have

M{|ξ| ≥ t} ≤ E[|ξ|p]
tp

. (1.207)

Proof: It is a special case of Theorem 1.63 when f(x) = |x|p.

Example 1.62: For any given positive number t, we define an uncertain
variable as follows,

ξ =

{
0 with uncertain measure 1/2
t with uncertain measure 1/2.

Then E[ξp] = tp/2 and M{ξ ≥ t} = 1/2 = E[ξp]/tp.

Theorem 1.65 (Liu [127], Chebyshev Inequality) Let ξ be an uncertain vari-
able whose variance V [ξ] exists. Then for any given number t > 0, we have

M {|ξ − E[ξ]| ≥ t} ≤ V [ξ]
t2

. (1.208)

Proof: It is a special case of Theorem 1.63 when the uncertain variable ξ is
replaced with ξ − E[ξ], and f(x) = x2.

Example 1.63: For any given positive number t, we define an uncertain
variable as follows,

ξ =

{
−t with uncertain measure 1/2
t with uncertain measure 1/2.

Then V [ξ] = t2 and M{|ξ − E[ξ]| ≥ t} = 1 = V [ξ]/t2.

Theorem 1.66 (Liu [127], Hölder’s Inequality) Let p and q be positive num-
bers with 1/p + 1/q = 1, and let ξ and η be independent uncertain variables
with E[|ξ|p] <∞ and E[|η|q] <∞. Then we have

E[|ξη|] ≤ p
√
E[|ξ|p] q

√
E[|η|q]. (1.209)
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Proof: The inequality holds trivially if at least one of ξ and η is zero a.s.
Now we assume E[|ξ|p] > 0 and E[|η|q] > 0. It is easy to prove that the
function f(x, y) = p

√
x q
√
y is a concave function on {(x, y) : x ≥ 0, y ≥ 0}.

Thus for any point (x0, y0) with x0 > 0 and y0 > 0, there exist two real
numbers a and b such that

f(x, y)− f(x0, y0) ≤ a(x− x0) + b(y − y0), ∀x ≥ 0, y ≥ 0.

Letting x0 = E[|ξ|p], y0 = E[|η|q], x = |ξ|p and y = |η|q, we have

f(|ξ|p, |η|q)− f(E[|ξ|p], E[|η|q]) ≤ a(|ξ|p − E[|ξ|p]) + b(|η|q − E[|η|q]).

Taking the expected values on both sides, we obtain

E[f(|ξ|p, |η|q)] ≤ f(E[|ξ|p], E[|η|q]).

Hence the inequality (1.209) holds.

Theorem 1.67 (Liu [127], Minkowski Inequality) Let p be a real number
with p ≥ 1, and let ξ and η be independent uncertain variables with E[|ξ|p] <
∞ and E[|η|p] <∞. Then we have

p
√
E[|ξ + η|p] ≤ p

√
E[|ξ|p] + p

√
E[|η|p]. (1.210)

Proof: The inequality holds trivially if at least one of ξ and η is zero a.s. Now
we assume E[|ξ|p] > 0 and E[|η|p] > 0. It is easy to prove that the function
f(x, y) = ( p

√
x+ p

√
y)p is a concave function on {(x, y) : x ≥ 0, y ≥ 0}. Thus

for any point (x0, y0) with x0 > 0 and y0 > 0, there exist two real numbers
a and b such that

f(x, y)− f(x0, y0) ≤ a(x− x0) + b(y − y0), ∀x ≥ 0, y ≥ 0.

Letting x0 = E[|ξ|p], y0 = E[|η|p], x = |ξ|p and y = |η|p, we have

f(|ξ|p, |η|p)− f(E[|ξ|p], E[|η|p]) ≤ a(|ξ|p − E[|ξ|p]) + b(|η|p − E[|η|p]).

Taking the expected values on both sides, we obtain

E[f(|ξ|p, |η|p)] ≤ f(E[|ξ|p], E[|η|p]).

Hence the inequality (1.210) holds.

Theorem 1.68 (Liu [127], Jensen’s Inequality) Let ξ be an uncertain vari-
able, and f : < → < a convex function. If E[ξ] and E[f(ξ)] are finite, then

f(E[ξ]) ≤ E[f(ξ)]. (1.211)

Especially, when f(x) = |x|p and p ≥ 1, we have |E[ξ]|p ≤ E[|ξ|p].



68 Chapter 1 - Uncertainty Theory

Proof: Since f is a convex function, for each y, there exists a number k such
that f(x)− f(y) ≥ k · (x− y). Replacing x with ξ and y with E[ξ], we obtain

f(ξ)− f(E[ξ]) ≥ k · (ξ − E[ξ]).

Taking the expected values on both sides, we have

E[f(ξ)]− f(E[ξ]) ≥ k · (E[ξ]− E[ξ]) = 0

which proves the inequality.

1.14 Convergence Concepts

We have the following four convergence concepts of uncertain sequence: con-
vergence almost surely (a.s.), convergence in measure, convergence in mean,
and convergence in distribution.

Table 1.1: Relationship among Convergence Concepts

Convergence
⇒

Convergence
⇒

Convergence

in Mean in Measure in Distribution

Definition 1.27 (Liu [127]) Suppose that ξ, ξ1, ξ2, · · · are uncertain vari-
ables defined on the uncertainty space (Γ,L,M). The sequence {ξi} is said
to be convergent a.s. to ξ if there exists an event Λ with M{Λ} = 1 such that

lim
i→∞

|ξi(γ)− ξ(γ)| = 0 (1.212)

for every γ ∈ Λ. In that case we write ξi → ξ, a.s.

Definition 1.28 (Liu [127]) Suppose that ξ, ξ1, ξ2, · · · are uncertain vari-
ables. We say that the sequence {ξi} converges in measure to ξ if

lim
i→∞

M {|ξi − ξ| ≥ ε} = 0 (1.213)

for every ε > 0.

Definition 1.29 (Liu [127]) Suppose that ξ, ξ1, ξ2, · · · are uncertain vari-
ables with finite expected values. We say that the sequence {ξi} converges in
mean to ξ if

lim
i→∞

E[|ξi − ξ|] = 0. (1.214)

In addition, the sequence {ξi} is said to converge in mean square to ξ if

lim
i→∞

E[|ξi − ξ|2] = 0. (1.215)

Definition 1.30 (Liu [127]) Suppose that Φ,Φ1,Φ2, · · · are the uncertainty
distributions of uncertain variables ξ, ξ1, ξ2, · · · , respectively. We say that
{ξi} converges in distribution to ξ if Φi → Φ at any continuity point of Φ.
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Convergence in Mean vs. Convergence in Measure

Theorem 1.31 (Liu [127]) Suppose that ξ, ξ1, ξ2, · · · are uncertain variables.
If {ξi} converges in mean to ξ, then {ξi} converges in measure to ξ.

Proof: It follows from the Markov inequality that for any given number
ε > 0, we have

M{|ξi − ξ| ≥ ε} ≤ E[|ξi − ξ|]
ε

→ 0

as i→∞. Thus {ξi} converges in measure to ξ. The theorem is proved.

Example 1.64: Convergence in measure does not imply convergence in
mean. Take an uncertainty space (Γ,L,M) to be {γ1, γ2, · · · } with

M{Λ} =


sup
γi∈Λ

1/i, if sup
γi∈Λ

1/i < 0.5

1− sup
γi 6∈Λ

1/i, if sup
γi 6∈Λ

1/i < 0.5

0.5, otherwise.

The uncertain variables are defined by

ξi(γj) =

{
i, if j = i

0, otherwise

for i = 1, 2, · · · and ξ ≡ 0. For some small number ε > 0, we have

M{|ξi − ξ| ≥ ε} = M{|ξi − ξ| ≥ ε} =
1
i
→ 0.

That is, the sequence {ξi} converges in measure to ξ. However, for each i,
we have

E[|ξi − ξ|] = 1.

That is, the sequence {ξi} does not converge in mean to ξ.

Convergence in Measure vs. Convergence in Distribution

Theorem 1.32 (Liu [127]) Suppose ξ, ξ1, ξ2, · · · are uncertain variables. If
{ξi} converges in measure to ξ, then {ξi} converges in distribution to ξ.

Proof: Let x be a given continuity point of the uncertainty distribution Φ.
On the one hand, for any y > x, we have

{ξi ≤ x} = {ξi ≤ x, ξ ≤ y} ∪ {ξi ≤ x, ξ > y} ⊂ {ξ ≤ y} ∪ {|ξi − ξ| ≥ y − x}.

It follows from the countable subadditivity axiom that

Φi(x) ≤ Φ(y) +M{|ξi − ξ| ≥ y − x}.
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Since {ξi} converges in measure to ξ, we have M{|ξi − ξ| ≥ y − x} → 0 as
i → ∞. Thus we obtain lim supi→∞ Φi(x) ≤ Φ(y) for any y > x. Letting
y → x, we get

lim sup
i→∞

Φi(x) ≤ Φ(x). (1.216)

On the other hand, for any z < x, we have

{ξ ≤ z} = {ξi ≤ x, ξ ≤ z} ∪ {ξi > x, ξ ≤ z} ⊂ {ξi ≤ x} ∪ {|ξi − ξ| ≥ x− z}

which implies that

Φ(z) ≤ Φi(x) +M{|ξi − ξ| ≥ x− z}.

Since M{|ξi − ξ| ≥ x − z} → 0, we obtain Φ(z) ≤ lim infi→∞ Φi(x) for any
z < x. Letting z → x, we get

Φ(x) ≤ lim inf
i→∞

Φi(x). (1.217)

It follows from (1.216) and (1.217) that Φi(x) → Φ(x). The theorem is
proved.

Example 1.65: Convergence in distribution does not imply convergence in
measure. Take an uncertainty space (Γ,L,M) to be {γ1, γ2} with M{γ1} =
M{γ2} = 1/2. We define an uncertain variables as

ξ(γ) =

{
−1, if γ = γ1

1, if γ = γ2.

We also define ξi = −ξ for i = 1, 2, · · · Then ξi and ξ have the same chance
distribution. Thus {ξi} converges in distribution to ξ. However, for some
small number ε > 0, we have

M{|ξi − ξ| ≥ ε} = M{|ξi − ξ| ≥ ε} = 1.

That is, the sequence {ξi} does not converge in measure to ξ.

Convergence Almost Surely vs. Convergence in Measure

Example 1.66: Convergence a.s. does not imply convergence in measure.
Take an uncertainty space (Γ,L,M) to be {γ1, γ2, · · · } with

M{Λ} =


sup
γi∈Λ

i/(2i+ 1), if sup
γi∈Λ

i/(2i+ 1) < 0.5

1− sup
γi 6∈Λ

i/(2i+ 1), if sup
γi 6∈Λ

i/(2i+ 1) < 0.5

0.5, otherwise.
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Then we define uncertain variables as

ξi(γj) =

{
i, if j = i

0, otherwise

for i = 1, 2, · · · and ξ ≡ 0. The sequence {ξi} converges a.s. to ξ. However,
for some small number ε > 0, we have

M{|ξi − ξ| ≥ ε} = M{|ξi − ξ| ≥ ε} =
i

2i+ 1
→ 1

2
.

That is, the sequence {ξi} does not converge in measure to ξ.

Example 1.67: Convergence in measure does not imply convergence a.s.
Take an uncertainty space (Γ,L,M) to be [0, 1] with Borel algebra and
Lebesgue measure. For any positive integer i, there is an integer j such
that i = 2j + k, where k is an integer between 0 and 2j − 1. Then we define
uncertain variables as

ξi(γ) =

{
1, if k/2j ≤ γ ≤ (k + 1)/2j

0, otherwise

for i = 1, 2, · · · and ξ ≡ 0. For some small number ε > 0, we have

M{|ξi − ξ| ≥ ε} = M{|ξi − ξ| ≥ ε} =
1
2j
→ 0

as i→∞. That is, the sequence {ξi} converges in measure to ξ. However, for
any γ ∈ [0, 1], there is an infinite number of intervals of the form [k/2j , (k +
1)/2j ] containing γ. Thus ξi(γ) does not converge to 0. In other words, the
sequence {ξi} does not converge a.s. to ξ.

Convergence Almost Surely vs. Convergence in Mean

Example 1.68: Convergence a.s. does not imply convergence in mean. Take
an uncertainty space (Γ,L,M) to be {γ1, γ2, · · · } with

M{Λ} =
∑
γi∈Λ

1
2i
.

The uncertain variables are defined by

ξi(γj) =

{
2i, if j = i

0, otherwise

for i = 1, 2, · · · and ξ ≡ 0. Then ξi converges a.s. to ξ. However, the sequence
{ξi} does not converge in mean to ξ because E[|ξi − ξ|] ≡ 1.
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Example 1.69: Convergence in mean does not imply convergence a.s. Take
an uncertainty space (Γ,L,M) to be [0, 1] with Borel algebra and Lebesgue
measure. For any positive integer i, there is an integer j such that i = 2j +k,
where k is an integer between 0 and 2j − 1. The uncertain variables are
defined by

ξi(γ) =

{
1, if k/2j ≤ γ ≤ (k + 1)/2j

0, otherwise

for i = 1, 2, · · · and ξ ≡ 0. Then

E[|ξi − ξ|] =
1
2j
→ 0.

That is, the sequence {ξi} converges in mean to ξ. However, for any γ ∈ [0, 1],
there is an infinite number of intervals of the form [k/2j , (k+1)/2j ] containing
γ. Thus ξi(γ) does not converge to 0. In other words, the sequence {ξi} does
not converge a.s. to ξ.

Convergence Almost Surely vs. Convergence in Distribution

Example 1.70: Convergence in distribution does not imply convergence
a.s. Take an uncertainty space to be (Γ,L,M) to be {γ1, γ2} with M{γ1} =
M{γ2} = 1/2. We define an uncertain variable ξ as

ξ(γ) =

{
−1, if γ = γ1

1, if γ = γ2.

We also define ξi = −ξ for i = 1, 2, · · · Then ξi and ξ have the same uncer-
tainty distribution. Thus {ξi} converges in distribution to ξ. However, the
sequence {ξi} does not converge a.s. to ξ.

Example 1.71: Convergence a.s. does not imply convergence in distribution.
Take an uncertainty space (Γ,L,M) to be {γ1, γ2, · · · } with

M{Λ} =


sup
γi∈Λ

i/(2i+ 1), if sup
γi∈Λ

i/(2i+ 1) < 0.5

1− sup
γi 6∈Λ

i/(2i+ 1), if sup
γi 6∈Λ

i/(2i+ 1) < 0.5

0.5, otherwise.

The uncertain variables are defined by

ξi(γj) =

{
i, if j = i

0, otherwise
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for i = 1, 2, · · · and ξ ≡ 0. Then the sequence {ξi} converges a.s. to ξ.
However, the uncertainty distributions of ξi are

Φi(x) =


0, if x < 0

(i+ 1)/(2i+ 1), if 0 ≤ x < i

1, if x ≥ i

for i = 1, 2, · · · , respectively. The uncertainty distribution of ξ is

Φ(x) =
{

0, if x < 0
1, if x ≥ 0.

It is clear that Φi(x) does not converge to Φ(x) at x > 0. That is, the
sequence {ξi} does not converge in distribution to ξ.

1.15 Conditional Uncertainty

We consider the uncertain measure of an event A after it has been learned
that some other event B has occurred. This new uncertain measure of A is
called the conditional uncertain measure of A given B.

In order to define a conditional uncertain measure M{A|B}, at first we
have to enlarge M{A ∩ B} because M{A ∩ B} < 1 for all events whenever
M{B} < 1. It seems that we have no alternative but to divide M{A∩B} by
M{B}. Unfortunately, M{A∩B}/M{B} is not always an uncertain measure.
However, the value M{A|B} should not be greater than M{A ∩ B}/M{B}
(otherwise the normality will be lost), i.e.,

M{A|B} ≤ M{A ∩B}
M{B}

. (1.218)

On the other hand, in order to preserve the self-duality, we should have

M{A|B} = 1−M{Ac|B} ≥ 1− M{Ac ∩B}
M{B}

. (1.219)

Furthermore, since (A ∩B) ∪ (Ac ∩B) = B, we have M{B} ≤M{A ∩B}+
M{Ac ∩B} by using the countable subadditivity axiom. Thus

0 ≤ 1− M{Ac ∩B}
M{B}

≤ M{A ∩B}
M{B}

≤ 1. (1.220)

Hence any numbers between 1−M{Ac∩B}/M{B} andM{A∩B}/M{B} are
reasonable values that the conditional uncertain measure may take. Based
on the maximum uncertainty principle, we have the following conditional
uncertain measure.
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Definition 1.33 (Liu [127]) Let (Γ,L,M) be an uncertainty space, and A,B ∈
L. Then the conditional uncertain measure of A given B is defined by

M{A|B} =



M{A ∩B}
M{B}

, if
M{A ∩B}
M{B}

< 0.5

1− M{Ac ∩B}
M{B}

, if
M{Ac ∩B}
M{B}

< 0.5

0.5, otherwise

(1.221)

provided that M{B} > 0.

It follows immediately from the definition of conditional uncertain mea-
sure that

1− M{Ac ∩B}
M{B}

≤M{A|B} ≤ M{A ∩B}
M{B}

. (1.222)

Furthermore, the conditional uncertain measure obeys the maximum uncer-
tainty principle, and takes values as close to 0.5 as possible.

Remark 1.7: Assume that we know the prior uncertain measures M{B},
M{A∩B} andM{Ac∩B}. Then the conditional uncertain measureM{A|B}
yields the posterior uncertain measure of A after the occurrence of event B.

Theorem 1.69 Let (Γ,L,M) be an uncertainty space, and B an event with
M{B} > 0. Then M{·|B} defined by (1.221) is an uncertain measure, and
(Γ,L,M{·|B}) is an uncertainty space.

Proof: It is sufficient to prove that M{·|B} satisfies the normality, mono-
tonicity, self-duality and countable subadditivity axioms. At first, it satisfies
the normality axiom, i.e.,

M{Γ|B} = 1− M{Γc ∩B}
M{B}

= 1− M{∅}
M{B}

= 1.

For any events A1 and A2 with A1 ⊂ A2, if

M{A1 ∩B}
M{B}

≤ M{A2 ∩B}
M{B}

< 0.5,

then

M{A1|B} =
M{A1 ∩B}
M{B}

≤ M{A2 ∩B}
M{B}

= M{A2|B}.

If
M{A1 ∩B}
M{B}

≤ 0.5 ≤ M{A2 ∩B}
M{B}

,

then M{A1|B} ≤ 0.5 ≤M{A2|B}. If

0.5 <
M{A1 ∩B}
M{B}

≤ M{A2 ∩B}
M{B}

,
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then we have

M{A1|B} =
(
1− M{Ac

1 ∩B}
M{B}

)
∨0.5 ≤

(
1− M{Ac

2 ∩B}
M{B}

)
∨0.5 = M{A2|B}.

This means that M{·|B} satisfies the monotonicity axiom. For any event A,
if

M{A ∩B}
M{B}

≥ 0.5,
M{Ac ∩B}
M{B}

≥ 0.5,

then we have M{A|B}+M{Ac|B} = 0.5 + 0.5 = 1 immediately. Otherwise,
without loss of generality, suppose

M{A ∩B}
M{B}

< 0.5 <
M{Ac ∩B}
M{B}

,

then we have

M{A|B}+M{Ac|B} =
M{A ∩B}
M{B}

+
(

1− M{A ∩B}
M{B}

)
= 1.

That is, M{·|B} satisfies the self-duality axiom. Finally, for any countable
sequence {Ai} of events, if M{Ai|B} < 0.5 for all i, it follows from the
countable subadditivity axiom that

M

{ ∞⋃
i=1

Ai ∩B

}
≤
M

{ ∞⋃
i=1

Ai ∩B

}
M{B}

≤

∞∑
i=1

M{Ai ∩B}

M{B}
=

∞∑
i=1

M{Ai|B}.

Suppose there is one term greater than 0.5, say

M{A1|B} ≥ 0.5, M{Ai|B} < 0.5, i = 2, 3, · · ·

If M{∪iAi|B} = 0.5, then we immediately have

M

{ ∞⋃
i=1

Ai ∩B

}
≤

∞∑
i=1

M{Ai|B}.

If M{∪iAi|B} > 0.5, we may prove the above inequality by the following
facts:

Ac
1 ∩B ⊂

∞⋃
i=2

(Ai ∩B) ∪

( ∞⋂
i=1

Ac
i ∩B

)
,

M{Ac
1 ∩B} ≤

∞∑
i=2

M{Ai ∩B}+M

{ ∞⋂
i=1

Ac
i ∩B

}
,
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M

{ ∞⋃
i=1

Ai|B

}
= 1−

M

{ ∞⋂
i=1

Ac
i ∩B

}
M{B}

,

∞∑
i=1

M{Ai|B} ≥ 1− M{Ac
1 ∩B}

M{B}
+

∞∑
i=2

M{Ai ∩B}

M{B}
.

If there are at least two terms greater than 0.5, then the countable subad-
ditivity is clearly true. Thus M{·|B} satisfies the countable subadditivity
axiom. Hence M{·|B} is an uncertain measure. Furthermore, (Γ,L,M{·|B})
is an uncertainty space.

Definition 1.34 (Liu [127]) Let ξ be an uncertain variable on (Γ,L,M). A
conditional uncertain variable of ξ given B is a measurable function ξ|B from
the conditional uncertainty space (Γ,L,M{·|B}) to the set of real numbers
such that

ξ|B(γ) ≡ ξ(γ), ∀γ ∈ Γ. (1.223)

Definition 1.35 (Liu [127]) The conditional uncertainty distribution Φ: < →
[0, 1] of an uncertain variable ξ given B is defined by

Φ(x|B) = M {ξ ≤ x|B} (1.224)

provided that M{B} > 0.

Theorem 1.70 Let ξ be an uncertain variable with regular uncertainty dis-
tribution Φ(x), and t a real number with Φ(t) < 1. Then the conditional
uncertainty distribution of ξ given ξ > t is

Φ(x|(t,+∞)) =



0, if Φ(x) ≤ Φ(t)

Φ(x)
1− Φ(t)

∧ 0.5, if Φ(t) < Φ(x) ≤ (1 + Φ(t))/2

Φ(x)− Φ(t)
1− Φ(t)

, if (1 + Φ(t))/2 ≤ Φ(x).

Proof: It follows from Φ(x|(t,+∞)) = M {ξ ≤ x|ξ > t} and the definition of
conditional uncertainty that

Φ(x|(t,+∞))=



M{(ξ ≤ x) ∩ (ξ > t)}
M{ξ > t}

, if
M{(ξ ≤ x) ∩ (ξ > t)}

M{ξ > t}
< 0.5

1− M{(ξ > x) ∩ (ξ > t)}
M{ξ > t}

, if
M{(ξ > x) ∩ (ξ > t)}

M{ξ > t}
< 0.5

0.5, otherwise.
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When Φ(x) ≤ Φ(t), we have x ≤ t, and

M{(ξ ≤ x) ∩ (ξ > t)}
M{ξ > t}

=
M{∅}

1− Φ(t)
= 0 < 0.5.

Thus

Φ(x|(t,+∞)) =
M{(ξ ≤ x) ∩ (ξ > t)}

M{ξ > t}
= 0.

When Φ(t) < Φ(x) ≤ (1 + Φ(t))/2, we have x > t, and

M{(ξ > x) ∩ (ξ > t)}
M{ξ > t}

=
1− Φ(x)
1− Φ(t)

≥ 1− (1 + Φ(t))/2
1− Φ(t)

= 0.5

and
M{(ξ ≤ x) ∩ (ξ > t)}

M{ξ > t}
≤ Φ(x)

1− Φ(t)
.

It follows from the maximum uncertainty principle that

Φ(x|(t,+∞)) =
Φ(x)

1− Φ(t)
∧ 0.5.

When (1 + Φ(t))/2 ≤ Φ(x), we have x ≥ t, and

M{(ξ > x) ∩ (ξ > t)}
M{ξ > t}

=
1− Φ(x)
1− Φ(t)

≤ 1− (1 + Φ(t))/2
1− Φ(t)

≤ 0.5.

Thus

Φ(x|(t,+∞)) = 1− M{(ξ > x) ∩ (ξ > t)}
M{ξ > t}

= 1− 1− Φ(x)
1− Φ(t)

=
Φ(x)− Φ(t)

1− Φ(t)
.

The theorem is proved.

Example 1.72: Let ξ be a linear uncertain variable L(a, b), and t a real
number with a < t < b. Then the conditional uncertainty distribution of ξ
given ξ > t is

Φ(x|(t,+∞)) =



0, if x ≤ t

x− a

b− t
∧ 0.5, if t < x ≤ (b+ t)/2

x− t

b− t
∧ 1, if (b+ t)/2 ≤ x.

Theorem 1.71 Let ξ be an uncertain variable with regular uncertainty dis-
tribution Φ(x), and t a real number with Φ(t) > 0. Then the conditional
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uncertainty distribution of ξ given ξ ≤ t is

Φ(x|(−∞, t]) =



Φ(x)
Φ(t)

, if Φ(x) ≤ Φ(t)/2

Φ(x) + Φ(t)− 1
Φ(t)

∨ 0.5, if Φ(t)/2 ≤ Φ(x) < Φ(t)

1, if Φ(t) ≤ Φ(x).

Proof: It follows from Φ(x|(−∞, t]) = M {ξ ≤ x|ξ ≤ t} and the definition of
conditional uncertainty that

Φ(x|(−∞, t])=



M{(ξ ≤ x) ∩ (ξ ≤ t)}
M{ξ ≤ t}

, if
M{(ξ ≤ x) ∩ (ξ ≤ t)}

M{ξ ≤ t}
< 0.5

1− M{(ξ > x) ∩ (ξ ≤ t)}
M{ξ ≤ t}

, if
M{(ξ > x) ∩ (ξ ≤ t)}

M{ξ ≤ t}
< 0.5

0.5, otherwise.

When Φ(x) ≤ Φ(t)/2, we have x < t, and

M{(ξ ≤ x) ∩ (ξ ≤ t)}
M{ξ ≤ t}

=
Φ(x)
Φ(t)

≤ Φ(t)/2
Φ(t)

= 0.5.

Thus

Φ(x|(−∞, t]) =
M{(ξ ≤ x) ∩ (ξ ≤ t)}

M{ξ ≤ t}
=

Φ(x)
Φ(t)

.

When Φ(t)/2 ≤ Φ(x) < Φ(t), we have x < t, and

M{(ξ ≤ x) ∩ (ξ ≤ t)}
M{ξ ≤ t}

=
Φ(x)
Φ(t)

≥ Φ(t)/2
Φ(t)

= 0.5

and
M{(ξ > x) ∩ (ξ ≤ t)}

M{ξ ≤ t}
≤ 1− Φ(x)

Φ(t)
,

i.e.,

1− M{(ξ > x) ∩ (ξ ≤ t)}
M{ξ ≤ t}

≥ Φ(x) + Φ(t)− 1
Φ(t)

.

It follows from the maximum uncertainty principle that

Φ(x|(−∞, t]) =
Φ(x) + Φ(t)− 1

Φ(t)
∨ 0.5.

When Φ(t) ≤ Φ(x), we have x ≥ t, and

M{(ξ > x) ∩ (ξ ≤ t)}
M{ξ ≤ t}

=
M{∅}
Φ(t)

= 0 < 0.5.
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Thus

Φ(x|(−∞, t]) = 1− M{(ξ > x) ∩ (ξ ≤ t)}
M{ξ ≤ t}

= 1− 0 = 1.

The theorem is proved.

Example 1.73: Let ξ be a linear uncertain variable L(a, b), and t a real
number with a < t < b. Then the conditional uncertainty distribution of ξ
given ξ ≤ t is

Φ(x|(−∞, t]) =



x− a

t− a
∨ 0, if x ≤ (a+ t)/2(

1− b− x

t− a

)
∨ 0.5, if (a+ t)/2 ≤ x < t

1, if x ≤ t.

Definition 1.36 (Liu [127]) Let ξ be an uncertain variable. Then the con-
ditional expected value of ξ given B is defined by

E[ξ|B] =
∫ +∞

0

M{ξ ≥ r|B}dr −
∫ 0

−∞
M{ξ ≤ r|B}dr (1.225)

provided that at least one of the two integrals is finite.





Chapter 2

Uncertain Programming

Uncertain programming was founded by Liu [129] in 2009 as a type of math-
ematical programming involving uncertain variables. This chapter provides
a general framework of uncertain programming, including expected value
model, chance-constrained programming, dependent-chance programming,
uncertain dynamic programming and uncertain multilevel programming. Fi-
nally, we present some uncertain programming models for system reliability
design, project scheduling problem, vehicle routing problem, facility location
problem, and machine scheduling problem.

2.1 Ranking Criteria

Assume that x is a decision vector, ξ is an uncertain vector, f(x, ξ) is a
return function, and gj(x, ξ) are constraint functions, j = 1, 2, · · · , p. Let us
examine 

max f(x, ξ)
subject to:

gj(x, ξ) ≤ 0, j = 1, 2, · · · , p.
(2.1)

The model (2.1) is only a conceptual model rather than a mathematical model
because we cannot maximize an uncertain quantity just like that we cannot
maximize a random quantity. In other words, there does not exist a natural
ordership in an uncertain world.

Thus an important problem appearing in this area is how to rank uncer-
tain variables. Let ξ and η be two uncertain variables. Here we give four
ranking criteria.

Expected Value Criterion: We say ξ > η if and only if E[ξ] > E[η].

Optimistic Value Criterion: We say ξ > η if and only if, for some prede-
termined confidence level α ∈ (0, 1], we have ξsup(α) > ηsup(α), where ξsup(α)
and ηsup(α) are the α-optimistic values of ξ and η, respectively.
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Pessimistic Value Criterion: We say ξ > η if and only if, for some prede-
termined confidence level α ∈ (0, 1], we have ξinf(α) > ηinf(α), where ξinf(α)
and ηinf(α) are the α-pessimistic values of ξ and η, respectively.

Chance Criterion: We say ξ > η if and only if, for some predetermined
levels r, we have M {ξ ≥ r} >M {η ≥ r}.

2.2 Expected Value Model

Assume that we believe the expected value criterion. In order to obtain a
decision with maximum expected return subject to expected constraints, we
have the following expected value model,

maxE[f(x, ξ)]
subject to:

E[gj(x, ξ)] ≤ 0, j = 1, 2, · · · , p
(2.2)

where x is a decision vector, ξ is an uncertain vector, f is a return function,
and gj are constraint functions for j = 1, 2, · · · , p.

Definition 2.1 A solution x is feasible if and only if E[gj(x, ξ)] ≤ 0 for
j = 1, 2, · · · , p. A feasible solution x∗ is an optimal solution to the expected
value model (2.2) if E[f(x∗, ξ)] ≥ E[f(x, ξ)] for any feasible solution x.

In practice, a decision maker may want to optimize multiple objectives.
Thus we have the following expected value multiobjective programming,

max [E[f1(x, ξ)], E[f2(x, ξ)], · · · , E[fm(x, ξ)]]
subject to:

E[gj(x, ξ)] ≤ 0, j = 1, 2, · · · , p
(2.3)

where fi(x, ξ) are return functions for i = 1, 2, · · · ,m, and gj(x, ξ) are con-
straint functions for j = 1, 2, · · · , p.

Definition 2.2 A feasible solution x∗ is said to be a Pareto solution to the
expected value multiobjective programming (2.3) if there is no feasible solution
x such that

E[fi(x, ξ)] ≥ E[fi(x∗, ξ)], i = 1, 2, · · · ,m (2.4)

and E[fj(x, ξ)] > E[fj(x∗, ξ)] for at least one index j.

In order to balance multiple conflicting objectives, a decision-maker may
establish a hierarchy of importance among these incompatible goals so as to
satisfy as many goals as possible in the order specified. Thus we have an
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expected value goal programming,

min
l∑

j=1

Pj

m∑
i=1

(uijd
+
i ∨ 0 + vijd

−
i ∨ 0)

subject to:
E[fi(x, ξ)]− bi = d+

i , i = 1, 2, · · · ,m
bi − E[fi(x, ξ)] = d−i , i = 1, 2, · · · ,m
E[gj(x, ξ)] ≤ 0, j = 1, 2, · · · , p

(2.5)

where Pj is the preemptive priority factor which expresses the relative im-
portance of various goals, Pj � Pj+1, for all j, uij is the weighting factor
corresponding to positive deviation for goal i with priority j assigned, vij

is the weighting factor corresponding to negative deviation for goal i with
priority j assigned, d+

i ∨ 0 is the positive deviation from the target of goal
i, d−i ∨ 0 is the negative deviation from the target of goal i, fi is a function
in goal constraints, gj is a function in real constraints, bi is the target value
according to goal i, l is the number of priorities, m is the number of goal
constraints, and p is the number of real constraints.

Theorem 2.1 Assume f(x, ξ) = h1(x)ξ1 + h2(x)ξ2 + · · ·+ hn(x)ξn + h0(x)
where h1(x), h2(x), · · ·, hn(x), h0(x) are real-valued functions and ξ1, ξ2, · · ·, ξn
are independent uncertain variables. Then

E[f(x, ξ)] = h1(x)E[ξ1] + h2(x)E[ξ2] + · · ·+ hn(x)E[ξn] + h0(x). (2.6)

Proof: It follows from the linearity of expected value operator immediately.

Theorem 2.2 Assume that ξ1, ξ2, · · · , ξn are independent uncertain vari-
ables and h1(x), h2(x), · · · , hn(x), h0(x) are real-valued functions. Then

E[h1(x)ξ1 + h2(x)ξ2 + · · ·+ hn(x)ξn + h0(x)] ≤ 0 (2.7)

holds if and only if

h1(x)E[ξ1] + h2(x)E[ξ2] + · · ·+ hn(x)E[ξn] + h0(x) ≤ 0. (2.8)

Proof: It follows from Theorem 2.1 immediately.

2.3 Chance-Constrained Programming

Since the uncertain constraints gj(x, ξ) ≤ 0, j = 1, 2, · · · , p do not define a
deterministic feasible set, it is naturally desired that the uncertain constraints
hold with a confidence level α. Then we have a chance constraint as follows,

M {gj(x, ξ) ≤ 0, j = 1, 2, · · · , p} ≥ α. (2.9)
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Maximax Chance-Constrained Programming

Assume that we believe the optimistic value criterion. If we want to max-
imize the optimistic value to the uncertain return subject to some chance
constraints, then we have the following maximax chance-constrained pro-
gramming, 

max
x

max
f

f

subject to:

M
{
f(x, ξ) ≥ f

}
≥ β

M {gj(x, ξ) ≤ 0} ≥ αj , j = 1, 2, · · · , p

(2.10)

where αj and β are specified confidence levels for j = 1, 2, · · · , p, and max f
is the β-optimistic return.

In practice, it is possible that there exist multiple objectives. We thus
have the following maximax chance-constrained multiobjective programming,

max
x

[
max

f1

f1,max
f2

f2, · · · ,max
fm

fm

]
subject to:

M
{
fi(x, ξ) ≥ f i

}
≥ βi, i = 1, 2, · · · ,m

M {gj(x, ξ) ≤ 0} ≥ αj , j = 1, 2, · · · , p

(2.11)

where βi are predetermined confidence levels for i = 1, 2, · · · ,m, and max f i

are the β-optimistic values to the return functions fi(x, ξ), i = 1, 2, · · · ,m,
respectively.

If the priority structure and target levels are set by the decision-maker,
then we have a minimin chance-constrained goal programming,

min
x

l∑
j=1

Pj

m∑
i=1

(
uij

(
min
d+

i

d+
i ∨ 0

)
+ vij

(
min
d−i

d−i ∨ 0

))
subject to:

M
{
fi(x, ξ)− bi ≤ d+

i

}
≥ β+

i , i = 1, 2, · · · ,m
M
{
bi − fi(x, ξ) ≤ d−i

}
≥ β−i , i = 1, 2, · · · ,m

M {gj(x, ξ) ≤ 0} ≥ αj , j = 1, 2, · · · , p

(2.12)

where Pj is the preemptive priority factor which expresses the relative im-
portance of various goals, Pj � Pj+1, for all j, uij is the weighting factor
corresponding to positive deviation for goal i with priority j assigned, vij

is the weighting factor corresponding to negative deviation for goal i with
priority j assigned, min d+

i ∨ 0 is the β+
i -optimistic positive deviation from

the target of goal i, min d−i ∨ 0 is the β−i -optimistic negative deviation from
the target of goal i, bi is the target value according to goal i, and l is the
number of priorities.
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Minimax Chance-Constrained Programming

Assume that we believe the pessimistic value criterion. If we want to maxi-
mize the pessimistic value subject to some chance constraints, then we have
the following minimax chance-constrained programming,

max
x

min
f
f

subject to:

M
{
f(x, ξ) ≤ f

}
≥ β

M {gj(x, ξ) ≤ 0} ≥ αj , j = 1, 2, · · · , p

(2.13)

where αj and β are specified confidence levels for j = 1, 2, · · · , p, and min f
is the β-pessimistic return.

If there are multiple objectives, then we have the following minimax
chance-constrained multiobjective programming,

max
x

[
min
f1

f1, min
f2

f2, · · · , min
fm

fm

]
subject to:

M
{
fi(x, ξ) ≤ f i

}
≥ βi, i = 1, 2, · · · ,m

M {gj(x, ξ) ≤ 0} ≥ αj , j = 1, 2, · · · , p

(2.14)

where min f i are the βi-pessimistic values to the return functions fi(x, ξ),
i = 1, 2, · · · ,m, respectively.

We can also formulate an uncertain decision system as a minimax chance-
constrained goal programming according to the priority structure and target
levels set by the decision-maker:

min
x

l∑
j=1

Pj

m∑
i=1

[
uij

(
max
d+

i

d+
i ∨ 0

)
+ vij

(
max
d−i

d−i ∨ 0

)]
subject to:

M
{
fi(x, ξ)− bi ≥ d+

i

}
≥ β+

i , i = 1, 2, · · · ,m
M
{
bi − fi(x, ξ) ≥ d−i

}
≥ β−i , i = 1, 2, · · · ,m

M {gj(x, ξ) ≤ 0} ≥ αj , j = 1, 2, · · · , p

(2.15)

where Pj is the preemptive priority factor which expresses the relative im-
portance of various goals, Pj � Pj+1, for all j, uij is the weighting factor
corresponding to positive deviation for goal i with priority j assigned, vij

is the weighting factor corresponding to negative deviation for goal i with
priority j assigned, max d+

i ∨ 0 is the β+
i -pessimistic positive deviation from

the target of goal i, max d−i ∨ 0 is the β−i -pessimistic negative deviation from
the target of goal i, bi is the target value according to goal i, and l is the
number of priorities.
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Theorem 2.3 Assume that ξ1, ξ2, · · · , ξn are independent uncertain vari-
ables with regular uncertainty distributions Φ1,Φ2, · · · ,Φn, respectively, and
h1(x), h2(x), · · · , hn(x), h0(x) are real-valued functions. Then

M

{
n∑

i=1

hi(x)ξi ≤ h0(x)

}
≥ α (2.16)

holds if and only if

n∑
i=1

h+
i (x)Φ−1

i (α)−
n∑

i=1

h−i (x)Φ−1
i (1− α) ≤ h0(x) (2.17)

where

h+
i (x) =

{
hi(x), if hi(x) > 0

0, if hi(x) ≤ 0,
(2.18)

h−i (x) =

{
0, if hi(x) ≥ 0

−hi(x), if hi(x) < 0
(2.19)

for i = 1, 2, · · · , n. Especially, if h1(x), h2(x), · · · , hn(x) are all nonnegative,
then (2.17) becomes

n∑
i=1

hi(x)Φ−1
i (α) ≤ h0(x); (2.20)

if h1(x), h2(x), · · · , hn(x) are all nonpositive, then (2.17) becomes

n∑
i=1

hi(x)Φ−1
i (1− α) ≤ h0(x). (2.21)

Proof: For each i, if hi(x) > 0, then hi(x)ξi is an uncertain variable whose
uncertainty distribution is described by

Ψ−1
i (α) = h+

i (x)Φ−1
i (α), 0 < α < 1.

If hi(x) < 0, then hi(x)ξi is an uncertain variable whose uncertainty distri-
bution is described by

Ψ−1
i (α) = −h−i (x)Φ−1

i (1− α), 0 < α < 1.

It follows from the operational law that the uncertainty distribution of the
sum h1(x)ξ1 + h2(x)ξ2 + · · ·+ hn(x)ξn is described by

Ψ−1(α) = Ψ−1
1 (α) + Ψ−1

2 (α) + · · ·+ Ψ−1
n (α), 0 < α < 1.

From which we may derive the result immediately.
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Theorem 2.4 Assume that x1, x2, · · · , xn are nonnegative decision variables,
and ξ1, ξ2, · · · , ξn, ξ are independently linear uncertain variables L(a1, b1),
L(a2, b2), · · · ,L(an, bn),L(a, b), respectively. Then for any confidence level
α ∈ (0, 1), the chance constraint

M

{
n∑

i=1

ξixi ≤ ξ

}
≥ α (2.22)

holds if and only if

n∑
i=1

((1− α)ai + αbi)xi ≤ αa+ (1− α)b. (2.23)

Proof: Assume that the uncertain variables ξ1, ξ2, · · · , ξn, ξ have uncertainty
distributions Φ1,Φ2, · · · ,Φn,Φ, respectively. Then

Φ−1
i (α) = (1− α)ai + αbi, i = 1, 2, · · · , n,

Φ−1(1− α) = αa+ (1− α)b.

Thus the result follows from Theorem 2.3 immediately.

Theorem 2.5 Assume that x1, x2, · · · , xn are nonnegative decision variables,
and ξ1, ξ2, · · · , ξn, ξ are independently zigzag uncertain variables Z(a1, b1, c1),
Z(a2, b2, c2), · · · ,Z(an, bn, cn),Z(a, b, c), respectively. Then for any confi-
dence level α ≥ 0.5, the chance constraint

M

{
n∑

i=1

ξixi ≤ ξ

}
≥ α (2.24)

holds if and only if

n∑
i=1

((2− 2α)bi + (2α− 1)ci)xi ≤ α(2α− 1)a+ (2− 2α)b. (2.25)

Proof: Assume that the uncertain variables ξ1, ξ2, · · · , ξn, ξ have uncertainty
distributions Φ1,Φ2, · · · ,Φn,Φ, respectively. Then

Φ−1
i (α) = (2− 2α)bi + (2α− 1)ci, i = 1, 2, · · · , n,

Φ−1(1− α) = (2α− 1)a+ (2− 2α)b.

Thus the result follows from Theorem 2.3 immediately.

Theorem 2.6 Assume that x1, x2, · · · , xn are nonnegative decision variables,
and ξ1, ξ2, · · · , ξn, ξ are independently normal uncertain variables N (e1, σ1),
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N (e2, σ2), · · · ,N (en, σn),N (e, σ), respectively. Then for any confidence level
α ∈ (0, 1), the chance constraint

M

{
n∑

i=1

ξixi ≤ ξ

}
≥ α (2.26)

holds if and only if

n∑
i=1

(
ei +

σi

√
3

π
ln

α

1− α

)
xi ≤ e− σ

√
3

π
ln

α

1− α
. (2.27)

Proof: Assume that the uncertain variables ξ1, ξ2, · · · , ξn, ξ have uncertainty
distributions Φ1,Φ2, · · · ,Φn,Φ, respectively. Then

Φ−1
i (α) = ei +

σi

√
3

π
ln

α

1− α
, i = 1, 2, · · · , n,

Φ−1(1− α) = e− σ
√

3
π

ln
α

1− α
.

Thus the result follows from Theorem 2.3 immediately.

Theorem 2.7 Assume x1, x2, · · · , xn are nonnegative decision variables, and
ξ1, ξ2, · · ·, ξn, ξ are independently lognormal uncertain variables LOGN (e1, σ1),
LOGN (e2, σ2), · · · ,LOGN (en, σn),LOGN (e, σ), respectively. Then for any
confidence level α ∈ (0, 1), the chance constraint

M

{
n∑

i=1

ξixi ≤ ξ

}
≥ α (2.28)

holds if and only if

n∑
i=1

exp(ei)
(

α

1− α

)√3σi/π

xi ≤ exp(e)
(

1− α

α

)√3σ/π

. (2.29)

Proof: Assume that the uncertain variables ξ1, ξ2, · · · , ξn, ξ have uncertainty
distributions Φ1,Φ2, · · · ,Φn,Φ, respectively. Then

Φ−1
i (α) = exp(ei)

(
α

1− α

)√3σi/π

, i = 1, 2, · · · , n,

Φ−1(1− α) = exp(e)
(

1− α

α

)√3σ/π

.

Thus the result follows from Theorem 2.3 immediately.
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2.4 Dependent-Chance Programming

In practice, there usually exist multiple tasks in a complex uncertain decision
system. Sometimes, the decision-maker believes the chance criterion and
wishes to maximize the chance of meeting these tasks. In order to model
this type of uncertain decision system, Liu [129] provided the third type
of uncertain programming, called dependent-chance programming, in which
the underlying philosophy is based on selecting the decision with maximal
chance to meet the task. Dependent-chance programming breaks the concept
of feasible set and replaces it with uncertain environment.

Definition 2.3 By an uncertain environment we mean the uncertain con-
straints represented by

gj(x, ξ) ≤ 0, j = 1, 2, · · · , p (2.30)

where x is a decision vector, and ξ is an uncertain vector.

Definition 2.4 By a task we mean an uncertain inequality (or a system of
uncertain inequalities) represented by

h(x, ξ) ≤ 0 (2.31)

where x is a decision vector, and ξ is an uncertain vector.

Definition 2.5 The chance function of task E characterized by (2.31) is de-
fined as the uncertain measure that the task E is met, i.e.,

f(x) = M{h(x, ξ) ≤ 0} (2.32)

subject to the uncertain environment (2.30).

How do we compute the chance function in an uncertain environment?
In order to answer this question, we first give some basic definitions. Let
r(x1, x2, · · · , xn) be an n-dimensional function. The ith decision variable xi

is said to be degenerate if

r(x1, · · · , xi−1, x
′
i, xi+1, · · · , xn) = r(x1, · · · , xi−1, x

′′
i , xi+1, · · · , xn)

for any x′i and x′′i ; otherwise it is nondegenerate. For example,

r(x1, x2, x3, x4, x5) = (x1 + x3)/x4

is a 5-dimensional function. The variables x1, x3, x4 are nondegenerate, but
x2 and x5 are degenerate.

Definition 2.6 Let E be a task h(x, ξ) ≤ 0. The support of the task E,
denoted by E∗, is defined as the set consisting of all nondegenerate decision
variables of h(x, ξ).
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Definition 2.7 The jth constraint gj(x, ξ) ≤ 0 is called an active constraint
of task E if the set of nondegenerate decision variables of gj(x, ξ) and the
support E∗ have nonempty intersection; otherwise it is inactive.

Definition 2.8 Let E be a task h(x, ξ) ≤ 0 in the uncertain environment
gj(x, ξ) ≤ 0, j = 1, 2, · · · , p. The dependent support of task E, denoted by
E∗∗, is defined as the set consisting of all nondegenerate decision variables of
h(x, ξ) and gj(x, ξ) in the active constraints of task E.

Remark 2.1: It is obvious that E∗ ⊂ E∗∗ holds.

Definition 2.9 The jth constraint gj(x, ξ) ≤ 0 is called a dependent con-
straint of task E if the set of nondegenerate decision variables of gj(x, ξ)
and the dependent support E∗∗ have nonempty intersection; otherwise it is
independent.

Remark 2.2: An active constraint must be a dependent constraint.

Definition 2.10 Let E be a task h(x, ξ) ≤ 0 in the uncertain environment
gj(x, ξ) ≤ 0, j = 1, 2, · · · , p. For each decision x and realization ξ, the task
E is said to be consistent in the uncertain environment if the following two
conditions hold: (i) h(x, ξ) ≤ 0; and (ii) gj(x, ξ) ≤ 0, j ∈ J , where J is the
index set of all dependent constraints.

In order to maximize the chance of some task in an uncertain environment,
a dependent-chance programming may be formulated as follows,

max M {h(x, ξ) ≤ 0}
subject to:

gj(x, ξ) ≤ 0, j = 1, 2, · · · , p
(2.33)

where x is an n-dimensional decision vector, ξ is an uncertain vector, the task
E is characterized by h(x, ξ) ≤ 0, and the uncertain environment is described
by the uncertain constraints gj(x, ξ) ≤ 0, j = 1, 2, · · · , p. The model (2.33)
is equivalent to

max M {h(x, ξ) ≤ 0, gj(x, ξ) ≤ 0, j ∈ J} (2.34)

where J is the index set of all dependent constraints.

If there are multiple tasks in an uncertain environment, then we have the
following dependent-chance multiobjective programming,

max [M{h1(x, ξ) ≤ 0}, · · · ,M{hm(x, ξ) ≤ 0}]

subject to:
gj(x, ξ) ≤ 0, j = 1, 2, · · · , p

(2.35)
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where tasks Ei are characterized by hi(x, ξ) ≤ 0, i = 1, 2, · · · ,m, respectively.
The model (2.35) is equivalent to

max M {h1(x, ξ) ≤ 0, gj(x, ξ) ≤ 0, j ∈ J1}
max M {h2(x, ξ) ≤ 0, gj(x, ξ) ≤ 0, j ∈ J2}

· · ·
max M {hm(x, ξ) ≤ 0, gj(x, ξ) ≤ 0, j ∈ Jm}

(2.36)

where Ji are the index sets of all dependent constraints of tasks Ei, i =
1, 2, · · · ,m, respectively.

Dependent-chance goal programming is employed to formulate uncertain
decision systems according to the priority structure and target levels set by
the decision-maker,

min
l∑

j=1

Pj

m∑
i=1

(uijd
+
i ∨ 0 + vijd

−
i ∨ 0)

subject to:
M {hi(x, ξ) ≤ 0} − bi = d+

i , i = 1, 2, · · · ,m
bi −M {hi(x, ξ) ≤ 0} = d−i , i = 1, 2, · · · ,m
gj(x, ξ) ≤ 0, j = 1, 2, · · · , p

where Pj is the preemptive priority factor which expresses the relative im-
portance of various goals, Pj � Pj+1, for all j, uij is the weighting factor
corresponding to positive deviation for goal i with priority j assigned, vij

is the weighting factor corresponding to negative deviation for goal i with
priority j assigned, d+

i ∨ 0 is the positive deviation from the target of goal i,
d−i ∨ 0 is the negative deviation from the target of goal i, gj is a function in
system constraints, bi is the target value according to goal i, l is the number
of priorities, m is the number of goal constraints, and p is the number of
system constraints.

Theorem 2.8 Assume x1, x2, · · · , xn are nonnegative decision variables, and
ξ1, ξ2, · · · , ξn are independently linear uncertain variables L(a1, b1), L(a2, b2),
· · · ,L(an, bn), respectively. When

t ∈

[
n∑

i=1

aixi,
n∑

i=1

bixi

]
, (2.37)

we have

M

{
n∑

i=1

ξixi ≤ t

}
=

t−
n∑

i=1

aixi

n∑
i=1

(bi − ai)xi

. (2.38)
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Otherwise, the measure will be 0 if t is on the left-hand side of interval (2.37)
or 1 if t is on the right-hand side.

Proof: Since ξ1, ξ2, · · · , ξn are independently linear uncertain variables, their
weighted sum ξ1x1 + ξ2x2 + · · ·+ ξnxn is also a linear uncertain variable

L

(
n∑

i=1

aixi,
n∑

i=1

bixi

)
.

From this fact we may derive the result immediately.

Theorem 2.9 Assume that x1, x2, · · · , xn are nonnegative decision variables,
and ξ1, ξ2, · · · , ξn are independently zigzag uncertain variables Z(a1, b1, c1),
Z(a2, b2, c2), · · · ,Z(an, bn, cn), respectively. When

t ∈

[
n∑

i=1

aixi,
n∑

i=1

bixi

]
, (2.39)

we have

M

{
n∑

i=1

ξixi ≤ t

}
=

t−
n∑

i=1

aixi

2
n∑

i=1

(bi − ai)xi

. (2.40)

When

t ∈

[
n∑

i=1

bixi,
n∑

i=1

cixi

]
, (2.41)

we have

M

{
n∑

i=1

ξixi ≤ t

}
=

t+
n∑

i=1

(ci − 2bi)xi

2
n∑

i=1

(ci − bi)xi

. (2.42)

Otherwise, the measure will be 0 if t is on the left-hand side of interval (2.39)
or 1 if t is on the right-hand side of interval (2.41).

Proof: Since ξ1, ξ2, · · · , ξn are independently zigzag uncertain variables,
their weighted sum ξ1x1 +ξ2x2 + · · ·+ξnxn is also a zigzag uncertain variable

Z

(
n∑

i=1

aixi,
n∑

i=1

bixi,
n∑

i=1

cixi

)
.

From this fact we may derive the result immediately.
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Theorem 2.10 Assume that x1, x2, · · · , xn are nonnegative decision vari-
ables, and ξ1, ξ2, · · · , ξn are independently normal uncertain variables N (e1, σ1),
N (e2, σ2), · · · ,N (en, σn), respectively. Then

M

{
n∑

i=1

ξixi ≤ t

}
=

1 + exp


π

(
n∑

i=1

eixi − t

)
√

3
n∑

i=1

σixi



−1

. (2.43)

Proof: Since ξ1, ξ2, · · · , ξn are independently normal uncertain variables,
their weighted sum ξ1x1+ξ2x2+· · ·+ξnxn is also a normal uncertain variable

N

(
n∑

i=1

eixi,
n∑

i=1

σixi

)
.

From this fact we may derive the result immediately.

Theorem 2.11 Assume x1, x2, · · · , xn are nonnegative decision variables,
and ξ1, ξ2, · · · , ξn are independently lognormal uncertain variables LOGN (e1, σ1),
LOGN (e2, σ2), · · · ,LOGN (en, σn), respectively. Then

M

{
n∑

i=1

ξixi ≤ t

}
= Ψ(t) (2.44)

where Ψ is determined by

Ψ−1(α) =
n∑

i=1

exp(ei)
(

α

1− α

)√3σi/π

xi. (2.45)

Proof: Since ξ1, ξ2, · · · , ξn are independently lognormal uncertain variables,
the uncertainty distribution Ψ of ξ1x1 + ξ2x2 + · · ·+ ξnxn is just determined
by (2.45). From this fact we may derive the result immediately.

2.5 Uncertain Dynamic Programming

In order to model uncertain decision processes, Liu [129] proposed a gen-
eral framework of uncertain dynamic programming, including expected value
dynamic programming, chance-constrained dynamic programming as well as
dependent-chance dynamic programming.

Expected Value Dynamic Programming

Consider an N -stage decision system in which (a1,a2, · · · ,aN ) represents
the state vector, (x1,x2, · · · ,xN ) the decision vector, (ξ1, ξ2, · · · , ξN ) the
uncertain vector. We also assume that the state transition function is

an+1 = T (an,xn, ξn), n = 1, 2, · · · , N − 1. (2.46)
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In order to maximize the expected return over the horizon, we may use
the following expected value dynamic programming,

fN (a) = max
E[gN (a,x,ξN )]≤0

E[rN (a,x, ξN )]

fn(a) = max
E[gn(a,x,ξn)]≤0

E[rn(a,x, ξn) + fn+1(T (a,x, ξn))]

n ≤ N − 1

(2.47)

where rn are the return functions at the nth stages, n = 1, 2, · · · , N , respec-
tively.

Chance-Constrained Dynamic Programming

In order to maximize the optimistic return over the horizon, we may use the
following chance-constrained dynamic programming,

fN (a) = max
M{gN (a,x,ξN )≤0}≥α

rN (a,x, ξN )

fn(a) = max
M{gn(a,x,ξn)≤0}≥α

rn(a,x, ξn) + fn+1(T (a,x, ξn))

n ≤ N − 1

(2.48)

where the functions rn are defined by

rn(a,x, ξn) = sup
{
r
∣∣M{rn(a,x, ξn) ≥ r} ≥ β

}
(2.49)

for n = 1, 2, · · · , N . If we want to maximize the pessimistic return over the
horizon, then we must define the functions rn as

rn(a,x, ξn) = inf
{
r
∣∣M{rn(a,x, ξn) ≤ r} ≥ β

}
(2.50)

for n = 1, 2, · · · , N .

Dependent-Chance Dynamic Programming

In order to maximize the chance over the horizon, we may employ the fol-
lowing dependent-chance dynamic programming,

fN (a) = max
gN (a,x,ξN )≤0

M{hN (a,x, ξN ) ≤ 0}

fn(a) = max
gn(a,x,ξn)≤0

M{hn(a,x, ξn) ≤ 0}+ fn+1(T (a,x, ξn))

n ≤ N − 1

where hn(a,x, ξn) ≤ 0 are the events, and gn(a,x, ξn) ≤ 0 are the uncertain
environments at the nth stages, n = 1, 2, · · · , N , respectively.
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2.6 Uncertain Multilevel Programming

In order to model uncertain decentralized decision systems, Liu [129] pre-
sented three types of uncertain multilevel programming, including expected
value multilevel programming, chance-constrained multilevel programming
and dependent-chance multilevel programming, and provided the concept of
Stackelberg-Nash equilibrium to uncertain multilevel programming.

Expected Value Multilevel Programming

Assume that in a decentralized two-level decision system there is one leader
and m followers. Let x and yi be the control vectors of the leader and
the ith followers, i = 1, 2, · · · ,m, respectively. We also assume that the
objective functions of the leader and ith followers are F (x,y1, · · · ,ym, ξ)
and fi(x,y1, · · · ,ym, ξ), i = 1, 2, · · · ,m, respectively, where ξ is an uncertain
vector.

Let the feasible set of control vector x of the leader be defined by the
expected constraint

E[G(x, ξ)] ≤ 0 (2.51)

where G is a vector-valued function and 0 is a zero vector. Then for each de-
cision x chosen by the leader, the feasibility of control vectors yi of the ith fol-
lowers should be dependent on not only x but also y1, · · · ,yi−1,yi+1, · · · ,ym,
and generally represented by the expected constraints,

E[gi(x,y1,y2, · · · ,ym, ξ)] ≤ 0 (2.52)

where gi are vector-valued functions, i = 1, 2, · · · ,m, respectively.
Assume that the leader first chooses his control vector x, and the followers

determine their control array (y1,y2, · · · ,ym) after that. In order to max-
imize the expected objective of the leader, we have the following expected
value bilevel programming,

max
x

E[F (x,y∗1,y
∗
2, · · · ,y∗m, ξ)]

subject to:
E[G(x, ξ)] ≤ 0
(y∗1,y

∗
2, · · · ,y∗m) solves problems (i = 1, 2, · · · ,m)

max
yi

E[fi(x,y1,y2, · · · ,ym, ξ)]

subject to:
E[gi(x,y1,y2, · · · ,ym, ξ)] ≤ 0.

(2.53)

Definition 2.11 Let x be a feasible control vector of the leader. A Nash
equilibrium of followers is the feasible array (y∗1,y

∗
2, · · · ,y∗m) with respect to

x if
E[fi(x,y∗1, · · · ,y∗i−1,yi,y

∗
i+1, · · · ,y∗m, ξ)]

≤ E[fi(x,y∗1, · · · ,y∗i−1,y
∗
i ,y

∗
i+1, · · · ,y∗m, ξ)]

(2.54)



96 Chapter 2 - Uncertain Programming

for any feasible array (y∗1, · · · ,y∗i−1,yi,y
∗
i+1, · · · ,y∗m) and i = 1, 2, · · · ,m.

Definition 2.12 Suppose that x∗ is a feasible control vector of the leader
and (y∗1,y

∗
2, · · · ,y∗m) is a Nash equilibrium of followers with respect to x∗.

We call the array (x∗,y∗1,y
∗
2, · · · ,y∗m) a Stackelberg-Nash equilibrium to the

expected value bilevel programming (2.53) if

E[F (x,y1,y2, · · · ,ym, ξ)] ≤ E[F (x∗,y∗1,y
∗
2, · · · ,y∗m, ξ)] (2.55)

for any feasible control vector x and the Nash equilibrium (y1,y2, · · · ,ym)
with respect to x.

Chance-Constrained Multilevel Programming

In order to maximize the optimistic return subject to the chance constraint,
we may use the following chance-constrained bilevel programming,

max
x

max
F

F

subject to:

M{F (x,y∗1,y
∗
2, · · · ,y∗m, ξ) ≥ F} ≥ β

M{G(x, ξ) ≤ 0} ≥ α

(y∗1,y
∗
2, · · · ,y∗m) solves problems (i = 1, 2, · · · ,m)

max
yi

max
fi

f i

subject to:

M{fi(x,y1,y2, · · · ,ym, ξ) ≥ f i} ≥ βi

M{gi(x,y1,y2, · · · ,ym, ξ) ≤ 0} ≥ αi

(2.56)

where α, β, αi, βi, i = 1, 2, · · · ,m are predetermined confidence levels.

Definition 2.13 Let x be a feasible control vector of the leader. A Nash
equilibrium of followers is the feasible array (y∗1,y

∗
2, · · · ,y∗m) with respect to

x if
f i(x,y∗1, · · · ,y∗i−1,yi,y

∗
i+1, · · · ,y∗m)

≤ f i(x,y∗1, · · · ,y∗i−1,y
∗
i ,y

∗
i+1, · · · ,y∗m)

(2.57)

for any feasible array (y∗1, · · · ,y∗i−1,yi,y
∗
i+1, · · · ,y∗m) and i = 1, 2, · · · ,m.

Definition 2.14 Suppose that x∗ is a feasible control vector of the leader
and (y∗1,y

∗
2, · · · ,y∗m) is a Nash equilibrium of followers with respect to x∗.

The array (x∗,y∗1,y
∗
2, · · · ,y∗m) is called a Stackelberg-Nash equilibrium to the

chance-constrained bilevel programming (2.56) if

F (x,y1,y2, · · · ,ym) ≤ F (x∗,y∗1,y
∗
2, · · · ,y∗m) (2.58)

for any feasible control vector x and the Nash equilibrium (y1,y2, · · · ,ym)
with respect to x.
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In order to maximize the pessimistic return, we have the following mini-
max chance-constrained bilevel programming,

max
x

min
F

F

subject to:

M{F (x,y∗1,y
∗
2, · · · ,y∗m, ξ) ≤ F} ≥ β

M{G(x, ξ) ≤ 0} ≥ α

(y∗1,y
∗
2, · · · ,y∗m) solves problems (i = 1, 2, · · · ,m)

max
yi

min
fi

f i

subject to:

M{fi(x,y1,y2, · · · ,ym, ξ) ≤ f i} ≥ βi

M{gi(x,y1,y2, · · · ,ym, ξ) ≤ 0} ≥ αi.

(2.59)

Dependent-Chance Multilevel Programming

Let H(x,y1,y2, · · · ,ym, ξ) ≤ 0 and hi(x,y1,y2, · · · ,ym, ξ) ≤ 0 be the tasks
of the leader and ith followers, i = 1, 2, · · · ,m, respectively. In order to max-
imize the chance functions of the leader and followers, we have the following
dependent-chance bilevel programming,

max
x
M{H(x,y∗1,y

∗
2, · · · ,y∗m, ξ) ≤ 0}

subject to:
G(x, ξ) ≤ 0
(y∗1,y

∗
2, · · · ,y∗m) solves problems (i = 1, 2, · · · ,m)

max
yi

M{hi(x,y1,y2, · · · ,ym, ξ) ≤ 0}

subject to:
gi(x,y1,y2, · · · ,ym, ξ) ≤ 0.

(2.60)

Definition 2.15 Let x be a control vector of the leader. We call the array
(y∗1,y

∗
2, · · · ,y∗m) a Nash equilibrium of followers with respect to x if

M{hi(x,y∗1, · · · ,y∗i−1,yi,y
∗
i+1, · · · ,y∗m, ξ) ≤ 0}

≤M{hi(x,y∗1, · · · ,y∗i−1,y
∗
i ,y

∗
i+1, · · · ,y∗m, ξ) ≤ 0}

(2.61)

subject to the uncertain environment gi(x,y1,y2, · · · ,ym, ξ) ≤ 0, i = 1, 2, · · · ,
m for any array (y∗1, · · · ,y∗i−1,yi,y

∗
i+1, · · · ,y∗m) and i = 1, 2, · · · ,m.

Definition 2.16 Let x∗ be a control vector of the leader, and (y∗1,y
∗
2, · · · ,y∗m)

a Nash equilibrium of followers with respect to x∗. Then (x∗,y∗1,y
∗
2, · · · ,y∗m)

is called a Stackelberg-Nash equilibrium to the dependent-chance bilevel pro-
gramming (2.60) if

M{H(x,y1,y2, · · · ,ym, ξ) ≤ 0} ≤M{H(x∗,y∗1,y
∗
2, · · · ,y∗m, ξ) ≤ 0}



98 Chapter 2 - Uncertain Programming

subject to the uncertain environment G(x, ξ) ≤ 0 for any control vector x
and the Nash equilibrium (y1,y2, · · · ,ym) with respect to x.

2.7 System Reliability Design

One of the approaches to improve system reliability is to provide redundancy
for components in a system. There are two ways to provide component
redundancy: parallel redundancy and standby redundancy. In parallel re-
dundancy, all redundant elements are required to operate simultaneously.
This method is usually used when element replacements are not permitted
during the system operation. In standby redundancy, one of the redundant
elements begins to work only when the active element fails. This method is
usually employed when the replacement is allowable and can be finished im-
mediately. The system reliability design problem is to determine the optimal
number of redundant elements for each component so as to optimize some
system performance.

System reliability design problem has been well studied. Modelling system
reliability design problem via uncertain programming was started by Liu [129]
in 2009. This section provides an uncertain programming model for system
reliability design problem.

Assume that a system consists of n components, and the ith components
consist of xi redundant elements, i = 1, 2, · · · , n, respectively. For example,
Figure 2.1 shows a bridge system in which we suppose that redundant ele-
ments are in standby for the first and second components, and are in parallel
for the third to fifth components.

Input Output

�
�

1b
2b
x1b · · ·

�
�

1b
2b
x2b · · ·

1 · · · 2 · · · x3

1

2

x4

· · ·

1

2

x5

· · ·

Figure 2.1: A Bridge System

The first problem is how to estimate the system lifetime when the value of
the vector x = (x1, x2, · · · , xn) is determined. For such a decision vector x,
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suppose that the redundant elements j operating in components i have life-
times ξij with uncertainty distributions Φij , j = 1, 2, · · · , xi, i = 1, 2, · · · , n,
respectively. Each element lifetime ξij is represented by the 99 method as

0.01 0.02 0.03 · · · 0.99
t1ij t2ij t3ij · · · t99ij

(2.62)

For convenience, we use the vector

ξ = (ξ11, ξ12, · · · , ξ1x1 , ξ21, ξ22, · · · , ξ2x2 , · · · , ξn1, ξn2, · · · , ξnxn
) (2.63)

to denote the lifetimes of all redundant elements in the system.

Standby Component Lifetimes

For a standby redundancy component i (1 or 2), the lifetime ηi is the sum of
lifetimes of its elements,

ηi(x, ξ) =
xi∑

j=1

ξij (2.64)

whose uncertainty distribution is

Ψi(x; t) = sup
t1+t2+···+txi

=t
min

1≤j≤xi

Φij(tj). (2.65)

Thus the 99 method yields that the standby component lifetime ηi(x, ξ) is

0.01 0.02 0.03 · · · 0.99
xi∑

j=1

t1ij

xi∑
j=1

t2ij

xi∑
j=1

t3ij · · ·
xi∑

j=1

t99ij
(2.66)

Parallel Component Lifetimes

For a parallel redundancy component i (3, 4 or 5), the lifetime ηi is the max-
imum of lifetimes of its elements,

ηi(x, ξ) = max
1≤j≤xi

ξij (2.67)

whose uncertainty distribution is

Ψi(x; t) = min
1≤j≤xi

Φij(t). (2.68)

Thus the 99 method yields that the parallel component lifetime ηi(x, ξ) is

0.01 0.02 0.03 · · · 0.99
xi∨

j=1

t1ij

xi∨
j=1

t2ij

xi∨
j=1

t3ij · · ·
xi∨

j=1

t99ij
(2.69)
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Path Lifetimes

For the bridge system shown in Figure 2.1, there are 4 paths from the input
of the system to the output:

Path 1: input-1-4-output,
Path 2: input-2-5-output,
Path 3: input-2-3-4-output,
Path 4: input-1-3-5-output.

Assume each path works if and only if all components on which are working.
Then the lifetime of each path is the minimum of lifetimes of its components.
It follows that the lifetime of Path 1 (input-1-4-output) is

τ1(x, ξ) = η1(x, ξ) ∧ η4(x, ξ) (2.70)

whose uncertainty distribution is

Υ1(x; t) = Ψ1(x; t) ∨Ψ4(x; t). (2.71)

Thus the 99 method yields that the lifetime τ1(x, ξ) is

0.01 0.02 · · · 0.99
x1∑

j=1

t11j ∧
x4∨

j=1

t14j

x1∑
j=1

t21j ∧
x4∨

j=1

t24j · · ·
x1∑

j=1

t991j ∧
x4∨

j=1

t994j
(2.72)

The lifetime of Path 2 (input-2-5-output) is

τ2(x, ξ) = η2(x, ξ) ∧ η5(x, ξ) (2.73)

whose uncertainty distribution is

Υ2(x; t) = Ψ2(x; t) ∨Ψ5(x; t). (2.74)

Thus the 99 method yields that the lifetime τ2(x, ξ) is

0.01 0.02 · · · 0.99
x2∑

j=1

t12j ∧
x5∨

j=1

t15j

x2∑
j=1

t22j ∧
x5∨

j=1

t25j · · ·
x2∑

j=1

t992j ∧
x5∨

j=1

t995j
(2.75)

The lifetime of Path 3 (input-2-3-4-output) is

τ3(x, ξ) = η2(x, ξ) ∧ η3(x, ξ) ∧ η4(x, ξ) (2.76)

whose uncertainty distribution is

Υ3(x; t) = Ψ2(x; t) ∨Ψ3(x; t) ∨Ψ4(x, t). (2.77)
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Thus the 99 method yields that the lifetime τ3(x, ξ) is

0.01 · · · 0.99
x2∑

j=1

t12j ∧
x3∨

j=1

t13j ∧
x4∨

j=1

t14j · · ·
x2∑

j=1

t992j ∧
x3∨

j=1

t993j ∧
x4∨

j=1

t994j
(2.78)

The lifetime of Path 4 (input-1-3-5-output) is

τ4(x, ξ) = η1(x, ξ) ∧ η3(x, ξ) ∧ η5(x, ξ) (2.79)

whose uncertainty distribution is

Υ4(x; t) = Ψ1(x; t) ∨Ψ3(x; t) ∨Ψ5(x, t) (2.80)

Thus the 99 method yields that the lifetime τ4(x, ξ) is

0.01 · · · 0.99
x1∑

j=1

t11j ∧
x3∨

j=1

t13j ∧
x5∨

j=1

t15j · · ·
x1∑

j=1

t991j ∧
x3∨

j=1

t993j ∧
x5∨

j=1

t995j
(2.81)

System Lifetime

How do we calculate the system lifetime T (x, ξ)? It is problem-dependent.
Assume the system works if and only if there is a path of working components.
Then the system lifetime is

T (x, ξ) = τ1(x, ξ) ∨ τ2(x, ξ) ∨ τ3(x, ξ) ∨ τ4(x, ξ) (2.82)

whose uncertainty distribution is

Υ(x; t) = Υ1(x; t) ∧Υ2(x; t) ∧Υ3(x; t) ∧Υ4(x; t). (2.83)

The 99 method yields that the system lifetime T (x, ξ) is

0.01 0.02 0.03 · · · 0.99
s1 s2 s3 · · · s99

(2.84)

where

sk = max



x1∑
j=1

tk1j ∧
x4∨

j=1

tk4j

x2∑
j=1

tk2j ∧
x5∨

j=1

tk5j

x2∑
j=1

tk2j ∧
x3∨

j=1

tk3j ∧
x4∨

j=1

tk4j

x1∑
j=1

tk1j ∧
x3∨

j=1

tk3j ∧
x5∨

j=1

tk5j



(2.85)

for k = 1, 2, · · · , 99.
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System Reliability Model

By system reliability we mean M{T (x, ξ) ≥ T 0}, i.e., the uncertain measure
that the system lifetime is greater than or equal to the given time T 0. If we
want to maximize the system reliability under a cost constraint, then we use
the following system reliability model,

maxM{T (x, ξ) ≥ T 0}
subject to:

C(x) ≤ C

x ≥ 1, integer vector.

(2.86)

When Υ(x; t) determined by (2.83) is a continuous function with respect to
t, the above model is equivalent to

max 1−Υ(x;T 0)
subject to:

C(x) ≤ C

x ≥ 1, integer vector

(2.87)

where Υ(x;T 0) may be approximately estimated by

Υ(x;T 0) =
k

100
, if sk ≤ T 0 < sk+1 for some k (2.88)

and s1, s2, · · · , s99 are given by the 99 method in (2.84).

Numerical Experiment

Assume that all the element lifetimes are lognormal uncertain variables,

ξij ∼ LOGN (i, 1), j = 1, 2, · · · , xi, i = 1, 2, · · · , 5.

We also assume that the costs of one element in components i are

ci = 100× i, i = 1, 2, · · · , 5.

If the total capital available is C = 2000, then we have a cost constraint

100x1 + 200x2 + 300x3 + 400x4 + 500x5 ≤ 2000.

A run of computer program (http://orsc.edu.cn/liu/resources.htm) shows
that the optimal redundancy number is

x∗ = (1, 3, 1, 1, 1)

whose total cost is 1900 and system reliability M{T (x∗, ξ) ≥ 6} is 0.92 in
uncertain measure.

http://orsc.edu.cn/liu/resources.htm#reliability
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2.8 Project Scheduling Problem

Project scheduling problem is to determine the schedule of allocating re-
sources so as to balance the total cost and the completion time. Project
scheduling problem is a hot topic. The study of project scheduling problem
with uncertain factors was started by Liu [129] in 2009. This section presents
an uncertain programming model for project scheduling problem.

Project scheduling is usually represented by a directed acyclic graph where
nodes correspond to milestones, and arcs to activities which are basically
characterized by the times and costs consumed.
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Figure 2.2: A Project Graph

Let (V,A) be a directed acyclic graph, where V = {1, 2, · · · , n, n + 1} is
the set of nodes, A is the set of arcs, (i, j) ∈ A is the arc of the graph (V,A)
from nodes i to j. It is well-known that we can rearrange the indexes of the
nodes in V such that i < j for all (i, j) ∈ A.

Before we begin to study project scheduling problem with uncertain ac-
tivity duration times, we first make some assumptions: (a) all of the costs
needed are obtained via loans with some given interest rate; and (b) each
activity can be processed only if the loan needed is allocated and all the
foregoing activities are finished.

In order to model the project scheduling problem, we introduce the fol-
lowing indices and parameters:

ξij : uncertain duration time of activity (i, j) in A;
Φij : uncertainty distribution of ξij ;
cij : cost of activity (i, j) in A;
r: interest rate;
xi: integer decision variable representing the allocating time of all loans

needed for all activities (i, j) in A.

Starting Times

For simplicity, we write ξ = {ξij : (i, j) ∈ A}, x = (x1, x2, · · · , xn), and each
uncertain duration time ξij is represented by the 99 method as

0.01 0.02 0.03 · · · 0.99
t1ij t2ij t3ij · · · t99ij

(2.89)



104 Chapter 2 - Uncertain Programming

Let Ti(x, ξ) denote the starting time of all activities (i, j) in A. According
to the assumptions, the starting time of the total project (i.e., the starting
time of of all activities (1, j) in A) should be

T1(x, ξ) = x1 (2.90)

whose uncertainty distribution is

Ψ1(x; z) =

{
0, if z < x1

1, if z ≥ x1

(2.91)

and is produced by the 99 method as

0.01 0.02 0.03 · · · 0.99
x1 x1 x1 · · · x1

(2.92)

Generally, suppose that the starting time Tk(x, ξ) of all activities (k, j) in A
has an uncertainty distribution Ψk(x; z) and is produced by the 99 method
as

0.01 0.02 0.03 · · · 0.99
y1

k y2
k y3

k · · · y99
k

(2.93)

Then the starting time Ti(x, ξ) of all activities (i, j) in A should be

Ti(x, ξ) = xi ∨ max
(k,i)∈A

(Tk(x, ξ) + ξki) (2.94)

whose uncertainty distribution is

Ψi(x; z) =

 0, if z < xi

min
(k,i)∈A

sup
z1+z2=z

Ψk(x; z1) ∧ Φki(z2), if z ≥ xi
(2.95)

and is produced by the 99 method as

0.01 · · · 0.99
xi ∨ max

(k,i)∈A
(y1

k + t1ki) · · · xi ∨ max
(k,i)∈A

(y99
k + t99ki ) (2.96)

where y1
k, y

2
k, · · · , y99

k are determined by (2.93). This recursive process may
produce all starting times of activities.

Completion Time

The completion time T (x, ξ) of the total project (i.e, the finish time of all
activities (k, n+ 1) in A) is

T (x, ξ) = max
(k,n+1)∈A

{Tk(x, ξ) + ξk,n+1} (2.97)
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whose uncertainty distribution is

Ψ(x; z) = min
(k,n+1)∈A

sup
z1+z2=z

Ψk(x; z1) ∧ Φk,n+1(z2) (2.98)

and is produced by the 99 method as

0.01 · · · 0.99
max

(k,n+1)∈A
(y1

k + t1k,n+1) · · · max
(k,n+1)∈A

(y99
k + t99k,n+1) (2.99)

where y1
k, y

2
k, · · · , y99

k are determined by (2.93).

Total Cost

Based on the completion time T (x, ξ), the total cost of the project can be
written as

C(x, ξ) =
∑

(i,j)∈A

cij (1 + r)dT (x,ξ)−xie (2.100)

where dae represents the minimal integer greater than or equal to a. Note
that C(x, ξ) is a discrete uncertain variable whose uncertainty distribution
is described by

Υ−1(x;α) =
∑

(i,j)∈A

cij (1 + r)dΨ
−1(x;α)−xie (2.101)

for 0 < α < 1. Note that T (x, ξ) is obtained by the recursive process and
produced by the 99 method as

0.01 0.02 0.03 · · · 0.99
s1 s2 s3 · · · s99

(2.102)

Thus the total cost C(x, ξ) is produced by the 99 method as

0.01 · · · 0.99∑
(i,j)∈A

cij (1 + r)ds1−xie · · ·
∑

(i,j)∈A

cij (1 + r)ds99−xie (2.103)

Project Scheduling Model

If we want to minimize the expected cost of the project under the completion
time constraint, we may construct the following project scheduling model,

minE[C(x, ξ)]
subject to:

M{T (x, ξ) ≤ T 0} ≥ α

x ≥ 0, integer vector

(2.104)
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where T 0 is a due date of the project, α is a predetermined confidence level,
T (x, ξ) is the completion time defined by (2.97), and C(x, ξ) is the total cost
defined by (2.100). This model is equivalent to

min
∫ +∞

0

(1−Υ(x; z))dz

subject to:
Ψ(x;T 0) ≥ α

x ≥ 0, integer vector

(2.105)

where Ψ is determined by (2.98) and Υ is determined by (2.101). Note
that the completion time T (x, ξ) and total cost C(x, ξ) are obtained by
the recursive process and are respectively represented by the 99 method as
follows,

0.01 0.02 0.03 · · · 0.99
s1 s2 s3 · · · s99

0.01 0.02 0.03 · · · 0.99
c1 c2 c3 · · · c99

(2.106)

Thus the project scheduling model is simplified as follows,
min (c1 + c2 + · · ·+ c99)/99
subject to:

k/100 ≥ α if sk ≥ T 0

x ≥ 0, integer vector.

(2.107)

Numerical Experiment

Assume that all duration times of activities are linear uncertain variables,

ξij ∼ L(3i, 3j), ∀(i, j) ∈ A

and assume that the costs of activities are

cij = i+ j, ∀(i, j) ∈ A.

In addition, we also suppose that the interest rate is r = 0.02, the due
date is T 0 = 60, and the confidence level is α = 0.85. A run of computer
program (http://orsc.edu.cn/liu/resources.htm) shows that the optimal allo-
cating times of all loans needed for all activities are

Date 7 11 13 23 26 29
Node 1 4 3 2, 7 6 5
Loan 12 11 27 22 14 13

whose expected total cost is 166.8, and M{T (x∗, ξ) ≤ 60} = 0.89.

http://orsc.edu.cn/liu/resources.htm#reliability
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2.9 Vehicle Routing Problem

Vehicle routing problem (VRP) is concerned with finding efficient routes,
beginning and ending at a central depot, for a fleet of vehicles to serve a
number of customers.
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Figure 2.3: A Vehicle Routing Graph

Due to its wide applicability and economic importance, vehicle routing
problem has been extensively studied. Liu [129] first introduced uncertainty
theory into the research area of vehicle routing problem in 2009. In this
section, vehicle routing problem will be modelled by uncertain programming.

We assume that (a) a vehicle will be assigned for only one route on which
there may be more than one customer; (b) a customer will be visited by one
and only one vehicle; (c) each route begins and ends at the depot; and (d) each
customer specifies its time window within which the delivery is permitted or
preferred to start.

Let us first introduce the following indices and model parameters:
i = 0: depot;
i = 1, 2, · · · , n: customers;
k = 1, 2, · · · ,m: vehicles;
Dij : travel distance from customers i to j, i, j = 0, 1, 2, · · · , n;
Tij : uncertain travel time from customers i to j, i, j = 0, 1, 2, · · · , n;
Φij : uncertainty distribution of Tij , i, j = 0, 1, 2, · · · , n;
[ai, bi]: time window of customer i, i = 1, 2, · · · , n.

Operational Plan

In this book, the operational plan is represented by Liu’s formulation [119]
via three decision vectors x, y and t, where

x = (x1, x2, · · · , xn): integer decision vector representing n customers
with 1 ≤ xi ≤ n and xi 6= xj for all i 6= j, i, j = 1, 2, · · · , n. That is, the
sequence {x1, x2, · · · , xn} is a rearrangement of {1, 2, · · · , n};

y = (y1, y2, · · · , ym−1): integer decision vector with y0 ≡ 0 ≤ y1 ≤ y2 ≤
· · · ≤ ym−1 ≤ n ≡ ym;
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t = (t1, t2, · · · , tm): each tk represents the starting time of vehicle k at
the depot, k = 1, 2, · · · ,m.

We note that the operational plan is fully determined by the decision
vectors x, y and t in the following way. For each k (1 ≤ k ≤ m), if yk = yk−1,
then vehicle k is not used; if yk > yk−1, then vehicle k is used and starts from
the depot at time tk, and the tour of vehicle k is 0 → xyk−1+1 → xyk−1+2 →
· · · → xyk

→ 0. Thus the tours of all vehicles are as follows:

Vehicle 1: 0 → xy0+1 → xy0+2 → · · · → xy1 → 0;
Vehicle 2: 0 → xy1+1 → xy1+2 → · · · → xy2 → 0;

· · ·
Vehicle m: 0 → xym−1+1 → xym−1+2 → · · · → xym

→ 0.
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Figure 2.4: Formulation of Operational Plan

It is clear that this type of representation is intuitive, and the total number
of decision variables is n + 2m − 1. We also note that the above decision
variables x, y and t ensure that: (a) each vehicle will be used at most one
time; (b) all tours begin and end at the depot; (c) each customer will be
visited by one and only one vehicle; and (d) there is no subtour.

Arrival Times

Let fi(x,y, t) be the arrival time function of some vehicles at customers i
for i = 1, 2, · · · , n. We remind readers that fi(x,y, t) are determined by the
decision variables x, y and t, i = 1, 2, · · · , n. Since unloading can start either
immediately, or later, when a vehicle arrives at a customer, the calculation of
fi(x,y, t) is heavily dependent on the operational strategy. Here we assume
that the customer does not permit a delivery earlier than the time window.
That is, the vehicle will wait to unload until the beginning of the time window
if it arrives before the time window. If a vehicle arrives at a customer after
the beginning of the time window, unloading will start immediately. For each
k with 1 ≤ k ≤ m, if vehicle k is used (i.e., yk > yk−1), then we have

fxyk−1+1(x,y, t) = tk + T0xyk−1+1 (2.108)

and

fxyk−1+j
(x,y, t)=fxyk−1+j−1(x,y, t)∨axyk−1+j−1+Txyk−1+j−1xyk−1+j

(2.109)
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for 2 ≤ j ≤ yk − yk−1. It follows from the uncertainty of travel times Tij ’s
that the arrival times fi(x,y, t), i = 1, 2, · · · , n are uncertain variables fully
determined by (2.108) and (2.109).

Assume that each travel time Tij from customers i to j is represented by
the 99 method as

0.01 0.02 0.03 · · · 0.99
t1ij t2ij t3ij · · · t99ij

(2.110)

If the vehicle k is used, i.e., yk > yk−1, then the arrival time fxyk−1+1(x,y, t)
at the customer xyk−1+1 is an uncertain variable whose uncertainty distribu-
tion is

Ψxyk−1+1(x,y, t; z) = Φ0xyk−1+1(z − tk) (2.111)

and is produced by the 99 method as

0.01 0.02 · · · 0.99
tk + t10xyk−1+1

tk + t20xyk−1+1
· · · tk + t990xyk−1+1

(2.112)

Generally, suppose that the arrival time fxyk−1+j−1(x,y, t) has an uncertainty
distribution Ψxyk−1+j−1(z), and is produced by the 99 method as

0.01 0.02 · · · 0.99
s1xyk−1+j−1

s2xyk−1+j−1
· · · s99xyk−1+j−1

(2.113)

Note that the arrival time fxyk−1+j (x,y, t) at the customer xyk−1+j has an
uncertainty distribution

Ψxyk−1+j
(x,y, t; z) = sup

z1+z2=z
Ψ∗

xyk−1+j−1
(z1)∧Φxyk−1+j−1xyk−1+j

(z2) (2.114)

where

Ψ∗
xyk−1+j−1

(z) =

{
0, if z < axyk−1+j−1

Ψxyk−1+j−1(z), if z ≥ axyk−1+j−1

(2.115)

for 2 ≤ j ≤ yk − yk−1. Thus the arrival time fxyk−1+j (x,y, t) is produced by
the 99 method as

0.01 · · · 0.99
s1xyk−1+j−1

∨ axyk−1+j−1

+t1xyk−1+j−1xyk−1+j

· · ·
s99xyk−1+j−1

∨ axyk−1+j−1

+t99xyk−1+j−1xyk−1+j
1

(2.116)

where s1xyk−1+j−1
, s2xyk−1+j−1

, · · · , s99xyk−1+j−1
are determined by (2.113). This

recursive process may produce all arrival times at customers.
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Travel Distance

Let g(x,y) be the total travel distance of all vehicles. Then we have

g(x,y) =
m∑

k=1

gk(x,y) (2.117)

where

gk(x,y) =

 D0xyk−1+1 +
yk−1∑

j=yk−1+1

Dxjxj+1 +Dxyk
0, if yk > yk−1

0, if yk = yk−1

for k = 1, 2, · · · ,m.

Vehicle Routing Model

If we hope that each customer i (1 ≤ i ≤ n) is visited within its time window
[ai, bi] with confidence level αi (i.e., the vehicle arrives at customer i before
time bi), then we have the following chance constraint,

M {fi(x,y, t) ≤ bi} ≥ αi. (2.118)

If we want to minimize the total travel distance of all vehicles subject to the
time window constraint, then we have the following vehicle routing model,

min g(x,y)
subject to:

M {fi(x,y, t) ≤ bi} ≥ αi, i = 1, 2, · · · , n
1 ≤ xi ≤ n, i = 1, 2, · · · , n
xi 6= xj , i 6= j, i, j = 1, 2, · · · , n
0 ≤ y1 ≤ y2 ≤ · · · ≤ ym−1 ≤ n

xi, yj , i = 1, 2, · · · , n, j = 1, 2, · · · ,m− 1, integers

(2.119)

which is equivalent to

min g(x,y)
subject to:

Ψi(x,y, t; bi) ≥ αi, i = 1, 2, · · · , n
1 ≤ xi ≤ n, i = 1, 2, · · · , n
xi 6= xj , i 6= j, i, j = 1, 2, · · · , n
0 ≤ y1 ≤ y2 ≤ · · · ≤ ym−1 ≤ n

xi, yj , i = 1, 2, · · · , n, j = 1, 2, · · · ,m− 1, integers

(2.120)
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where Ψi are uncertainty distributions determined by (2.111) and (2.114) for
i = 1, 2, · · · , n. Note that all arrival times fi(x,y, t), i = 1, 2, · · · , n are
obtained by the 99 method and are respectively represented by

0.01 0.02 0.03 · · · 0.99
s11 s21 s31 · · · s991

0.01 0.02 0.03 · · · 0.99
s12 s22 s32 · · · s992

...
0.01 0.02 0.03 · · · 0.99
s1n s2n s3n · · · s99n

(2.121)

Thus the vehicle routing model is simplified as follows,

min g(x,y)
subject to:

k/100 ≥ αi if sk
i ≥ bi, i = 1, 2, · · · , n

1 ≤ xi ≤ n, i = 1, 2, · · · , n
xi 6= xj , i 6= j, i, j = 1, 2, · · · , n
0 ≤ y1 ≤ y2 ≤ · · · ≤ ym−1 ≤ n

xi, yj , i = 1, 2, · · · , n, j = 1, 2, · · · ,m− 1, integers.

(2.122)

Numerical Experiment

Assume that there are 7 customers with the following time windows,

Node Window Node Window
1 [7 : 00, 9 : 00] 5 [15 : 00, 17 : 00]
2 [7 : 00, 9 : 00] 6 [19 : 00, 21 : 00]
3 [15 : 00, 17 : 00] 7 [19 : 00, 21 : 00]
4 [15 : 00, 17 : 00]

and each customer is visited within time windows with confidence level 0.90.
We also assume that the distances are

Dij = |i− j|, i, j = 0, 1, 2, · · · , 7

and travel times are normal uncertain variables

Tij ∼ N (2|i− j|, 1), i, j = 0, 1, 2, · · · , 7.

A run of computer program (http://orsc.edu.cn/liu/resources.htm) shows
that the optimal operational plan is

Vehicle 1: depot→ 1 → 3 →depot, starting time: 6:18

http://orsc.edu.cn/liu/resources.htm#reliability
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Vehicle 2: deport→ 2 → 5 → 7 →depot, starting time: 4:18
Vehicle 3: depot→ 4 → 6 →depot, starting time: 8:18

whose total travel distance is 32.

2.10 Facility Location Problem

Facility location problem is to find locations for new facilities such that the
conveying cost from facilities to customers is minimized. Facility location
problem has been studied for half a century because of its widely practical
application backgrounds. In practice, some factors such as demands, allo-
cations, even locations of customers and facilities are usually changing. Liu
[119] first introduced uncertainty theory into facility location problem and
constructed some facility location models via uncertain programming.

In order to model facility location problem, we use the following indices,
parameters, and decision variables:

i = 1, 2, · · · , n: facilities;
j = 1, 2, · · · ,m: customers;
(aj , bj): location of customer j, 1 ≤ j ≤ m;
ξj : uncertain demand of customer j, 1 ≤ j ≤ m;
Φj : uncertainty distribution of ξj ;
si: capacity of facility i, 1 ≤ i ≤ n;
(xi, yi): decision vector representing the location of facility i, 1 ≤ i ≤ n;
zij : quantity supplied to customer j by facility i after the uncertain de-

mands are realized, 1 ≤ i ≤ n, 1 ≤ j ≤ m.

Conveying Cost

Write ξ = (ξ1, ξ2, · · · , ξm). Each uncertain demand ξj of customer j (1 ≤
j ≤ m) is represented by the 99 method as

0.01 0.02 0.03 · · · 0.99
d1

j d2
j d3

j · · · d99
j

(2.123)

At each level α = k/100 (1 ≤ k ≤ 99), the demand vector ξ becomes

dk = (dk
1 , d

k
2 , · · · , dk

m). (2.124)

Note that the customers may be supplied by multiple facilities, rather than
the nearest facility only. The feasible allocation set of z corresponding to dk

is represented by

Zk =

z
∣∣
zij ≥ 0, i = 1, 2, · · · , n, j = 1, 2, · · · ,m
n∑

i=1

zij = dk
j , j = 1, 2, · · · ,m

m∑
j=1

zij ≤ si, i = 1, 2, · · · , n

 . (2.125)
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Note that Zk may be an empty set for some k. The minimal conveying cost
from facilities to customers is

C(x,y|k) = min
z∈Zk

n∑
i=1

m∑
j=1

zij

√
(xi − aj)2 + (yi − bj)2 (2.126)

whose optimal solution z∗ is called the optimal allocation corresponding to
dk. If Zk = ∅, then the demands of some customers are impossible to meet.
For this case, as a penalty, we set

C(x,y|k) =
m∑

j=1

max
1≤i≤n

dk
j

√
(xi − aj)2 + (yi − bj)2. (2.127)

Since the conveying cost C(x,y, ξ) is an increasing function with respect to
ξ, it is produced by the 99 method as

0.01 0.02 0.03 · · · 0.99
C(x,y|1) C(x,y|2) C(x,y|3) · · · C(x,y|99)

(2.128)

where C(x,y|k) are determined by (2.126) and (2.127) for k = 1, 2, · · · , 99.
Note that the expected conveying cost may be approximately determined by

E[C(x,y, ξ)] = (C(x,y|1) + C(x,y|2) + · · ·+ C(x,y|99))/99. (2.129)

Facility Location Model

In order to minimize the expected conveying cost, we have the following
facility location model,

min
x,y

E[C(x,y, ξ)]

subject to:
gj(x,y) ≤ 0, j = 1, 2, · · · , p

(2.130)

where gj(x,y) ≤ 0, j = 1, 2, · · · , p represent the potential region of locations
of new facilities. By using (2.129), the facility location model is simplified as
follows,

min
x,y

(C(x,y|1) + C(x,y|2) + · · ·+ C(x,y|99))/99

subject to:
gj(x,y) ≤ 0, j = 1, 2, · · · , p.

(2.131)

2.11 Machine Scheduling Problem

Machine scheduling problem is concerned with finding an efficient schedule
during an uninterrupted period of time for a set of machines to process a
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set of jobs. Much of research work has been done on this type of problem
during the past five decades. The study of machine scheduling problem with
uncertain processing times was started by Liu [129] in 2009.

In a machine scheduling problem, we assume that (a) each job can be
processed on any machine without interruption; and (b) each machine can
process only one job at a time. We also use the following indices and param-
eters:

i = 1, 2, · · · , n: jobs;
k = 1, 2, · · · ,m: machines;
ξik: uncertain processing time of job i on machine k;
Φik: uncertainty distribution of ξik.

How to Represent a Schedule?

The schedule is represented by Liu’s formulation [119] via two decision vectors
x and y, where

x = (x1, x2, · · · , xn): integer decision vector representing n jobs with
1 ≤ xi ≤ n and xi 6= xj for all i 6= j, i, j = 1, 2, · · · , n. That is, the sequence
{x1, x2, · · · , xn} is a rearrangement of {1, 2, · · · , n};

y = (y1, y2, · · · , ym−1): integer decision vector with y0 ≡ 0 ≤ y1 ≤ y2 ≤
· · · ≤ ym−1 ≤ n ≡ ym.

We note that the schedule is fully determined by the decision vectors x
and y in the following way. For each k (1 ≤ k ≤ m), if yk = yk−1, then the
machine k is not used; if yk > yk−1, then the machine k is used and processes
jobs xyk−1+1, xyk−1+2, · · · , xyk

in turn. Thus the schedule of all machines is
as follows,

Machine 1: xy0+1 → xy0+2 → · · · → xy1 ;
Machine 2: xy1+1 → xy1+2 → · · · → xy2 ;

· · ·
Machine m: xym−1+1 → xym−1+2 → · · · → xym

.

(2.132)

Completion Times

Let Ci(x,y, ξ) be the completion times of jobs i, i = 1, 2, · · · , n, respectively.
For each k with 1 ≤ k ≤ m, if the machine k is used (i.e., yk > yk−1), then
we have

Cxyk−1+1(x,y, ξ) = ξxyk−1+1k (2.133)

and
Cxyk−1+j (x,y, ξ) = Cxyk−1+j−1(x,y, ξ) + ξxyk−1+jk (2.134)

for 2 ≤ j ≤ yk − yk−1.
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Assume that each uncertain processing time ξik of job i on machine j is
represented by the 99 method as

0.01 0.02 0.03 · · · 0.99
t1ik t2ik t3ik · · · t99ik

(2.135)

If the machine k is used, then the completion time Cxyk−1+1(x,y, ξ) of job
xyk−1+1 is an uncertain variable whose uncertainty distribution is

Ψxyk−1+1(z) = Φxyk−1+1k(z) (2.136)

and is produced by the 99 method as

0.01 0.02 · · · 0.99
s1xyk−1+1

s2xyk−1+1
· · · s99xyk−1+1

(2.137)

Generally, suppose that the completion time Cxyk−1+j−1(x,y, ξ) has an un-
certainty distribution Ψxyk−1+j−1(z) and is produced by the 99 method as

0.01 0.02 · · · 0.99
s1xyk−1+j−1

s2xyk−1+j−1
· · · s99xyk−1+j−1

(2.138)

Then the completion time Cxyk−1+j
(x,y, ξ) has an uncertainty distribution

Ψxyk−1+j (z) = sup
z1+z2=z

Ψxyk−1+j−1(z1) ∧ Φxyk−1+j−1k(z2) (2.139)

and is produced by the 99 method as

0.01 · · · 0.99
s1xyk−1+j−1

+ t1xyk−1+j−1k · · · s99xyk−1+j−1
+ t99xyk−1+j−1k

where s1xyk−1+j−1
, s2xyk−1+j−1

, · · · , s99xyk−1+j−1
are determined by (2.138), and

t1xyk−1+j−1k, t
2
xyk−1+j−1k, · · · , t99xyk−1+j−1k are determined by (2.135). This re-

cursive process may produce all completion times of jobs.

Makespan

Note that, for each k (1 ≤ k ≤ m), the value Cxyk
(x,y, ξ) is just the time

that the machine k finishes all jobs assigned to it, and is produced by the 99
method as

0.01 0.02 · · · 0.99
s1xyk

s2xyk
· · · s99xyk

(2.140)

Thus the makespan of the schedule (x,y) is determined by

f(x,y, ξ) = max
1≤k≤m

Cxyk
(x,y, ξ) (2.141)
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whose uncertainty distribution is

Υ(z) = min
1≤k≤m

Ψxyk
(z) (2.142)

and is produced by the 99 method as

0.01 0.02 · · · 0.99
m∨

k=1

s1xyk

m∨
k=1

s2xyk
· · ·

m∨
k=1

s99xyk

(2.143)

Machine Scheduling Model

In order to minimize the expected makespan E[f(x,y, ξ)], we have the fol-
lowing machine scheduling model,

minE[f(x,y, ξ)]
subject to:

1 ≤ xi ≤ n, i = 1, 2, · · · , n
xi 6= xj , i 6= j, i, j = 1, 2, · · · , n
0 ≤ y1 ≤ y2 · · · ≤ ym−1 ≤ n

xi, yj , i = 1, 2, · · · , n, j = 1, 2, · · · ,m− 1, integers.

(2.144)

By using (2.143), the machine scheduling model is simplified as follows,

min

(
m∨

k=1

s1xyk
+

m∨
k=1

s2xyk
+ · · ·+

m∨
k=1

s99xyk

)
/99

subject to:
1 ≤ xi ≤ n, i = 1, 2, · · · , n
xi 6= xj , i 6= j, i, j = 1, 2, · · · , n
0 ≤ y1 ≤ y2 · · · ≤ ym−1 ≤ n

xi, yj , i = 1, 2, · · · , n, j = 1, 2, · · · ,m− 1, integers.

(2.145)



Chapter 3

Uncertain Process

An uncertain process is essentially a sequence of uncertain variables indexed
by time or space. The study of uncertain process was started by Liu [128]
in 2008. This chapter introduces the basic concepts of uncertain process, in-
cluding renewal process, martingale, Markov process and stationary process.

3.1 Definitions

Definition 3.1 (Liu [128]) Let T be an index set and let (Γ,L,M) be an
uncertainty space. An uncertain process is a measurable function from T ×
(Γ,L,M) to the set of real numbers, i.e., for each t ∈ T and any Borel set B
of real numbers, the set

{Xt ∈ B} = {γ ∈ Γ
∣∣ Xt(γ) ∈ B} (3.1)

is an event.

That is, an uncertain process Xt(γ) is a function of two variables such
that the function Xt∗(γ) is an uncertain variable for each t∗.

Definition 3.2 For each fixed γ∗, the function Xt(γ∗) is called a sample
path of the uncertain process Xt.

Definition 3.3 An uncertain process Xt is said to be sample-continuous if
almost all sample paths are continuous with respect to t.

Definition 3.4 An uncertain process Xt is said to have independent incre-
ments if

Xt1 −Xt0 , Xt2 −Xt1 , · · · , Xtk
−Xtk−1 (3.2)

are independent uncertain variables for any times t0 < t1 < · · · < tk.
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Definition 3.5 An uncertain process Xt is said to have stationary incre-
ments if, for any given t > 0, the increments Xs+t − Xs are identically
distributed uncertain variables for all s > 0.

Definition 3.6 For any partition of closed interval [0, t] with 0 = t1 < t2 <
· · · < tk+1 = t, the mesh is written as

∆ = max
1≤i≤k

|ti+1 − ti|.

Let m > 0 be a real number. Then the m-variation of uncertain process Xt

is

‖X‖m
t = lim

∆→0

k∑
i=1

|Xti+1 −Xti |m (3.3)

provided that the limit exists almost surely and is an uncertain process. Es-
pecially,

‖X‖t = lim
∆→0

k∑
i=1

|Xti+1 −Xti
| (3.4)

is called total variation, and

‖X‖2t = lim
∆→0

k∑
i=1

|Xti+1 −Xti
|2 (3.5)

is called the squared variation of uncertain process Xt.

3.2 Renewal Process

Definition 3.7 (Liu [128]) Let ξ1, ξ2, · · · be iid positive uncertain variables.
Define S0 = 0 and Sn = ξ1 + ξ2 + · · · + ξn for n ≥ 1. Then the uncertain
process

Nt = max
n≥0

{
n
∣∣ Sn ≤ t

}
(3.6)

is called a renewal process.

If ξ1, ξ2, · · · denote the interarrival times of successive events. Then Sn

can be regarded as the waiting time until the occurrence of the nth event, and
Nt is the number of renewals in (0, t]. The renewal process Nt is not sample-
continuous. But each sample path of Nt is a right-continuous and increasing
step function taking only nonnegative integer values. Furthermore, the size
of each jump of Nt is always 1. In other words, Nt has at most one renewal
at each time. In particular, Nt does not jump at time 0. Since Nt ≥ n is
equivalent to Sn ≤ t, we immediately have

M{Nt ≥ n} = M{Sn ≤ t}. (3.7)
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Figure 3.1: A Sample Path of Renewal Process

Since Nt ≤ n is equivalent to Sn+1 > t, by using the self-duality axiom, we
immediately have

M{Nt ≤ n} = 1−M{Sn+1 ≤ t}. (3.8)

Theorem 3.1 Let Nt be a renewal process with uncertain interarrival times
ξ1, ξ2, · · · If those interarrival times have a common uncertainty distribution
Φ, then Nt has an uncertainty distribution

Υt(x) = 1− Φ
(

t

bxc+ 1

)
, ∀x ≥ 0 (3.9)

where bxc represents the maximal integer less than or equal to x.

Proof: Note that Sn+1 has an uncertainty distribution Φ(x/(n + 1)). It
follows from (3.8) that

M{Nt ≤ n} = 1−M{Sn+1 ≤ t} = 1− Φ
(

t

n+ 1

)
.

Since Nt takes integer values, for any x ≥ 0, we have

Υt(x) = M{Nt ≤ x} = M{Nt ≤ bxc} = 1− Φ
(

t

bxc+ 1

)
.

The theorem is verified.

Theorem 3.2 Let Nt be a renewal process with uncertain interarrival times
ξ1, ξ2, · · · If those interarrival times have a common uncertainty distribution
Φ, then

E[Nt] =
∞∑

n=1

Φ
(
t

n

)
. (3.10)
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Figure 3.2: Uncertainty Distribution Υt of Renewal Process Nt

Proof: Since Nt takes only nonnegative integer values, it follows from the
definition of expected value and Theorem 3.1 that

E[Nt] =
∫ ∞

0

(1−Υt(x))dx =
∞∑

n=0

(1−Υt(n))

=
∞∑

n=0

Φ
(

t

n+ 1

)
=

∞∑
n=1

Φ
(
t

n

)
.

Thus the theorem is verified.

Theorem 3.3 (Renewal Theorem) Let Nt be a renewal process with uncer-
tain interarrival times ξ1, ξ2, · · · Then

lim
t→∞

E[Nt]
t

= E

[
1
ξ1

]
. (3.11)

If those interarrival times have a common uncertainty distribution Φ, then

lim
t→∞

E[Nt]
t

=
∫ +∞

0

Φ
(

1
x

)
dx. (3.12)

If the uncertainty distribution Φ is regular, then

lim
t→∞

E[Nt]
t

=
∫ 1

0

1
Φ−1(α)

dα. (3.13)

Proof: The uncertainty distribution Υt ofNt has been given by Theorem 3.1.
It follows from the operational law that the uncertainty distribution of Nt/t
is

Ψt(x) = Υt(tx) = 1− Φ
(

t

btxc+ 1

)
where btxc represents the maximal integer less than or equal to btxc. Thus

E[Nt]
t

=
∫ +∞

0

(1−Ψt(x))dx.
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On the other hand, 1/ξ1 has an uncertainty distribution 1 − Φ(1/x) whose
expected value is

E

[
1
ξ1

]
=
∫ +∞

0

Φ
(

1
x

)
dx.

Note that

(1−Ψt(x)) ≤ Φ
(

1
x

)
, ∀t, x

and

lim
t→∞

(1−Ψt(x)) = Φ
(

1
x

)
, ∀x.

It follows from Lebesgue dominated convergence theorem that

lim
t→∞

E[Nt]
t

= lim
t→∞

∫ +∞

0

(1−Ψt(x))dx =
∫ +∞

0

Φ
(

1
x

)
dx = E

[
1
ξ1

]
.

Furthermore, since the uncertainty distribution of 1/ξ has an inverse function
1/Φ−1(1− α), we get

E

[
1
ξ

]
=
∫ 1

0

1
Φ−1(1− α)

dα =
∫ 1

0

1
Φ−1(α)

dα

The theorem is proved.
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Figure 3.3: Average Renewal Number E[Nt]/t

Example 3.1: A renewal process Nt is called a linear renewal process if
ξ1, ξ2, · · · are iid linear uncertain variables L(a, b) with a > 0. It follows from
the renewal theorem that

lim
t→∞

E[Nt]
t

=
ln b− ln a
b− a

. (3.14)

Example 3.2: A renewal process Nt is called a zigzag renewal process if
ξ1, ξ2, · · · are iid zigzag uncertain variables Z(a, b, c) with a > 0. It follows
from the renewal theorem that

lim
t→∞

E[Nt]
t

=
1
2

(
ln b− ln a
b− a

+
ln c− ln b
c− b

)
. (3.15)
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Example 3.3: A renewal process Nt is called a lognormal renewal process
if ξ1, ξ2, · · · are iid lognormal uncertain variables LOGN (e, σ). If σ < π/

√
3,

then

lim
t→∞

E[Nt]
t

=
√

3σ exp(−e) csc(
√

3σ). (3.16)

Otherwise, we have

lim
t→∞

E[Nt]
t

= +∞. (3.17)

3.3 Martingale

Definition 3.8 An uncertain process Xt is called martingale if it has inde-
pendent increments whose expected values are zero.

3.4 Markov Process

Definition 3.9 An uncertain process Xt is called Markov if, given the value
of Xt, the uncertain variables Xs and Xu are independent for any s > t > u.

3.5 Stationary Process

Definition 3.10 An uncertain process Xt is called stationary if for any pos-
itive integer k and any times t1, t2, · · · , tk and s, the uncertain vectors

(Xt1 , Xt2 , · · · , Xtk
) and (Xt1+s, Xt2+s, · · · , Xtk+s) (3.18)

are identically distributed.



Chapter 4

Uncertain Calculus

Uncertain calculus, invented by Liu [130] in 2009, is a branch of mathematics
that deals with differentiation and integration of function of uncertain pro-
cesses. We will introduce canonical process, uncertain integral, chain rule,
and integration by parts.

4.1 Canonical Process

Definition 4.1 (Liu [130]) An uncertain process Ct is said to be a canonical
process if
(i) C0 = 0 and almost all sample paths are Lipschitz continuous,
(ii) Ct has stationary and independent increments,
(iii) every increment Cs+t −Cs is a normal uncertain variable with expected
value 0 and variance t2.
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Figure 4.1: A Sample Path of Canonical Process

Note that almost all sample paths of canonical process are Lipschitz con-
tinuous functions, but almost all sample paths of Brownian motion are con-
tinuous but non-Lipschitz functions. If we say Brownian motion describes
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the irregular movement of pollen with infinite speed, then we may say the
canonical process describes the irregular movement of pollen with finite speed.

Theorem 4.1 (Existence Theorem) There is a canonical process.

Proof: Without loss of generality, we only prove that there is a canonical
process on the range of t ∈ [0, 1]. Let{

ξ(r)
∣∣ r represents rational numbers in [0, 1]

}
be a countable sequence of independently normal uncertain variables with
expected value zero and variance one. For each integer n, we define an
uncertain process

Xn(t) =


1
n

k∑
i=1

ξ

(
i

n

)
, if t =

k

n
(k = 0, 1, · · · , n)

linear, otherwise.

Since the limit
lim

n→∞
Xn(t)

exists almost surely, we may verify that the limit meets the conditions of
canonical process. Hence there is a canonical process.

Theorem 4.2 Let Ct be a canonical process. Then for each time t > 0, the
ratio Ct/t is a normal uncertain variable with expected value 0 and variance
1. That is,

Ct

t
∼ N (0, 1) (4.1)

for any t > 0.

Proof: It follows from the definition of canonical process that at each time
t, Ct is a normal uncertain variable with uncertainty distribution

Φ(x) =
(

1 + exp
(
− πx√

3t

))−1

.

Thus Ct/t has an uncertainty distribution

Ψ(x) = Φ(tx) =
(

1 + exp
(
− πx√

3

))−1

.

Hence Ct/t is a normal uncertain variable with expected value 0 and variance
1. The theorem is verified.
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Theorem 4.3 Let Ct be a canonical process. Then for any level x ∈ < and
any time t > 0, we have

M{Ct ≤ x} =
(

1 + exp
(
− πx√

3t

))−1

, (4.2)

M{Ct ≥ x} =
(

1 + exp
(
πx√
3t

))−1

. (4.3)

Proof: Since Ct is a normal uncertain variable with expected value 0 and
variance t2, we get (4.2) immediately. The equation (4.3) may be derived
from M{Ct ≥ x} = 1−M{Ct ≤ x}.

Arithmetic Canonical Process

Definition 4.2 Let Ct be a canonical process. Then for any real numbers e
and σ,

At = et+ σCt (4.4)

is called an arithmetic canonical process, where e is called the drift and σ is
called the diffusion.

At each time t, At is a normal uncertain variable N (et, σt). That is, the
expected value E[At] = et and variance V [At] = σ2t2 at any time t.

Geometric Canonical Process

Definition 4.3 Let Ct be a canonical process. Then for any real numbers e
and σ,

Gt = exp(et+ σCt) (4.5)

is called a geometric canonical process, where e is called the log-drift and σ
is called the log-diffusion.

At each time t, Gt is a lognormal uncertain variable LOGN (et, σt). If
t < π/(σ

√
3), then E[Gt] =

√
3σt exp(et) csc(

√
3σt). However, when t arrives

at π/(σ
√

3), we have E[Gt] = +∞.

4.2 Uncertain Integral

Definition 4.4 (Liu [130]) Let Xt be an uncertain process and let Ct be a
canonical process. For any partition of closed interval [a, b] with a = t1 <
t2 < · · · < tk+1 = b, the mesh is written as

∆ = max
1≤i≤k

|ti+1 − ti|. (4.6)
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Then the uncertain integral of Xt with respect to Ct is∫ b

a

XtdCt = lim
∆→0

k∑
i=1

Xti
· (Cti+1 − Cti

) (4.7)

provided that the limit exists almost surely and is an uncertain variable.

Example 4.1: Let Ct be a canonical process. Then for any partition 0 =
t1 < t2 < · · · < tk+1 = s, we have∫ s

0

dCt = lim
∆→0

k∑
i=1

(Cti+1 − Cti
) ≡ Cs − C0 = Cs.

Example 4.2: Let Ct be a canonical process. Then for any partition 0 =
t1 < t2 < · · · < tk+1 = s, we have

C2
s =

k∑
i=1

(
C2

ti+1
− C2

ti

)

=
k∑

i=1

(
Cti+1 − Cti

)2 + 2
k∑

i=1

Cti

(
Cti+1 − Cti

)
→ 0 + 2

∫ s

0

CtdCt

as ∆ → 0. That is, ∫ s

0

CtdCt =
1
2
C2

s .

Example 4.3: Let Ct be a canonical process. Then for any number α
(0 < α < 1), the uncertain process

Fs =
∫ s

0

(s− t)−αdCt (4.8)

is called a fractional canonical process with index α. At each time s, Fs is a
normal uncertain variable with expected value 0 and variance

V [Fs] =
s2−2α

(1− α)2
. (4.9)

Example 4.4: Generally, let Ct be a canonical process and let f(t) be an
integrable function with respect to t. Then the uncertain integral∫ s

0

f(t)dCt (4.10)
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is a normal uncertain variable with expected value 0 and variance(∫ s

0

|f(t)|dt
)2

. (4.11)

4.3 Chain Rule

Theorem 4.4 (Liu [130]) Let Ct be a canonical process, and let h(t, c) be a
continuously differentiable function. Define Xt = h(t, Ct). Then we have the
following chain rule

dXt =
∂h

∂t
(t, Ct)dt+

∂h

∂c
(t, Ct)dCt. (4.12)

Proof: Write ∆Ct = Ct+∆t−Ct = C∆t. Then ∆t and ∆Ct are infinitesimals
with the same order. Since the function h is continuously differentiable, by
using Taylor series expansion, the infinitesimal increment of Xt has a first-
order approximation

∆Xt =
∂h

∂t
(t, Ct)∆t+

∂h

∂c
(t, Ct)∆Ct.

Hence we obtain the chain rule because it makes

Xs = X0 +
∫ s

0

∂h

∂t
(t, Ct)dt+

∫ s

0

∂h

∂c
(t, Ct)dCt

for any s ≥ 0.

Remark 4.1: The infinitesimal increment dCt in (4.12) may be replaced
with the derived canonical process

dYt = utdt+ vtdCt (4.13)

where ut and vt are absolutely integrable uncertain processes, thus producing

dh(t, Yt) =
∂h

∂t
(t, Yt)dt+

∂h

∂c
(t, Yt)dYt. (4.14)

Example 4.5: Applying the chain rule, we obtain the following formula

d(tCt) = Ctdt+ tdCt.

Hence we have

sCs =
∫ s

0

d(tCt) =
∫ s

0

Ctdt+
∫ s

0

tdCt.

That is, ∫ s

0

tdCt = sCs −
∫ s

0

Ctdt.



128 Chapter 4 - Uncertain Calculus

Example 4.6: Applying the chain rule, we obtain the following formula

d(C2
t ) = 2CtdCt.

Then we have
C2

s =
∫ s

0

d(C2
t ) = 2

∫ s

0

CtdCt.

It follows that ∫ s

0

CtdCt =
1
2
C2

s .

Example 4.7: Applying the chain rule, we obtain the following formula

d(C3
t ) = 3C2

t dCt.

Thus we get

C3
s =

∫ s

0

d(C3
t ) = 3

∫ s

0

C2
t dCt.

That is ∫ s

0

C2
t dCt =

1
3
C3

s .

4.4 Integration by Parts

Theorem 4.5 (Integration by Parts) Suppose that Ct is a canonical process
and F (t) is an absolutely continuous function. Then∫ s

0

F (t)dCt = F (s)Cs −
∫ s

0

CtdF (t). (4.15)

Proof: By defining h(t, Ct) = F (t)Ct and using the chain rule, we get

d(F (t)Ct) = CtdF (t) + F (t)dCt.

Thus
F (s)Cs =

∫ s

0

d(F (t)Ct) =
∫ s

0

CtdF (t) +
∫ s

0

F (t)dCt

which is just (4.15).

Example 4.8: Assume F (t) ≡ 1. Then by using the integration by parts,
we immediately obtain ∫ s

0

dCt = Cs.

Example 4.9: Assume F (t) = t. Then by using the integration by parts,
we immediately obtain ∫ s

0

tdCt = sCs −
∫ s

0

Ctdt.
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Example 4.10: Assume F (t) = t2. Then by using the integration by parts,
we obtain ∫ s

0

t2dCt = s2Cs −
∫ s

0

Ctdt2 = s2Cs − 2
∫ s

0

tCtdt

= (s2 − 2s)Cs + 2
∫ s

0

Ctdt.

Example 4.11: Assume F (t) = sin t. Then by using the integration by
parts, we obtain∫ s

0

sin tdCt = Cs sin s−
∫ s

0

Ctd sin t = Cs sin s−
∫ s

0

Ct cos tdt.





Chapter 5

Uncertain Differential
Equation

Uncertain differential equation, proposed by Liu [128] in 2008, is a type of dif-
ferential equation driven by canonical process. This chapter will discuss the
existence, uniqueness and stability of solutions of uncertain differential equa-
tions. This chapter also presents some applications of uncertain differential
equation in finance, filtering, and control.

5.1 Uncertain Differential Equation

Definition 5.1 (Liu [128]) Suppose Ct is a canonical process, and f and g
are some given functions. Then

dXt = f(t,Xt)dt+ g(t,Xt)dCt (5.1)

is called an uncertain differential equation. A solution is an uncertain process
Xt that satisfies (5.1) identically in t.

Remark 5.1: Note that there is no precise definition for the terms dXt,
dt and dCt in the uncertain differential equation (5.1). The mathematically
meaningful form is the uncertain integral equation

Xs = X0 +
∫ s

0

f(t,Xt)dt+
∫ s

0

g(t,Xt)dCt. (5.2)

However, the differential form is more convenient for us. This is the main
reason why we accept the differential form.

Example 5.1: Let Ct be a canonical process. Then the uncertain differential
equation

dXt = adt+ bdCt (5.3)
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has a solution
Xt = at+ bCt (5.4)

which is just an arithmetic canonical process.

Example 5.2: Let Ct be a canonical process. Then the uncertain differential
equation

dXt = aXtdt+ bXtdCt (5.5)

has a solution
Xt = exp (at+ bCt) (5.6)

which is just a geometric canonical process.

Example 5.3: Let ut and vt be some continuous functions with respect to
t. Consider the homogeneous linear uncertain differential equation

dXt = utXtdt+ vtXtdCt. (5.7)

It follows from the chain rule that

d lnXt =
dXt

Xt
= utdt+ vtdCt.

Integration of both sides yields

lnXt − lnX0 =
∫ t

0

usds+
∫ t

0

vsdCs.

Therefore the solution of (5.7) is

Xt = X0 exp
(∫ t

0

usds+
∫ t

0

vsdCs

)
. (5.8)

Example 5.4: Suppose u1t, u2t, v1t, v2t are continuous functions with respect
to t. Consider the linear uncertain differential equation

dXt = (u1tXt + u2t)dt+ (v1tXt + v2t)dCt. (5.9)

At first, we define two uncertain processes Ut and Vt via

dUt = u1tUtdt+ v1tUtdCt, dVt =
u2t

Ut
dt+

v2t

Ut
dCt.

Then we have Xt = UtVt because

dXt = VtdUt + UtdVt

= (u1tUtVt + u2t)dt+ (v1tUtVt + v2t)dCt

= (u1tXt + u2t)dt+ (v1tXt + v2t)dCt.
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Note that

Ut = U0 exp
(∫ t

0

u1sds+
∫ t

0

v1sdCs

)
,

Vt = V0 +
∫ t

0

u2s

Us
ds+

∫ t

0

v2s

Us
dCs.

Taking U0 = 1 and V0 = X0, we get a solution of the linear uncertain
differential equation as follows,

Xt = Ut exp
(
X0 +

∫ t

0

u2s

Us
ds+

∫ t

0

v2s

Us
dCs

)
(5.10)

where

Ut = exp
(∫ t

0

u1sds+
∫ t

0

v1sdCs

)
. (5.11)

Example 5.5: Let Ct be a canonical process. Then the special linear un-
certain differential equation

dXt = (m− aXt)dt+ σdCt (5.12)

has a solution

Xt =
m

a
+ exp(−at)

(
X0 −

m

a

)
+ σ exp(−at)

∫ t

0

exp(as)dCs (5.13)

provided that a 6= 0.

5.2 Existence and Uniqueness Theorem

Theorem 5.1 (Chen and Liu [17], Existence and Uniqueness Theorem) The
uncertain differential equation

dXt = f(t,Xt)dt+ g(t,Xt)dCt (5.14)

has a unique solution if the coefficients f(x, t) and g(x, t) satisfy the Lipschitz
condition

|f(x, t)− f(y, t)|+ |g(x, t)− g(y, t)| ≤ L|x− y|, ∀x, y ∈ <, t ≥ 0 (5.15)

and linear growth condition

|f(x, t)|+ |g(x, t)| ≤ L(1 + |x|), ∀x ∈ <, t ≥ 0 (5.16)

for some constant L. Moreover, the solution is sample-continuous.
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Proof: We first prove the existence of solution by a successive approximation
method. Define X(0)

t = X0, and

X
(n)
t = X0 +

∫ t

0

f
(
X(n−1)

s , s
)

ds+
∫ t

0

g
(
X(n−1)

s , s
)

dCs

for n = 1, 2, · · · and write

D
(n)
t (γ) = max

0≤s≤t

∣∣∣X(n+1)
s (γ)−X(n)

s (γ)
∣∣∣

for each γ ∈ Γ. It follows from the Lipschitz condition and linear growth
condition that

D
(0)
t (γ) = max

0≤s≤t

∣∣∣∣∫ s

0

f(X0, v)dv +
∫ s

0

g(X0, v)dCv(γ)
∣∣∣∣

≤
∫ t

0

|f(X0, v)|dv +Kγ

∫ t

0

|g(X0, v)|dv

≤ (1 + |X0|)L(1 +Kγ)t

where Kγ is the Lipschitz constant to the sample path Ct(γ). In fact, by
using the induction method, we may verify

D
(n)
t (γ) ≤ (1 + |X0|)

Ln+1(1 +Kγ)n+1

(n+ 1)!
tn+1

for each n. This means that, for each sample γ, the paths X(k)
t (γ) converges

uniformly on any given interval [0, T ]. Write the limit by Xt(γ) that is just
a solution of the uncertain differential equation because

Xt = X0 +
∫ t

0

f(Xs, s)ds+
∫ t

0

g(Xs, s)ds.

Next we prove that the solution is unique. Assume that both Xt and X∗
t

are solutions of the uncertain differential equation. Then for each γ ∈ Γ, it
follows from the Lipschitz condition and linear growth condition that

|Xt(γ)−X∗
t (γ)| ≤ L(1 +Kγ)

∫ t

0

|Xv(γ)−X∗
v (γ)|dv.

By using Gronwall inequality, we obtain

|Xt(γ)−X∗
t (γ)| ≤ 0 · exp(L(1 +Kγ)t) = 0.

Hence Xt = X∗
t . The uniqueness is proved. Finally, let us prove the sample-

continuity of Xt. The Lipschitz condition and linear growth condition may
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produce

|Xt(γ)−Xs(γ)| =
∣∣∣∣∫ t

s

f(Xv(γ), v)dv +
∫ t

s

g(Xv(γ), v)dCv(γ)
∣∣∣∣

≤ (1 +Kγ)(1 + |X0|) exp(L(1 +Kγ)t)(t− s)

→ 0 as s→ t.

Thus Xt is sample-continuous and the theorem is proved.

5.3 Stability

Definition 5.2 (Liu [130]) An uncertain differential equation is said to be
stable if for any given κ > 0 and ε > 0, there exists δ > 0 such that for any
solutions Xt and Yt, we have

M{|Xt − Yt| > κ} < ε, ∀t > 0 (5.17)

whenever |X0 − Y0| < δ.

In other words, an uncertain differential equation is stable if for any given
κ > 0, we have

lim
|X0−Y0|→0

M{|Xt − Yt| > κ} = 0, ∀t > 0. (5.18)

Example 5.6: The uncertain differential equation dXt = adt+bdCt is stable
since for any given κ > 0 and ε > 0, we may take δ = κ and have

M{|Xt − Yt| > κ} = M{|X0 − Y0| > κ} = M{∅} = 0 < ε

for any t > 0 whenever |X0 − Y0| < δ.

Example 5.7: The uncertain differential equation dXt = Xtdt + bdCt is
unstable since for any given κ > 0 and any different initial solutions X0 and
Y0, we have

M{|Xt − Yt| > κ} = M{exp(t)|X0 − Y0| > κ} = 1

provided that t is sufficiently large.

Theorem 5.2 (Chen [20], Stability Theorem) Suppose ut and vt are contin-
uous functions such that

sup
s≥0

∫ s

0

utdt < +∞,

∫ +∞

0

|vt|dt < +∞. (5.19)

Then the uncertain differential equation

dXt = utXtdt+ vtXtdCt (5.20)

is stable.
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Proof: It has been proved that the unique solution of the uncertain differ-
ential equation dXt = utXtdt+ vtXtdCt is

Xt = X0 exp
(∫ t

0

usds+
∫ t

0

vsdCs

)
.

Thus for any given κ > 0, we have

M{|Xt − Yt| > κ} = M

{
|X0 − Y0| exp

(∫ t

0

usds+
∫ t

0

vsdCs

)
> κ

}

= M

{∫ t

0

vsdCs > ln
κ

|X0 − Y0|
−
∫ t

0

usds
}
→ 0

as |X0 − Y0| → 0 because∫ t

0

vsdCs ∼ N
(

0,
∫ t

0

|vs|ds
)

is a normal uncertain variable with expected value 0 and finite variance, and

ln
κ

|X0 − Y0|
−
∫ t

0

usds→ +∞.

The theorem is proved.

Theorem 5.3 (Chen [20], Stability Theorem) Suppose ut and vt are contin-
uous functions such that

sup
s≥0

∣∣∣∣∫ s

0

utdt
∣∣∣∣ < +∞,

∫ +∞

0

|vt|dt < +∞. (5.21)

Then the uncertain differential equation

dXt = utXtdt+ vtdCt (5.22)

is stable.

Proof: It has been proved that the unique solution of the uncertain differ-
ential equation dXt = utXtdt+ vtdCt is

Xt = exp
(
X0 +

∫ t

0

usds+
∫ t

0

vs exp
(
−
∫ s

0

urdr
)

dCs

)
.

Thus for any given κ > 0, the uncertain measure M{|Xt − Yt| > κ} is just

M

{∫ t

0

vs exp
(
−
∫ s

0

urdr
)

dCs > ln
κ

| exp(X0)− exp(Y0)|
−
∫ t

0

usds
}
→ 0
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as |X0 − Y0| → 0 because∫ t

0

vs exp
(
−
∫ s

0

urdr
)

dCs ∼ N
(

0,
∫ t

0

|vs| exp
(
−
∫ s

0

urdr
)

ds
)

is a normal uncertain variable with expected value 0 and finite variance, and

ln
κ

| exp(X0)− exp(Y0)|
−
∫ t

0

usds→ +∞.

The theorem is proved.

5.4 Uncertain Finance

If we assume that the stock price follows some uncertain differential equation,
then we may produce a new topic of uncertain finance. As an example, Liu
[130] supposed that the stock price follows geometric canonical process and
presented a stock model in which the bond price Xt and the stock price Yt

are determined by {
dXt = rXtdt

dYt = eYtdt+ σYtdCt

(5.23)

where r is the riskless interest rate, e is the stock drift, σ is the stock diffusion,
and Ct is a canonical process.

European Call Option Price

A European call option gives the holder the right to buy a stock at a speci-
fied time for specified price. Assume that the option has strike price K and
expiration time s. Then the payoff from such an option is (Ys −K)+. Con-
sidering the time value of money resulted from the bond, the present value
of this payoff is exp(−rs)(Ys −K)+. Hence the European call option price
should be the expected present value of the payoff,

fc = exp(−rs)E[(Ys −K)+]. (5.24)

It is clear that the option price is a decreasing function of interest rate r.
That is, the European call option will devaluate if the interest rate is raised;
and the European call option will appreciate in value if the interest rate is
reduced. In addition, the option price is also a decreasing function of strike
price K.

Let us consider the financial market described by the stock model (5.23).
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Figure 5.1: Payoff (Ys −K)+ from European Call Option

The European call option price is

fc = exp(−rs)E[(Y0 exp(es+ σCs)−K)+]

= exp(−rs)
∫ +∞

0

M{Y0 exp(es+ σCs)−K ≥ x}dx

= exp(−rs)Y0

∫ +∞

K/Y0

M{exp(es+ σCs) ≥ y}dy

= exp(−rs)Y0

∫ +∞

K/Y0

M{es+ σCs ≥ ln y}dy

= exp(−rs)Y0

∫ +∞

K/Y0

(
1 + exp

(
π(ln y − es)√

3σs

))−1

dy.

Thus Liu [130] derived the following European call option price formula,

fc = exp(−rs)Y0

∫ +∞

K/Y0

(
1 + exp

(
π(ln y − es)√

3σs

))−1

dy. (5.25)

European Put Option Price

A European put option gives the holder the right to sell a stock at a speci-
fied time for specified price. Assume that the option has strike price K and
expiration time s. Then the payoff from such an option is (K − Ys)+. Con-
sidering the time value of money resulted from the bond, the present value
of this payoff is exp(−rs)(K − Ys)+. Hence the European put option price
should be the expected present value of the payoff,

fp = exp(−rs)E[(K − Ys)+]. (5.26)

It is easy to verify that the option price is a decreasing function of interest
rate r, and is an increasing function of strike price K.
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Let us consider the financial market described by the stock model (5.23).
The European put option price is

fp = exp(−rs)E[(K − Y0 exp(es+ σCs))+]

= exp(−rs)
∫ +∞

0

M{K − Y0 exp(es+ σCs) ≥ x}dx

= exp(−rs)Y0

∫ +∞

K/Y0

M{exp(es+ σCs) ≤ y}dy

= exp(−rs)Y0

∫ K/Y0

0

M{es+ σCs ≤ ln y}dy

= exp(−rs)Y0

∫ K/Y0

0

(
1 + exp

(
π(es− ln y)√

3σs

))−1

dy.

Thus Liu [130] derived the following European put option price formula,

fp = exp(−rs)Y0

∫ K/Y0

0

(
1 + exp

(
π(es− ln y)√

3σs

))−1

dy. (5.27)

Multi-factor Stock Model

Now we assume that there are multiple stocks whose prices are determined
by multiple canonical processes. For this case, we have a multi-factor stock
model in which the bond price Xt and the stock prices Yit are determined by

dXt = rXtdt

dYit = eiYitdt+
n∑

j=1

σijYitdCjt, i = 1, 2, · · · ,m
(5.28)

where r is the riskless interest rate, ei are the stock drift coefficients, σij

are the stock diffusion coefficients, Cit are independent canonical processes,
i = 1, 2, · · · ,m, j = 1, 2, · · · , n.

Portfolio Selection

For the stock model (5.28), we have the choice of m+1 different investments.
At each instant t we may choose a portfolio (βt, β1t, · · · , βmt) (i.e., the in-
vestment fractions meeting βt + β1t + · · ·+ βmt = 1). Then the wealth Zt at
time t should follow the uncertain differential equation

dZt = rβtZtdt+
m∑

i=1

eiβitZtdt+
m∑

i=1

n∑
j=1

σijβitZtdCjt. (5.29)

Portfolio selection problem is to find an optimal portfolio (βt, β1t, · · · , βmt)
such that the expected wealth E[Zs] is maximized.
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No-Arbitrage

The stock model (5.28) is said to be no-arbitrage if there is no portfolio
(βt, β1t, · · · , βmt) such that for some time s > 0, we have

M{exp(−rs)Zs ≥ Z0} = 1 (5.30)

and
M{exp(−rs)Zs > Z0} > 0 (5.31)

where Zt is determined by (5.29) and represents the wealth at time t. We may
prove that the stock model (5.28) is no-arbitrage if and only if its diffusion
matrix 

σ11 σ12 · · · σ1n

σ21 σ22 · · · σ2n

...
...

. . .
...

σm1 σm2 · · · σmn


has rank m, i.e., the row vectors are linearly independent.

Stock Model with Periodic Dividends

Liu [140] assumed that a dividend of a fraction δ of the stock price is paid
at deterministic times T1, T2, · · · and presented a stock model with periodic
dividends, {

Xt = X0 exp(rt)

Yt = Y0(1− δ)nt exp(et+ σCt)
(5.32)

where nt = max{i : Ti ≤ t} is the number of dividend payments made by
time t.

Stock Model with Mean-Reverting Process

Peng [184] assumed that the stock price follows a type of mean-reverting
uncertain process and proposed the following stock model,{

dXt = rXtdt

dYt = (m− αYt)dt+ σdCt

(5.33)

where r,m, α, σ are given constants.

Currency Models

Liu [139] assumed that the exchange rate follows a geometric canonical pro-
cess and proposed a currency model with uncertain exchange rate,

dXt = eXtdt+ σXtdCt (Exchange rate)

dYt = uYtdt (Yuan Bond)

dZt = vZtdt (Dollar Bond)

(5.34)
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where e, σ, u, v are constants. If the exchange rate follows a mean-reverting
uncertain process, then the currency model with uncertain exchange rate is

dXt = (m− αXt)dt+ σdCt (Exchange rate)

dYt = uYtdt (Yuan Bond)

dZt = vZtdt (Dollar Bond)

(5.35)

where m,α, σ, u, v are constants.

5.5 Uncertain Filtering

One outstanding contribution to filtering problem is Kalman-Bucy filter when
the noise is assumed to be Brownian motion. If we suppose that the noise is
a canonical process instead of Brownian motion, how do we filter the noise
away from the observation?

Suppose an uncertain system Xt is described by an uncertain differential
equation

dXt = f(t)Xtdt+ u(t)dCt (5.36)

where Ct is a canonical process. We also have an observation Yt with

dYt = g(t)Xtdt+ v(t)dDt (5.37)

where Dt is another canonical process that is independent of Ct. The filtering
problem is to find the best estimate of Xt based on the observation Yt.

5.6 Uncertain Optimal Control

An uncertain optimal control system is assumed to follow an uncertain dif-
ferential equation

dXt = f(t,Xt, Yt)dt+ g(t,Xt, Yt)dCt (5.38)

where Xt is the state, Yt is a control, and Ct is a canonical process. Assume
that R is the return function and T is the function of terminal reward. If we
want to maximize the expected return on [0, s] by using an optimal control,
then we have the following uncertain optimal control model,

max
Yt

E

[∫ s

0

R(t,Xt, Yt)dt+ T (s,Xs)
]

subject to:
dXt = f(t,Xt, Yt)dt+ g(t,Xt, Yt)dCt.

(5.39)

If we say Hamilton-Jacobi-Bellman equation provides a necessary condition
for extremum of stochastic optimal control model, then Zhu’s equation of
optimality [250] provides a necessary condition for extremum of uncertain
optimal control model.
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5.7 Uncertain Differential Equation with Jumps

In many cases the stock price is not continuous because of economic crisis
or war. In order to incorporate those into stock model, we should develop
an uncertain calculus with jump process. For many applications, a renewal
process Nt is sufficient. The uncertain integral of uncertain process Xt with
respect to Nt is∫ b

a

XtdNt = lim
∆→0

k∑
i=1

Xti
· (Nti+1 −Nti

) =
∑

a≤t≤b

Xt · (Nt −Nt−). (5.40)

Definition 5.3 Suppose Ct is a canonical process, Nt is a renewal process,
and f, g, h are some given functions. Then

dXt = f(t,Xt)dt+ g(t,Xt)dCt + h(t,Xt)dNt (5.41)

is called an uncertain differential equation with jumps. A solution is an
uncertain process Xt that satisfies (5.41) identically in t.

Example 5.8: Let Ct be a canonical process and Nt a renewal process.
Then the uncertain differential equation with jumps

dXt = adt+ bdCt + cdNt

has a solution Xt = at+ bCt + cNt which is just a jump process.

Example 5.9: Let Ct be a canonical process and Nt a renewal process.
Then the uncertain differential equation with jumps

dXt = aXtdt+ bXtdCt + cXtdNt

has a solution Xt = exp (at+ bCt + cNt) which may be employed to model
stock price with jumps.
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Uncertain Logic

Uncertain logic was designed by Li and Liu [99] in 2009 as a generalization
of mathematical logic for dealing with uncertain knowledge via uncertainty
theory. A key point in uncertain logic is that the truth value of an uncertain
proposition is defined as the uncertain measure that the proposition is true.
Another important contribution is the truth value theorem by Chen and
Ralescu [18] that provides a numerical method for calculating the truth value
of uncertain formulas.

One advantage of uncertain logic is the well consistency with classical
logic. For example, uncertain logic is consistent with the law of excluded
middle and law of contradiction.

6.1 Uncertain Proposition

Definition 6.1 An uncertain proposition is a statement whose truth value
is quantified by an uncertain measure.

That is, if we use ξ to express the uncertain proposition and use c to express
its truth value in uncertain measure, then the uncertain proposition ξ is
essentially an uncertain variable

ξ =

{
1 with uncertain measure c
0 with uncertain measure 1− c

(6.1)

where ξ = 1 means ξ is true and ξ = 0 means ξ is false.

Example 6.1: “Tom is tall with truth value 0.7” is an uncertain proposition,
where “Tom is tall” is a statement, and its truth value is 0.7 in uncertain
measure.

Example 6.2: “Beijing is a big city with truth value 0.9” is an uncertain
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proposition, where “Beijing is a big city” is a statement, and its truth value
is 0.9 in uncertain measure.

Definition 6.2 Uncertain propositions are called independent if they are in-
dependent uncertain variables.

Example 6.3: If ξ and η are independent uncertain propositions, then for
any x and y taking values either 0 or 1, we have

M{(ξ = x) ∩ (η = y)} = M{ξ = x} ∧M{η = y},
M{(ξ = x) ∪ (η = y)} = M{ξ = x} ∨M{η = y}.

6.2 Connective Symbols

In addition to the proposition symbols ξ and η, we also need the negation
symbol ¬, conjunction symbol ∧, disjunction symbol ∨, conditional symbol
→, and biconditional symbol ↔. Note that

¬ξ means “not ξ”; (6.2)

ξ ∨ η means “ξ or η”; (6.3)

ξ ∧ η = ¬(¬ξ ∨ ¬η) means “ξ and η”; (6.4)

ξ → η = (¬ξ) ∨ η means “if ξ then η”; (6.5)

ξ ↔ η = (ξ → η) ∧ (η → ξ) means “ξ if and only if η”. (6.6)

6.3 Uncertain Formula

An uncertain formula is a finite sequence of uncertain propositions and con-
nective symbols that must make sense. For example, let ξ, η, τ be uncertain
propositions. Then

X = ¬ξ, X = ξ ∧ η, X = (ξ ∨ η) → τ

are all uncertain formulas. However, ¬ ∨ ξ, ξ → ∨ and ξη → τ are not for-
mulas. Note that an uncertain formula X is essentially an uncertain variable
taking values 0 or 1. If X = 1, then X is true; if X = 0, then X is false.

Definition 6.3 Uncertain formulas are called independent if they are inde-
pendent uncertain variables.
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6.4 Truth Function

AssumeX is a formula containing propositions ξ1, ξ2, · · · , ξn. It is well-known
that there is a function f : {0, 1}n → {0, 1} such that X = 1 if and only if
f(ξ1, ξ2, · · · , ξn) = 1. Such a Boolean function f is called the truth function
of X.

Example 6.4: The truth function of formula ξ1 ∨ ξ2 (ξ1 or ξ2) is

f(1, 1) = 1, f(1, 0) = 1, f(0, 1) = 1, f(0, 0) = 0.

Example 6.5: The truth function of formula ξ1 ∧ ξ2 (ξ1 and ξ2) is

f(1, 1) = 1, f(1, 0) = 0, f(0, 1) = 0, f(0, 0) = 0.

Example 6.6: The truth function of formula ξ1 → ξ2 (if ξ1 then ξ2) is

f(1, 1) = 1, f(1, 0) = 0, f(0, 1) = 1, f(0, 0) = 1.

Example 6.7: The truth function of ξ1 ↔ ξ2 (ξ1 if and only if ξ2) is

f(1, 1) = 1, f(1, 0) = 0, f(0, 1) = 0, f(0, 0) = 1.

Example 6.8: The truth function of ξ1 ∨ ξ2 → ξ3 is given by

f(1, 1, 1) = 1, f(1, 0, 1) = 1, f(0, 1, 1) = 1, f(0, 0, 1) = 1,
f(1, 1, 0) = 0, f(1, 0, 0) = 0, f(0, 1, 0) = 0, f(0, 0, 0) = 1.

6.5 Truth Value

Truth value is a key concept in uncertain logic, and is defined as the uncertain
measure that the uncertain formula is true.

Definition 6.4 (Li and Liu [99]) Let X be an uncertain formula. Then
the truth value of X is defined as the uncertain measure that the uncertain
formula X is true, i.e.,

T (X) = M{X = 1}. (6.7)

The truth value is nothing but an uncertain measure. The truth value
T (X) = 1 means X is certainly true, T (X) = 0 means X is certainly false,
and T (X) = 0.5 means X is totally uncertain. The higher the truth value is,
the more true the uncertain formula is.

Example 6.9: Let ξ and η be two independent uncertain propositions with
truth values a and b, respectively. Then

T (ξ) = M{ξ = 1} = a, (6.8)
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T (¬ξ) = M{ξ = 0} = 1− a, (6.9)

T (ξ ∨ η) = M{ξ ∨ η = 1} = M{(ξ = 1) ∪ (η = 1)} = a ∨ b, (6.10)

T (ξ ∧ η) = M{ξ ∧ η = 1} = M{(ξ = 1) ∩ (η = 1)} = a ∧ b, (6.11)

T (ξ → η) = T (¬ξ ∨ η) = (1− a) ∨ b. (6.12)

6.6 Laws

Theorem 6.1 (Law of Excluded Middle) For any uncertain formula X, we
have

T (X ∨ ¬X) = 1. (6.13)

Proof: It follows from the definition of truth value and property of uncertain
measure that

T (X ∨ ¬X) = M{X ∨ ¬X = 1} = M{(X = 1) ∪ (X = 0)} = 1.

The theorem is proved.

Theorem 6.2 (Law of Contradiction) For any uncertain formula X, we
have

T (X ∧ ¬X) = 0. (6.14)

Proof: It follows from the definition of truth value and property of uncertain
measure that

T (X ∧ ¬X) = M{X ∧ ¬X = 1} = M{(X = 1) ∩ (X = 0)} = M{∅} = 0.

The theorem is proved.

Theorem 6.3 (Law of Truth Conservation) For any uncertain formula X,
we have

T (X) + T (¬X) = 1. (6.15)

Proof: It follows from the self-duality of uncertain measure that

T (¬X) = M{¬X = 1} = M{X = 0} = 1−M{X = 1} = 1− T (X).

The theorem is proved.

Theorem 6.4 (De Morgan’s Law) For any uncertain formulas X and Y , we
have

T (¬(X ∧ Y )) = T ((¬X) ∨ (¬Y )), (6.16)

T (¬(X ∨ Y )) = T ((¬X) ∧ (¬Y )). (6.17)
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Proof: It follows from the basic properties of uncertain measure that

T (¬(X ∧ Y )) = M{X ∧ Y = 0} = M{(X = 0) ∪ (Y = 0)}
= M{(¬X) ∨ (¬Y ) = 1} = T ((¬X) ∨ (¬Y ))

which proves the first equality. A similar way may verify the second equality.
The theorem is proved.

Theorem 6.5 (Law of Contraposition) For any uncertain formulas X and
Y , we have

T (X → Y ) = T (¬Y → ¬X). (6.18)

Proof: It follows from the basic properties of uncertain measure that

T (X → Y ) = M{(¬X) ∨ Y = 1} = M{(X = 0) ∪ (Y = 1)}
= M{Y ∨ (¬X) = 1} = T (¬Y → ¬X).

The theorem is proved.

Theorem 6.6 (Monotonicity and Subadditivity) For any uncertain formulas
X and Y , we have

T (X) ∨ T (Y ) ≤ T (X ∨ Y ) ≤ T (X) + T (Y ). (6.19)

Proof: It follows from the monotonicity of uncertain measure that

T (X ∨ Y ) = M{X ∨ Y = 1} = M{(X = 1) ∪ (Y = 1)}

≥M{X = 1} ∨M{Y = 1} = T (X) ∨ T (Y ).

It follows from the subadditivity of uncertain measure that

T (X ∨ Y ) = M{X ∨ Y = 1} = M{(X = 1) ∪ (Y = 1)}

≤M{X = 1}+M{Y = 1} = T (X) + T (Y ).

The theorem is verified.

Theorem 6.7 For any uncertain formulas X and Y , we have

T (X) + T (Y )− 1 ≤ T (X ∧ Y ) ≤ T (X) ∧ T (Y ). (6.20)

Proof: It follows from the monotonicity of truth value that

T (X ∧ Y ) = 1− T (¬X ∨ ¬Y ) ≤ 1− T (¬X) ∨ T (¬Y )
= (1− T (¬X)) ∧ (1− T (¬Y )) = T (X) ∧ T (Y ).

It follows from the subadditivity of truth value that

T (X ∧ Y ) = 1− T (¬X ∨ ¬Y ) ≥ 1− (T (¬X) + T (¬Y ))
= 1− (1− T (X))− (1− T (Y )) = T (X) + T (Y )− 1.

The theorem is proved.
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Theorem 6.8 For any uncertain formula X, we have

T (X → X) = 1, (6.21)

T (X ↔ X) = 1, (6.22)

T (X → ¬X) = 1− T (X). (6.23)

Proof: It follows from the law of excluded middle and law of truth conser-
vation that

T (X → X) = T (¬X ∨X) = 1,

T (X ↔ X) = T ((X → X) ∧ (X → X)) = T (X → X) = 1,

T (X → ¬X) = T (¬X ∨ ¬X) = T (¬X) = 1− T (X).

The theorem is proved.

Independence Case

Theorem 6.9 If two uncertain formulas X and Y are independent, then we
have

T (X ∨ Y ) = T (X) ∨ T (Y ), T (X ∧ Y ) = T (X) ∧ T (Y ). (6.24)

Proof: Since X and Y are independent uncertain formulas, they are inde-
pendent uncertain variables. Hence

T (X ∨ Y ) = M{X ∨ Y = 1} = M{X = 1} ∨M{Y = 1} = T (X) ∨ T (Y ),
T (X ∧ Y ) = M{X ∧ Y = 1} = M{X = 1} ∧M{Y = 1} = T (X) ∧ T (Y ).

The theorem is proved.

Theorem 6.10 If two uncertain formulas X and Y are independent, then
we have

T (X → Y ) = (1− T (X)) ∨ T (Y ). (6.25)

Proof: Since X and Y are independent, the formulas ¬X and Y are also
independent. It follows that

T (X → Y ) = T (¬X ∨ Y ) = T (¬X) ∨ T (Y ) = (1− T (X)) ∨ T (Y )

which proves the theorem.
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6.7 Truth Value Theorem

Theorem 6.11 (Chen and Ralescu [18], Truth Value Theorem) Assume that
ξ1, ξ2, · · · , ξn are independent uncertain propositions with truth values a1, a2,
· · · , an, respectively. If X is an uncertain formula containing ξ1, ξ2, · · · , ξn
with truth function f , then the truth value of X is

T (X) =



sup
f(x1,x2,··· ,xn)=1

min
1≤i≤n

νi(xi),

if sup
f(x1,x2,··· ,xn)=1

min
1≤i≤n

νi(xi) < 0.5

1− sup
f(x1,x2,··· ,xn)=0

min
1≤i≤n

νi(xi),

if sup
f(x1,x2,··· ,xn)=1

min
1≤i≤n

νi(xi) ≥ 0.5

(6.26)

where xi take values either 0 or 1, and vi are defined by

νi(xi) =

{
ai, if xi = 1

1− ai, if xi = 0
(6.27)

for i = 1, 2, · · · , n, respectively.

Proof: Since X = 1 if and only if f(ξ1, ξ2, · · · , ξn) = 1, we immediately have

T (X) = M{X = 1} = M{f(ξ1, ξ2, · · · , ξn) = 1}.

It follows from the operational law and independence of uncertain proposi-
tions that

T (X) =



sup
f(B1,B2,··· ,Bn)=1

min
1≤i≤n

M{ξi ∈ Bi},

if sup
f(B1,B2,··· ,Bn)=1

min
1≤i≤n

M{ξi ∈ Bi} > 0.5

1− sup
f(B1,B2,··· ,Bn)=0

min
1≤i≤n

M{ξi ∈ Bi},

if sup
f(B1,B2,··· ,Bn)=0

min
1≤i≤n

M{ξi ∈ Bi} > 0.5

0.5, otherwise

where B1, B2, · · · , Bn are subsets of {0, 1}, and f(B1, B2, · · · , Bn) = 1 means
f(x1, x2, · · · , xn) = 1 for any x1 ∈ B1, x2 ∈ B2, · · · , xn ∈ Bn. Please also
note that

νi(1) = M{ξi = 1}, νi(0) = M{ξi = 0}

for i = 1, 2, · · · , n. The argument breaks down into three cases. Case 1:
Assume

sup
f(x1,x2,··· ,xn)=1

min
1≤i≤n

νi(xi) < 0.5.
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Then we have

sup
f(B1,B2,··· ,Bn)=0

min
1≤i≤n

M{ξi ∈ Bi} > 0.5.

Thus

T (X) = 1− sup
f(B1,B2,··· ,Bn)=0

min
1≤i≤n

M{ξi ∈ Bi} = sup
f(x1,x2,··· ,xn)=1

min
1≤i≤n

νi(xi).

Case 2: Assume
sup

f(x1,x2,··· ,xn)=1

min
1≤i≤n

νi(xi) > 0.5.

Then we have

sup
f(B1,B2,··· ,Bn)=1

min
1≤i≤n

M{ξi ∈ Bi} ≥ sup
f(x1,x2,··· ,xn)=1

min
1≤i≤n

νi(xi) > 0.5.

Thus

T (X) = sup
f(B1,B2,··· ,Bn)=1

min
1≤i≤n

M{ξi ∈ Bi} = 1− sup
f(x1,x2,··· ,xn)=0

min
1≤i≤n

νi(xi).

Case 3: Assume
sup

f(x1,x2,··· ,xn)=1

min
1≤i≤n

νi(xi) = 0.5.

Then we have

sup
f(B1,B2,··· ,Bn)=1

min
1≤i≤n

M{ξi ∈ Bi} ≥ 0.5

and
sup

f(B1,B2,··· ,Bn)=0

min
1≤i≤n

M{ξi ∈ Bi} ≥ 0.5.

Thus
T (X) = 0.5 = 1− sup

f(x1,x2,··· ,xn)=0

min
1≤i≤n

νi(xi).

The theorem is proved.

Example 6.10: Let ξ1, ξ2, · · · , ξn be independent uncertain propositions
with truth values a1, a2, · · · , an, respectively. For any integer k with 1 ≤ k ≤
n,

X = “at least k propositions of ξ1, ξ2, · · · , ξn are true” (6.28)

is an uncertain formula. It is obvious that the truth function is

f(x1, x2, · · · , xn) =

{
1, if x1 + x2 + · · ·+ xn ≥ k

0, if x1 + x2 + · · ·+ xn < k.
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The truth value theorem may produce the truth value T (X). Without loss
of generality, we assume a1 ≥ a2 ≥ · · · ≥ an. When ak < 0.5, we have

sup
f(x1,x2,··· ,xn)=1

min
1≤i≤n

νi(xi) = ak < 0.5.

It follows from the truth value theorem that

T (X) = sup
f(x1,x2,··· ,xn)=1

min
1≤i≤n

νi(xi) = ak.

When ak ≥ 0.5, we have

sup
f(x1,x2,··· ,xn)=1

min
1≤i≤n

νi(xi) = ak ∧ min
k+1≤i≤n

(ai ∨ (1− ai)) ≥ 0.5.

It follows from the truth value theorem that

T (X) = 1− sup
f(x1,x2,··· ,xn)=0

min
1≤i≤n

νi(xi) = 1− (1− ak) = ak.

Thus we always have T (X) = ak. That is,

T (X) = the kth largest value of a1, a2, · · · , an. (6.29)

When k = 1, it is clear that T (X) is just the largest value, i.e.,

T (ξ1 ∨ ξ2 ∨ · · · ∨ ξn) = a1 ∨ a2 ∨ · · · ∨ an. (6.30)

When k = n, it is clear that T (X) is just the smallest value, i.e.,

T (ξ1 ∧ ξ2 ∧ · · · ∧ ξn) = a1 ∧ a2 ∧ · · · ∧ an. (6.31)

Example 6.11: Let ξ1 and ξ2 be independent uncertain propositions with
truth values a1 and a2, respectively. Then

X = ξ1 ↔ ξ2 (6.32)

is an uncertain formula. It is clear that the truth function is

f(1, 1) = 1, f(1, 0) = 0, f(0, 1) = 0, f(0, 0) = 1.

Let us calculate its truth value T (X) by the truth value theorem. When
a1 ≥ 0.5 and a2 ≥ 0.5, we have

sup
f(x1,x2)=1

min
1≤i≤2

νi(xi) = max{a1 ∧ a2, (1− a1) ∧ (1− a2)} = a1 ∧ a2 ≥ 0.5.

It follows from the truth value theorem that

T (X) = 1− sup
f(x1,x2)=0

min
1≤i≤2

νi(xi) = 1−max{(1−a1)∧a2, a1∧(1−a2)} = a1∧a2.
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When a1 ≥ 0.5 and a2 < 0.5, we have

sup
f(x1,x2)=1

min
1≤i≤2

νi(xi) = max{a1∧a2, (1−a1)∧(1−a2)} = (1−a1)∨a2 ≤ 0.5.

It follows from the truth value theorem that

T (X) = sup
f(x1,x2)=1

min
1≤i≤2

νi(xi) = (1− a1) ∨ a2.

When a1 < 0.5 and a2 ≥ 0.5, we have

sup
f(x1,x2)=1

min
1≤i≤2

νi(xi) = max{a1∧a2, (1−a1)∧(1−a2)} = a1∨(1−a2) ≤ 0.5.

It follows from the truth value theorem that

T (X) = sup
f(x1,x2)=1

min
1≤i≤2

νi(xi) = a1 ∨ (1− a2).

When a1 < 0.5 and a2 < 0.5, we have

sup
f(x1,x2)=1

min
1≤i≤2

νi(xi)=max{a1∧a2, (1−a1)∧(1−a2)}=(1−a1)∧(1−a2) > 0.5.

It follows from the truth value theorem that

T (X) = 1− sup
f(x1,x2)=0

min
1≤i≤2

νi(xi) = 1− a1 ∨ a2 = (1− a1) ∧ (1− a2).

Thus we have

T (X) =


a1 ∧ a2, if a1 ≥ 0.5 and a2 ≥ 0.5

(1− a1) ∨ a2, if a1 ≥ 0.5 and a2 < 0.5
a1 ∨ (1− a2), if a1 < 0.5 and a2 ≥ 0.5

(1− a1) ∧ (1− a2), if a1 < 0.5 and a2 < 0.5.

(6.33)

Example 6.12: Let ξ1 and ξ2 be independent uncertain propositions with
truth values a1 and a2, respectively. Then

X = “ξ1 or ξ2 and not both” (6.34)

is an uncertain formula. It is obvious that the truth function is

f(1, 1) = 0, f(1, 0) = 1, f(0, 1) = 1, f(0, 0) = 0.

Let us employ the truth value theorem to calculate the truth value T (X).
When a1 ≥ 0.5 and a2 ≥ 0.5, we have

sup
f(x1,x2)=1

min
1≤i≤2

νi(xi)=max{a1∧(1−a2), (1−a1)∧a2}=(1−a1)∨(1−a2) ≤ 0.5.
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It follows from the truth value theorem that

T (X) = sup
f(x1,x2)=1

min
1≤i≤2

νi(xi) = (1− a1) ∨ (1− a2).

When a1 ≥ 0.5 and a2 < 0.5, we have

sup
f(x1,x2)=1

min
1≤i≤2

νi(xi) = max{a1∧(1−a2), (1−a1)∧a2} = a1∧(1−a2) ≥ 0.5.

It follows from the truth value theorem that

T (X) = 1− sup
f(x1,x2)=0

min
1≤i≤2

νi(xi) = 1− (1− a1) ∨ a2 = a1 ∧ (1− a2).

When a1 < 0.5 and a2 ≥ 0.5, we have

sup
f(x1,x2)=1

min
1≤i≤2

νi(xi) = max{a1∧(1−a2), (1−a1)∧a2} = (1−a1)∧a2 ≥ 0.5.

It follows from the truth value theorem that

T (X) = 1− sup
f(x1,x2)=0

min
1≤i≤2

νi(xi) = 1− a1 ∨ (1− a2) = (1− a1) ∧ a2.

When a1 < 0.5 and a2 < 0.5, we have

sup
f(x1,x2)=1

min
1≤i≤2

νi(xi) = max{a1 ∧ (1− a2), (1− a1) ∧ a2} = a1 ∨ a2 < 0.5.

It follows from the truth value theorem that

T (X) = sup
f(x1,x2)=1

min
1≤i≤2

νi(xi) = a1 ∨ a2.

Thus we have

T (X) =


(1− a1) ∨ (1− a2), if a1 ≥ 0.5 and a2 ≥ 0.5
a1 ∧ (1− a2), if a1 ≥ 0.5 and a2 < 0.5
(1− a1) ∧ a2, if a1 < 0.5 and a2 ≥ 0.5
a1 ∨ a2, if a1 < 0.5 and a2 < 0.5.

(6.35)

6.8 Truth Value Solver

Truth Value Solver is a software for computing the truth values of uncertain
formula based on the truth value theorem. This software may be downloaded
from http://orsc.edu.cn/liu/resources.htm. Now let us perform it via some
numerical examples.

Example 6.13: Assume that ξ1, ξ2, ξ3, ξ4, ξ5 are independent uncertain propo-
sitions with truth values 0.1, 0.3, 0.5, 0.7, 0.9, respectively. Let

X = (ξ1 ∧ ξ2) ∨ (ξ2 ∧ ξ3) ∨ (ξ3 ∧ ξ4) ∨ (ξ4 ∧ ξ5). (6.36)

http://orsc.edu.cn/liu/resources.htm#TruthValueSolver
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It is clear that the truth function is

f(x1, x2, x3, x4, x5) =



1, if x1 + x2 = 2
1, if x2 + x3 = 2
1, if x3 + x4 = 2
1, if x4 + x5 = 2
0, otherwise.

A run of the truth value solver shows that T (X) = 0.7.

Example 6.14: Assume that ξ1, ξ2, ξ3, ξ4, ξ5 are independent uncertain propo-
sitions with truth values 0.1, 0.3, 0.5, 0.7, 0.9, respectively. Let

X = “only 4 propositions of ξ1, ξ2, ξ3, ξ4, ξ5 are true”. (6.37)

It is clear that the truth function is

f(x1, x2, x3, x4, x5) =

{
1, if x1 + x2 + x3 + x4 + x5 = 4
0, if x1 + x2 + x3 + x4 + x5 6= 4.

A run of the truth value solver shows that T (X) = 0.3.

Example 6.15: Assume that ξ1, ξ2, ξ3, ξ4, ξ5 are independent uncertain propo-
sitions with truth values 0.1, 0.3, 0.5, 0.7, 0.9, respectively. Let

X = “only odd number of propositions of ξ1, ξ2, ξ3, ξ4, ξ5 are true”. (6.38)

It is clear that the truth function is

f(x1, x2, x3, x4, x5) =

{
1, if x1 + x2 + x3 + x4 + x5 ∈ {1, 3, 5}
0, if x1 + x2 + x3 + x4 + x5 ∈ {0, 2, 4}.

A run of the truth value solver shows that T (X) = 0.5.



Chapter 7

Uncertain Entailment

Uncertain entailment, developed by Liu [131] in 2009, is a methodology for
calculating the truth value of an uncertain formula via the maximum uncer-
tainty principle when the truth values of other uncertain formulas are given.
In order to solve this problem, this chapter will introduce an entailment
model. As applications of uncertain entailment, this chapter will also discuss
modus ponens, modus tollens, and hypothetical syllogism.

7.1 Entailment Model

Assume ξ1, ξ2, · · · , ξn are independent uncertain propositions with unknown
truth values α1, α2, · · · , αn, respectively. Also assume that X1, X2, · · · , Xm

are uncertain formulas containing ξ1, ξ2, · · · , ξn with known truth values β1,
β2, · · · , βm, respectively. Now let X be an additional uncertain formula con-
taining ξ1, ξ2, · · · , ξn. What is the truth value of X?

This is just the uncertain entailment problem. In order to solve it, let us
consider what values α1, α2, · · · , αn may take. The first constraint is

0 ≤ αj ≤ 1, j = 1, 2, · · · , n. (7.1)

We also hope
T (Xi) = βi, i = 1, 2, · · · ,m (7.2)

where each T (Xi) (1 ≤ i ≤ m) is determined by the truth function fi as
follows,

T (Xi) =



sup
fi(x1,x2,··· ,xn)=1

min
1≤j≤n

νj(xj),

if sup
fi(x1,x2,··· ,xn)=1

min
1≤j≤n

νj(xj) < 0.5

1− sup
fi(x1,x2,··· ,xn)=0

min
1≤j≤n

νj(xj),

if sup
fi(x1,x2,··· ,xn)=1

min
1≤j≤n

νj(xj) ≥ 0.5

(7.3)
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and

νj(xj) =

{
αj , if xj = 1

1− αj , if xj = 0
(7.4)

for j = 1, 2, · · · , n.
Based on the truth values α1, α2, · · · , αn and truth function f , the truth

value of X is

T (X) =



sup
f(x1,x2,··· ,xn)=1

min
1≤j≤n

νj(xj),

if sup
f(x1,x2,··· ,xn)=1

min
1≤j≤n

νj(xj) < 0.5

1− sup
f(x1,x2,··· ,xn)=0

min
1≤j≤n

νj(xj),

if sup
f(x1,x2,··· ,xn)=1

min
1≤j≤n

νj(xj) ≥ 0.5.

(7.5)

Since the truth values α1, α2, · · · , αn are not uniquely determined, the truth
value T (X) is not unique too. For this case, we have to use the maximum
uncertainty principle to determine the truth value T (X). That is, T (X)
should be assigned the value as close to 0.5 as possible. In other words,
we should minimize the value |T (X)− 0.5| via choosing appreciate values of
α1, α2, · · · , αn.

In order to find the optimal solution (α1, α2, · · · , αn), Liu [131] presented
the following entailment model,

min |T (X)− 0.5|
subject to:

T (Xi) = βi, i = 1, 2, · · · ,m
0 ≤ αj ≤ 1, j = 1, 2, · · · , n

(7.6)

where T (X1), T (X2), · · · , T (Xm), T (X) are functions of α1, α2, · · · , αn via
(7.3) and (7.5).

If the entailment model (7.6) has no feasible solution, then the truth
values β1, β2, · · · , βm are inconsistent with each other. For this case, we
cannot entail anything on the uncertain formula X.

If the entailment model (7.6) has an optimal solution (α∗1, α
∗
2, · · · , α∗n),

then the truth value of X is just (7.5) with

νj(xj) =

{
α∗j , if xj = 1

1− α∗j , if xj = 0
(7.7)

for j = 1, 2, · · · , n.

Example 7.1: Let ξ1 and ξ2 be independent uncertain propositions with
unknown truth values α1 and α2, respectively. It is known that

T (ξ1 ∨ ξ2) = β1, T (ξ1 ∧ ξ2) = β2. (7.8)
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What is the truth value of ξ1 → ξ2? In order to answer this question, we
write

X1 = ξ1 ∨ ξ2, X2 = ξ1 ∧ ξ2, X = ξ1 → ξ2.

Then we have
T (X1) = α1 ∨ α2 = β1,

T (X2) = α1 ∧ α2 = β2,

T (X) = (1− α1) ∨ α2.

For this case, the entailment model (7.6) becomes

min |(1− α1) ∨ α2 − 0.5|
subject to:

α1 ∨ α2 = β1

α1 ∧ α2 = β2

0 ≤ α1 ≤ 1
0 ≤ α2 ≤ 1.

(7.9)

When β1 ≥ β2, there are only two feasible solutions (α1, α2) = (β1, β2) and
(α1, α2) = (β2, β1). If β1 + β2 < 1, the optimal solution produces

T (X) = (1− α∗1) ∨ α∗2 = 1− β1;

if β1 + β2 = 1, the optimal solution produces

T (X) = (1− α∗1) ∨ α∗2 = β1 or β2;

if β1 + β2 > 1, the optimal solution produces

T (X) = (1− α∗1) ∨ α∗2 = β2.

When β1 < β2, there is no feasible solution and the truth values are ill-
assigned. As a summary, we have

T (ξ1 → ξ2) =


1− β1, if β1 ≥ β2 and β1 + β2 < 1
β1 or β2, if β1 ≥ β2 and β1 + β2 = 1
β2, if β1 ≥ β2 and β1 + β2 > 1

illness, if β1 < β2.

(7.10)

Example 7.2: Let ξ1, ξ2, ξ3 be independent uncertain propositions with
unknown truth values α1, α2, α3, respectively. It is known that

T (ξ1 → ξ2) = β1, T (ξ2 → ξ3) = β2. (7.11)
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What is the truth value of ξ2? In order to answer this question, we write

X1 = ξ1 → ξ2, X2 = ξ2 → ξ3, X = ξ2.

Then we have
T (X1) = (1− α1) ∨ α2 = β1,

T (X2) = (1− α2) ∨ α3 = β2,

T (X) = α2.

For this case, the entailment model (7.6) becomes

min |α2 − 0.5|
subject to:

(1− α1) ∨ α2 = β1

(1− α2) ∨ α3 = β2

0 ≤ α1 ≤ 1
0 ≤ α2 ≤ 1
0 ≤ α3 ≤ 1.

(7.12)

The optimal solution (α∗1, α
∗
2, α

∗
3) produces

T (ξ2) =


β1, if β1 + β2 ≥ 1 and β1 < 0.5

1− β2, if β1 + β2 ≥ 1 and β2 < 0.5
0.5, if β1 ≥ 0.5 and β2 ≥ 0.5

illness, if β1 + β2 < 1.

(7.13)

Example 7.3: Let ξ1, ξ2, ξ3 be independent uncertain propositions with
unknown truth values α1, α2, α3, respectively. It is known that

T (ξ1 → ξ2) = β1, T (ξ1 → ξ3) = β2. (7.14)

What is the truth value of ξ1 → ξ2 ∧ ξ3? In order to answer this question,
we write

X1 = ξ1 → ξ2, X2 = ξ1 → ξ3, X = ξ1 → ξ2 ∧ ξ3.

Then we have
T (X1) = (1− α1) ∨ α2 = β1,

T (X2) = (1− α1) ∨ α3 = β2,

T (X) = (1− α1) ∨ (α2 ∧ α3).
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For this case, the entailment model (7.6) becomes

min |(1− α1) ∨ (α2 ∧ α3)− 0.5|
subject to:

(1− α1) ∨ α2 = β1

(1− α1) ∨ α3 = β2

0 ≤ α1 ≤ 1
0 ≤ α2 ≤ 1
0 ≤ α3 ≤ 1.

(7.15)

The optimal solution (α∗1, α
∗
2, α

∗
3) produces T (ξ1 → ξ2 ∧ ξ3) = β1 ∧ β2.

Example 7.4: Let ξ1, ξ2, ξ3 be independent uncertain propositions with
unknown truth values α1, α2, α3, respectively. It is known that

T (ξ1 → ξ2) = β1, T (ξ1 → ξ3) = β2. (7.16)

What is the truth value of ξ1 → ξ2 ∨ ξ3? In order to answer this question,
we write

X1 = ξ1 → ξ2, X2 = ξ1 → ξ3, X = ξ1 → ξ2 ∨ ξ3.

Then we have
T (X1) = (1− α1) ∨ α2 = β1,

T (X2) = (1− α1) ∨ α3 = β2,

T (X) = (1− α1) ∨ α2 ∨ α3.

For this case, the entailment model (7.6) becomes

min |(1− α1) ∨ α2 ∨ α3 − 0.5|
subject to:

(1− α1) ∨ α2 = β1

(1− α1) ∨ α3 = β2

0 ≤ α1 ≤ 1
0 ≤ α2 ≤ 1
0 ≤ α3 ≤ 1.

(7.17)

The optimal solution (α∗1, α
∗
2, α

∗
3) produces T (ξ1 → ξ2 ∨ ξ3) = β1 ∨ β2.

Example 7.5: Let ξ1, ξ2, ξ3 be independent uncertain propositions with
unknown truth values α1, α2, α3, respectively. It is known that

T (ξ1 → ξ3) = β1, T (ξ2 → ξ3) = β2. (7.18)
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What is the truth value of ξ1 ∨ ξ2 → ξ3? In order to answer this question,
we write

X1 = ξ1 → ξ3, X2 = ξ2 → ξ3, X = ξ1 ∨ ξ2 → ξ3.

Then we have
T (X1) = (1− α1) ∨ α3 = β1,

T (X2) = (1− α2) ∨ α3 = β2,

T (X) = (1− α1 ∨ α2) ∨ α3.

For this case, the entailment model (7.6) becomes

min |(1− α1 ∨ α2) ∨ α3 − 0.5|
subject to:

(1− α1) ∨ α3 = β1

(1− α2) ∨ α3 = β2

0 ≤ α1 ≤ 1
0 ≤ α2 ≤ 1
0 ≤ α3 ≤ 1.

(7.19)

The optimal solution (α∗1, α
∗
2, α

∗
3) produces T (ξ1 ∨ ξ2 → ξ3) = β1 ∧ β2.

Example 7.6: Let ξ1, ξ2, ξ3 be independent uncertain propositions with
unknown truth values α1, α2, α3, respectively. It is known that

T (ξ1 → ξ3) = β1, T (ξ2 → ξ3) = β2. (7.20)

What is the truth value of ξ1 ∧ ξ2 → ξ3? In order to answer this question,
we write

X1 = ξ1 → ξ3, X2 = ξ2 → ξ3, X = ξ1 ∧ ξ2 → ξ3.

Then we have
T (X1) = (1− α1) ∨ α3 = β1,

T (X2) = (1− α2) ∨ α3 = β2,

T (X) = (1− α1 ∧ α2) ∨ α3.

For this case, the entailment model (7.6) becomes

min |(1− α1 ∧ α2) ∨ α3 − 0.5|
subject to:

(1− α1) ∨ α3 = β1

(1− α2) ∨ α3 = β2

0 ≤ α1 ≤ 1
0 ≤ α2 ≤ 1
0 ≤ α3 ≤ 1.

(7.21)

The optimal solution (α∗1, α
∗
2, α

∗
3) produces T (ξ1 ∧ ξ2 → ξ3) = β1 ∨ β2.
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7.2 Modus Ponens

Classical modus ponens tells us that if both ξ and ξ → η are true, then η is
true. This section provides a version of modus ponens in the framework of
uncertain logic.

Theorem 7.1 (Liu [131], Modus Ponens) Let ξ and η be independent un-
certain propositions. Suppose ξ and ξ → η are two uncertain formulas with
truth values β1 and β2, respectively. Then the truth value of η is

T (η) =


β2, if β1 + β2 > 1

0.5 ∧ β2, if β1 + β2 = 1
illness, if β1 + β2 < 1.

(7.22)
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Figure 7.1: Modus Ponens

Proof: Denote the truth values of ξ and η by α1 and α2, respectively, and
write

X1 = ξ, X2 = ξ → η, X = η.

It is clear that
T (X1) = α1 = β1,

T (X2) = (1− α1) ∨ α2 = β2,

T (X) = α2.

For this case, the entailment model (7.6) becomes

min |α2 − 0.5|
subject to:

α1 = β1

(1− α1) ∨ α2 = β2

0 ≤ α1 ≤ 1
0 ≤ α2 ≤ 1.

(7.23)
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When β1 + β2 > 1, there is only one feasible solution and then the optimal
solution is

α∗1 = β1, α∗2 = β2.

Thus T (η) = α∗2 = β2. When β1 + β2 = 1, the feasible set is {β1} × [0, β2]
and the optimal solution is

α∗1 = β1, α∗2 = 0.5 ∧ β2.

Thus T (η) = α∗2 = 0.5 ∧ β2. When β1 + β2 < 1, there is no feasible solution
and the truth values are ill-assigned. The theorem is proved.

Remark 7.1: Different from the classical logic, the uncertain propositions
ξ and η in ξ → η are statements with some truth values rather than pure
statements. Thus the truth value of ξ → η is understood as

T (ξ → η) = (1− T (ξ)) ∨ T (η). (7.24)

Remark 7.2: Note that T (η) in (7.22) does not necessarily represent the
objective truth degree of η. For example, if T (ξ) is small, then T (η) is the
truth value that η might (not must) be true.

7.3 Modus Tollens

Classical modus tollens tells us that if ξ → η is true and η is false, then ξ is
false. This section provides a version of modus tollens in the framework of
uncertain logic.

Theorem 7.2 (Liu [131], Modus Tollens) Let ξ and η be independent un-
certain propositions. Suppose ξ → η and η are two uncertain formulas with
truth values β1 and β2, respectively. Then the truth value of ξ is

T (ξ) =


1− β1, if β1 > β2

(1− β1) ∨ 0.5, if β1 = β2

illness, if β1 < β2.

(7.25)

Proof: Denote the truth values of ξ and η by α1 and α2, respectively, and
write

X1 = ξ → η, X2 = η, X = ξ.

It is clear that
T (X1) = (1− α1) ∨ α2 = β1,

T (X2) = α2 = β2,

T (X) = α1.
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Figure 7.2: Modus Tollens

For this case, the entailment model (7.6) becomes

min |α1 − 0.5|
subject to:

(1− α1) ∨ α2 = β1

α2 = β2

0 ≤ α1 ≤ 1
0 ≤ α2 ≤ 1.

(7.26)

When β1 > β2, there is only one feasible solution and then the optimal
solution is

α∗1 = 1− β1, α∗2 = β2.

Thus T (ξ) = α∗1 = 1−β1. When β1 = β2, the feasible set is [1−β1, 1]×{β2}
and the optimal solution is

α∗1 = (1− β1) ∨ 0.5, α∗2 = β2.

Thus T (ξ) = α∗1 = (1− β1)∨ 0.5. When β1 < β2, there is no feasible solution
and the truth values are ill-assigned. The theorem is proved.

7.4 Hypothetical Syllogism

Classical hypothetical syllogism tells us that if both ξ → η and η → τ are
true, then ξ → τ is true. This section provides a version of hypothetical
syllogism in the framework of uncertain logic.

Theorem 7.3 (Liu [131], Hypothetical Syllogism) Let ξ, η, τ be independent
uncertain propositions. Suppose ξ → η and η → τ are two uncertain formulas
with truth values β1 and β2, respectively. Then the truth value of ξ → τ is

T (ξ → τ) =


β1 ∧ β2, if β1 ∧ β2 ≥ 0.5

0.5, if β1 + β2 ≥ 1 and β1 ∧ β2 < 0.5

illness, if β1 + β2 < 1.

(7.27)



164 Chapter 7 - Uncertain Entailment

................................................................................................................................................................................................................................................................ ...............

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

................

...............

0 1

1

β1

β2

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

................................................................................................................................................................................................................................................................................................................................................................................................................................................

..................................................................................................................................................................................

illness

β1 ∧ β2
0.5

0.5

Figure 7.3: Hypothetical Syllogism

Proof: Denote the truth values of ξ, η, τ by α1, α2, α3, respectively, and
write

X1 = ξ → η, X2 = η → τ, X = ξ → τ.

It is clear that
T (X1) = (1− α1) ∨ α2 = β1,

T (X2) = (1− α2) ∨ α3 = β2,

T (X) = (1− α1) ∨ α3.

For this case, the entailment model (7.6) becomes

min |(1− α1) ∨ α3 − 0.5|
subject to:

(1− α1) ∨ α2 = β1

(1− α2) ∨ α3 = β2

0 ≤ α1 ≤ 1
0 ≤ α2 ≤ 1
0 ≤ α3 ≤ 1.

(7.28)

When β1 ∧ β2 ≥ 0.5, we have

T (ξ → τ) = (1− α∗1) ∨ α∗3 = β1 ∧ β2.

When β1 + β2 ≥ 1 and β1 ∧ β2 < 0.5, we have

T (ξ → τ) = (1− α∗1) ∨ α∗3 = 0.5.

When β1 + β2 < 1, there is no feasible solution and the truth values are
ill-assigned. The theorem is proved.

7.5 Automatic Entailment Machine

Automatic Entailment Machine is a software for solving the entailment model.
This software may be downloaded from http://orsc.edu.cn/liu/resources.htm.

http://orsc.edu.cn/liu/resources.htm#AutomaticEntailmentMachine


Chapter 8

Uncertain Inference

Uncertain inference was proposed by Liu [130] in 2009 as a process of de-
riving consequences from uncertain knowledge or evidence via the tool of
conditional uncertainty. This chapter will introduce the concepts of uncer-
tain sets and matching degree, and provide some uncertain inference rules.
Finally, uncertain system and uncertain inference control are presented by
the tool of uncertain inference.

8.1 Uncertain Set

Before introducing uncertain inference, let us recall the concept of uncertain
set proposed by Liu [127] in 2007.

Definition 8.1 (Liu [127]) An uncertain set is a measurable function ξ from
an uncertainty space (Γ,L,M) to a collection of sets of real numbers, i.e., for
any Borel set B, the set

{γ ∈ Γ
∣∣ ξ(γ) ∩B 6= ∅} (8.1)

is an event.

Example 8.1: Let (Γ,L,M) be an uncertainty space with Γ = {γ1, γ2, γ3}.
Then the function

ξ(γ) =


[1, 3], if γ = γ1

[2, 4], if γ = γ2

[3, 5], if γ = γ3

is an uncertain set on (Γ,L,M).

Example 8.2: Let (Γ,L,M) be an uncertainty space. Then the function

ξ(γ) = [γ, γ + 1], ∀γ ∈ Γ
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is an uncertain set on (Γ,L,M).

Example 8.3: Let (Γ,L,M) be an uncertainty space with Γ = [0,+∞).
Then the function

ξ(γ) =
[
− 1

1 + γ2
,

1
1 + γ2

]
, ∀γ ∈ Γ

is an uncertain set on (Γ,L,M).

Definition 8.2 Let ξ and η be two uncertain sets on the uncertainty space
(Γ,L,M). Then the complement ξc of uncertain set ξ is

ξc(γ) = (ξ(γ))c, ∀γ ∈ Γ. (8.2)

The union ξ ∪ η of uncertain sets ξ and η is

(ξ ∪ η)(γ) = ξ(γ) ∪ η(γ), ∀γ ∈ Γ. (8.3)

The intersection ξ ∩ η of uncertain sets ξ and η is

(ξ ∩ η)(γ) = ξ(γ) ∩ η(γ), ∀γ ∈ Γ. (8.4)

It is clear that
ξ ∪ ξc ≡ <, ξ ∩ ξc ≡ ∅ (8.5)

for any uncertain set ξ.

Definition 8.3 An uncertain set ξ on (Γ,L,M) is said to have a first iden-
tification function λ(x) if

0 ≤ λ(x) ≤ sup
γ∈Γ

M{γ}, ∀x ∈ <, (8.6)

ξ(γ) =
{
x ∈ <

∣∣ λ(x) ≥M{γ}
}
, ∀γ ∈ Γ. (8.7)

It is not true that any uncertain set has its own first identification func-
tion. A necessary condition is that ξ(γ1) ⊂ ξ(γ2) whenever M{γ1} ≥M{γ2}.
In addition, a first identification function must meet the conditions

0 ≤ λ(x) ≤ 1, sup
x6=y

(λ(x) + λ(y)) = 1.

Definition 8.4 Let ξ be an uncertain set on (Γ,L,M). A conditional un-
certain set of ξ given B is a measurable function ξ|B from the conditional
uncertainty space (Γ,L,M{·|B}) to a collection of sets of real numbers such
that

ξ|B(γ) ≡ ξ(γ), ∀γ ∈ Γ (8.8)

in the sense of classical set theory.
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Figure 8.1: A First Identification Function

Definition 8.5 Let ξ be an uncertain set with a first identification function
λ. If λ is a unimodal function about x0 (i.e., increasing on (−∞, x0) and
decreasing on (x0,+∞)), then the expected value of ξ is

E[ξ] = x0 +
∫ +∞

x0

λ(x)dx−
∫ x0

−∞
λ(x)dx (8.9)

provided that at least one of the above integrals is finite.

Example 8.4: By a rectangular uncertain set we mean the uncertain set
fully determined by the pair (a, b) of crisp numbers with a < b, whose first
identification function is

λ(x) = 0.5, a ≤ x ≤ b.

The rectangular uncertain set ξ = (a, b) has an expected value

E[ξ] =
a+ b

2
.

Example 8.5: By a triangular uncertain set we mean the uncertain set fully
determined by the triplet (a, b, c) of crisp numbers with a < b < c, whose
first identification function is

λ(x) =


x− a

2(b− a)
, if a ≤ x ≤ b

x− c

2(b− c)
, if b ≤ x ≤ c.

The rectangular uncertain set ξ = (a, b, c) has an expected value

E[ξ] =
a+ 2b+ c

4
.
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Example 8.6: By a trapezoidal uncertain set we mean the uncertain set fully
determined by the quadruplet (a, b, c, d) of crisp numbers with a < b < c < d,
whose first identification function is

λ(x) =



x− a

2(b− a)
, if a ≤ x ≤ b

0.5, if b ≤ x ≤ c

x− d

2(c− d)
, if c ≤ x ≤ d.

The trapezoidal uncertain set ξ = (a, b, c, d) has an expected value

E[ξ] =
a+ b+ c+ d

4
.

8.2 Matching Degree

Let ξ and ξ∗ be two uncertain sets. In order to define the matching degree
that ξ∗ matches ξ, we first introduce the following symbols:

{ξ∗ ⊂ ξ} = {γ ∈ Γ
∣∣ ξ∗(γ) ⊂ ξ(γ)}, (8.10)

{ξ∗ ⊂ ξc} = {γ ∈ Γ
∣∣ ξ∗(γ) ⊂ ξ(γ)c}, (8.11)

{ξ∗ 6⊂ ξc} = {γ ∈ Γ
∣∣ ξ∗(γ) ∩ ξ(γ) 6= ∅}. (8.12)

ξ∗ 6⊂ ξc.............................................................................................................................................................................................................................................
..........................

..................
...............

............
...........
.........
.........
........
........
.........
.........
...........

............
...............

...................
..........................

............................................................................................................................................................................................................................................ ξ∗ ⊂ ξ...................................................................................................................................
.................

...........
.........
........
.........
...........

................
..................................

................................................................................................... ξ∗ ⊂ ξc ........
........
.........
..........
...........

.............
...................

..........................................................................................................................................................................................................................................................................
...............

............
..........
.........
.........
........
....

Figure 8.2: Inclusion Relationship between ξ and ξ∗

We would like to know the matching degree that ξ∗ is included in ξ. Note
that we cannot use the symbol “⊂” to represent the inclusion of uncertain
sets because the symbol has different meaning in classical set theory. Thus
we need a new symbol “ξ∗ B ξ” to represent the inclusion relation that reads
as “ξ∗ matches ξ”. An unassailable fact is

{ξ∗ ⊂ ξ} ⊂ {ξ∗ B ξ} ⊂ {ξ∗ 6⊂ ξc}. (8.13)

How do we determine the event ξ∗B ξ? The following definition answers this
question.
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Definition 8.6 Let ξ and ξ∗ be two uncertain sets. Then the event ξ∗ B ξ
(i.e., ξ∗ matches ξ) is defined as

{ξ∗ B ξ} =

{
{ξ∗ ⊂ ξ}, if M{ξ∗ ⊂ ξ} >M{ξ∗ ⊂ ξc}

{ξ∗ 6⊂ ξc}, if M{ξ∗ ⊂ ξ} ≤M{ξ∗ ⊂ ξc}.
(8.14)

When M{ξ∗ ⊂ ξ} >M{ξ∗ ⊂ ξc}, it follows from the self-duality of uncertain
measure that M{ξ∗ ⊂ ξ} > 1−M{ξ∗ 6⊂ ξc}, i.e.,

0.5−M{ξ∗ ⊂ ξ} <M{ξ∗ 6⊂ ξc} − 0.5.

Thus we take the event {ξ∗ ⊂ ξ} because M{ξ∗ ⊂ ξ} is more closed to 0.5
than M{ξ∗ 6⊂ ξc}. When M{ξ∗ ⊂ ξ} ≤ M{ξ∗ ⊂ ξc}, it follows from the
self-duality of uncertain measure that M{ξ∗ ⊂ ξ} ≤ 1−M{ξ∗ 6⊂ ξc}, i.e.,

0.5−M{ξ∗ ⊂ ξ} ≥M{ξ∗ 6⊂ ξc} − 0.5.

Thus we take the event {ξ∗ 6⊂ ξc} because M{ξ∗ 6⊂ ξc} is more closed to 0.5
than M{ξ∗ ⊂ ξ}. That is, we take the event of {ξ∗ ⊂ ξ} or {ξ∗ 6⊂ ξc} such
that its uncertain measure is as closed to 0.5 as possible. This idea coincides
with the maximum uncertainty principle.

Definition 8.7 Let ξ and ξ∗ be two uncertain sets. Then the matching degree
of ξ∗ B ξ is defined as

M{ξ∗ B ξ} =

{
M{ξ∗ ⊂ ξ}, if M{ξ∗ ⊂ ξ} >M{ξ∗ ⊂ ξc}

M{ξ∗ 6⊂ ξc}, if M{ξ∗ ⊂ ξ} ≤M{ξ∗ ⊂ ξc}.
(8.15)

Theorem 8.1 Let ξ and ξ∗ be independent uncertain sets with first identifi-
cation functions λ and λ∗, respectively. If λ and λ∗ are continuous functions,
then

M{ξ∗ B ξ} =


sup
x∈<

λ(x) ∧ λ∗(x), if sup
x∈<

λ(x) ∧ λ∗(x) < 0.5

1− sup
x∈<

{λ(x)|λ(x) < λ∗(x)}, if sup
x∈<

λ(x) ∧ λ∗(x) = 0.5.

Proof: The argument breaks down into two cases. Case 1: If

sup
x∈<

λ(x) ∧ λ∗(x) < 0.5,

then we have
M{ξ∗ 6⊂ ξc} = sup

x∈<
λ(x) ∧ λ∗(x) < 0.5

immediately. Since {ξ∗ ⊂ ξ} ⊂ {ξ∗ 6⊂ ξc} and {ξ∗ 6⊂ ξc} = {ξ∗ ⊂ ξc}c, we
get

M{ξ∗ ⊂ ξ} ≤M{ξ∗ 6⊂ ξc} < 0.5 < 1−M{ξ∗ 6⊂ ξc} = M{ξ∗ ⊂ ξc}.
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Hence by using Definition 8.7, the matching degree is

M{ξ∗ B ξ} = M{ξ∗ 6⊂ ξc} = sup
x∈<

λ(x) ∧ λ∗(x).

Case 2: If
sup
x∈<

λ(x) ∧ λ∗(x) = 0.5,

then M {ξ∗ ⊂ ξc} = M{∅} = 0. Thus M{ξ∗ ⊂ ξ} ≥ M{ξ∗ ⊂ ξc}, and by
using Definition 8.7, the matching degree is

M{ξ∗ B ξ} = M{ξ∗ ⊂ ξ} = 1−M{ξ∗ 6⊂ ξ} = 1− sup
x∈<

{λ(x)|λ(x) < λ∗(x)} .

The theorem is proved.

Example 8.7: Let ξ be an uncertain set with first identification function
λ, and let a be a constant. If λ is a continuous function, then by using
Theorem 8.1, we have

M{aB ξ} =

{
λ(a), if λ(a) < 0.5

1, if λ(a) = 0.5.

8.3 Inference Rule

Let X and Y be two concepts. It is assumed that we only have a rule “if X
is ξ then Y is η” where ξ and η are two uncertain sets. We first have the
following inference rule.

Inference Rule 8.1 (Liu [130]) Let X and Y be two concepts. Assume a
rule “if X is an uncertain set ξ then Y is an uncertain set η”. From X is an
uncertain set ξ∗ we infer that Y is an uncertain set

η∗ = η|ξ∗Bξ (8.16)

which is the conditional uncertain set of η given ξ∗ B ξ. The inference rule
is represented by

Rule: If X is ξ then Y is η
From: X is ξ∗

Infer: Y is η∗ = η|ξ∗Bξ

(8.17)

Theorem 8.2 Let ξ, ξ∗ and η be independent uncertain sets with first iden-
tification functions λ, λ∗ and ν, respectively. If λ, λ∗ and ν are continuous
functions, then inference rule 8.1 yields that η∗ has a first identification func-
tion

ν∗(y) =


ν(y)

sup
x∈<

λ(x) ∧ λ∗(x)
∧ 0.5, if sup

x∈<
λ(x) ∧ λ∗(x) < 0.5

ν(y)
1− sup

x∈<
{λ(x)|λ(x) < λ∗(x)}

∧ 0.5, if sup
x∈<

λ(x) ∧ λ∗(x) = 0.5.
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Proof: On the one hand, from the continuity of λ, λ∗ and ν, we immediately
have

sup
x∈<

λ(x) = sup
x∈<

λ∗(x) = sup
y∈<

ν(y) = sup
y∈<

ν∗(y) = 0.5.

On the other hand, both definition of conditional uncertainty and indepen-
dence of uncertain sets produce

M{y ∈ η|ξ∗ B ξ} =


M{y ∈ η}
M{ξ∗ B ξ}

, if
M{y ∈ η}
M{ξ∗ B ξ}

< 0.5

1− M{y 6∈ η}
M{ξ∗ B ξ}

, if
M{y 6∈ η}
M{ξ∗ B ξ}

< 0.5

0.5, otherwise.

It follows from inference rule 8.1 that

ν∗(y) =
M{y ∈ η}
M{ξ∗ B ξ}

∧ 0.5

for any y ∈ <. By using Theorem 8.1, we have

M{y ∈ η} =

{
ν(y), if ν(y) < 0.5

1, if ν(y) = 0.5.

Thus for any y ∈ <, we have

ν∗(y) =
ν(y)

M{ξ∗ B ξ}
∧ 0.5.

Now the argument breaks down into two cases. Case 1: If

sup
x∈<

λ(x) ∧ λ∗(x) < 0.5,

then by using Theorem 8.1, the matching degree is

M{ξ∗ B ξ} = sup
x∈<

λ(x) ∧ λ∗(x),

and for this case we obtain

ν∗(y) =
ν(y)

sup
x∈<

λ(x) ∧ λ∗(x)
∧ 0.5.

Case 2: If
sup
x∈<

λ(x) ∧ λ∗(x) = 0.5,

then by using Theorem 8.1, the matching degree is

M{ξ∗ B ξ} = 1− sup
x∈<

{λ(x)|λ(x) < λ∗(x)} .
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For this case, we obtain

ν∗(y) =
ν(y)

1− sup
x∈<

{λ(x)|λ(x) < λ∗(x)}
∧ 0.5.

The theorem is proved. Note that if supλ(x) ∧ λ∗(x) = 0, then we set
ν∗(y) ≡ 0.5. This means that “if nothing is known then anything is possible”.
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Figure 8.3: Graphical Illustration of Inference Rule

Example 8.8: Let ξ, ξ∗ and η be independent uncertain sets with first
identification functions λ, λ∗ and ν, respectively. If λ∗(x) ≤ λ(x) for all x,
then ξ∗ matches ξ completely, and inference rule 8.1 yields that η∗ has a first
identification function

ν∗(y) ≡ ν(y).

Example 8.9: Let ξ and η be independent uncertain sets with first identi-
fication functions λ and ν, respectively. If λ and ν are continuous functions
and ξ∗ is a constant a, then inference rule 8.1 yields that η∗ has a first
identification function

ν∗(y) =


ν(y)
λ(a)

∧ 0.5, if λ(a) < 0.5

ν(y), if λ(a) = 0.5.

8.4 Inference Rule with Multiple Antecedents

Inference Rule 8.2 (Gao and Ralescu [44]) Let X, Y and Z be three con-
cepts. Assume a rule “if X is an uncertain set ξ and Y is an uncertain set
η then Z is an uncertain set τ”. From X is an uncertain set ξ∗ and Y is an
uncertain set η∗ we infer that Z is an uncertain set

τ∗ = τ |(ξ∗Bξ)∩(η∗Bη) (8.18)
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which is the conditional uncertain set of τ given ξ∗ B ξ and η∗ B η. The
inference rule is represented by

Rule: If X is ξ and Y is η then Z is τ
From: X is ξ∗ and Y is η∗

Infer: Z is τ∗ = τ |(ξ∗Bξ)∩(η∗Bη)

(8.19)

Theorem 8.3 Let ξ, ξ∗, η, η∗, τ be independent uncertain sets with continu-
ous first identification functions λ, λ∗, µ, µ∗, ν, respectively. Then inference
rule 8.2 yields that τ∗ has a first identification function

ν∗(z) =



ν(z)
sup
x∈<

λ(x) ∧ λ∗(x) ∧ sup
y∈<

µ(y) ∧ µ∗(y)
∧ 0.5,

if sup
x∈<

λ(x) ∧ λ∗(x) ∧ sup
y∈<

µ(y) ∧ µ∗(y) < 0.5

ν(z)
1− sup

x∈<
{λ(x)|λ(x) < λ∗(x)} ∨ sup

y∈<
{µ(y)|µ(y) < µ∗(y)}

∧ 0.5,

if sup
x∈<

λ(x) ∧ λ∗(x) ∧ sup
y∈<

µ(y) ∧ µ∗(y) = 0.5.

Proof: It follows from inference rule 8.2 that the uncertain set τ∗ has a first
identification function

ν∗(z) =
M{z ∈ τ}

M{(ξ∗ B ξ) ∩ (η∗ B η)}
∧ 0.5

for z ∈ <. Note that

M{z ∈ τ} =

{
ν(z), if ν(z) < 0.5

1, if ν(z) = 0.5.

Thus for any z ∈ <, we have

ν∗(z) =
ν(z)

M{(ξ∗ B ξ) ∩ (η∗ B η)}
∧ 0.5.

Now the argument breaks down into two cases. Case 1: If

sup
x∈<

λ(x) ∧ λ∗(x) ∧ sup
y∈<

µ(y) ∧ µ∗(y) < 0.5,

then the matching degree is

M{(ξ∗ B ξ) ∩ (η∗ B η)} = sup
x∈<

λ(x) ∧ λ∗(x) ∧ sup
y∈<

µ(y) ∧ µ∗(y),

and for this case we obtain

ν∗(z) =
ν(z)

sup
x∈<

λ(x) ∧ λ∗(x) ∧ sup
y∈<

µ(y) ∧ µ∗(y)
∧ 0.5.
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Case 2: If
sup
x∈<

λ(x) ∧ λ∗(x) ∧ sup
y∈<

µ(y) ∧ µ∗(y) = 0.5,

then the matching degree is

M{(ξ∗Bξ)∩(η∗Bη)} = 1−sup
x∈<

{λ(x)|λ(x) < λ∗(x)}∨sup
y∈<

{µ(y)|µ(y) < µ∗(y)} .

For this case, we obtain

ν∗(z) =
ν(z)

1− sup
x∈<

{λ(x)|λ(x) < λ∗(x)} ∨ sup
y∈<

{µ(y)|µ(y) < µ∗(y)}
∧ 0.5.

The theorem is proved.

Example 8.10: Let ξ, ξ∗, η, η∗ and τ be independent uncertain sets with
first identification functions λ, λ∗, µ, µ∗ and ν, respectively. If λ∗(x) ≤ λ(x)
for all x and µ∗(y) ≤ µ(y) for all y, then ξ∗ matches ξ and η∗ matches
η completely, and inference rule 8.2 yields that τ∗ has a first identification
function

ν∗(z) ≡ ν(z).

Example 8.11: Let ξ, η, τ be independent uncertain sets with continuous
first identification functions λ, µ, ν, respectively. If ξ∗ is a constant a and η∗

is a constant b, then inference rule 8.2 yields that τ∗ has a first identification
function

ν∗(z) =


ν(z)

λ(a) ∧ µ(b)
∧ 0.5, if λ(a) ∧ µ(b) < 0.5

ν(z), if λ(a) ∧ µ(b) = 0.5.

8.5 Inference Rule with Multiple If-Then Rules

Inference Rule 8.3 (Gao [46]) Let X and Y be two concepts. Assume two
rules “if X is an uncertain set ξ1 then Y is an uncertain set η1” and “if X is
an uncertain set ξ2 then Y is an uncertain set η2”. From X is an uncertain
set ξ∗ we infer that Y is an uncertain set

η∗ =
M{ξ∗ B ξ1} · η1|ξ∗Bξ1

M{ξ∗ B ξ1}+M{ξ∗ B ξ2}
+

M{ξ∗ B ξ2} · η2|ξ∗Bξ2

M{ξ∗ B ξ1}+M{ξ∗ B ξ2}
. (8.20)

The inference rule is represented by

Rule 1: If X is ξ1 then Y is η1
Rule 2: If X is ξ2 then Y is η2
From: X is ξ∗

Infer: Y is η∗ determined by (8.20)

(8.21)
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Theorem 8.4 Let ξ1, ξ2, η1, η2, ξ∗ be independent uncertain sets with contin-
uous first identification functions λ1, λ2, ν1, ν2, λ

∗, respectively. Then infer-
ence rule 8.3 yields

η∗ =
c1

c1 + c2
η∗1 +

c2
c1 + c2

η∗2 (8.22)

where c1 and c2 are constants determined by

c1 =


sup
x∈<

λ1(x) ∧ λ∗(x), if sup
x∈<

λ1(x) ∧ λ∗(x) < 0.5

1− sup
x∈<

{λ1(x)|λ1(x) < λ∗(x)}, if sup
x∈<

λ1(x) ∧ λ∗(x) = 0.5,

c2 =


sup
x∈<

λ2(x) ∧ λ∗(x), if sup
x∈<

λ2(x) ∧ λ∗(x) < 0.5

1− sup
x∈<

{λ2(x)|λ2(x) < λ∗(x)}, if sup
x∈<

λ2(x) ∧ λ∗(x) = 0.5

and η∗1 and η∗2 are uncertain sets whose first identification functions are re-
spectively given by

ν∗1 (z) =


ν1(z)

sup
x∈<

λ1(x) ∧ λ∗(x)
∧ 0.5, if sup

x∈<
λ1(x) ∧ λ∗(x) < 0.5

ν1(z)
1− sup

x∈<
{λ1(x)|λ1(x) < λ∗(x)}

∧ 0.5, if sup
x∈<

λ1(x) ∧ λ∗(x) = 0.5,

ν∗2 (z) =


ν2(z)

sup
x∈<

λ2(x) ∧ λ∗(x)
∧ 0.5, if sup

x∈<
λ2(x) ∧ λ∗(x) < 0.5

ν2(z)
1− sup

x∈<
{λ2(x)|λ2(x) < λ∗(x)}

∧ 0.5, if sup
x∈<

λ2(x) ∧ λ∗(x) = 0.5.

Proof: It follows from inference rule 8.3 that the uncertain set η∗ is just

η∗ =
M{ξ∗ B ξ1} · η1|ξ∗Bξ1

M{ξ∗ B ξ1}+M{ξ∗ B ξ2}
+

M{ξ∗ B ξ2} · η2|ξ∗Bξ2

M{ξ∗ B ξ1}+M{ξ∗ B ξ2}
.

By using Theorem 8.1, the values M{ξ∗ B ξ1} and M{ξ∗ B ξ2} are just c1
and c2, respectively. By using Theorem 8.2, the uncertain sets η1|ξ∗Bξ1 and
η2|ξ∗Bξ2 have first identification functions ν∗1 and ν∗2 , respectively. Thus the
theorem is verified.

Example 8.12: Let ξ1, ξ2, η1, η2 be independent uncertain sets with contin-
uous first identification functions λ1, λ2, ν1, ν2, respectively, and let ξ∗ degen-
erate to a constant a. Then inference rule 8.3 yields

η∗ =
c1

c1 + c2
η∗1 +

c2
c1 + c2

η∗2 (8.23)
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where c1 and c2 are constants determined by

c1 =

{
λ1(a), if λ1(a) < 0.5

1, if λ1(a) = 0.5,
(8.24)

c2 =

{
λ2(a), if λ2(a) < 0.5

1, if λ2(a) = 0.5
(8.25)

and η∗1 and η∗2 are uncertain sets whose first identification functions are re-
spectively given by

ν∗1 (z) =


ν1(z)
λ1(a)

∧ 0.5, if λ1(a) < 0.5

ν1(z), if λ1(a) = 0.5,
(8.26)

ν∗2 (z) =


ν2(z)
λ2(a)

∧ 0.5, if λ2(a) < 0.5

ν2(z), if λ2(a) = 0.5.
(8.27)

8.6 General Inference Rule

Inference Rule 8.4 Let X1,X2, · · · ,Xm be concepts. Assume rules “if X1

is ξi1 and · · · and Xm is ξim then Y is ηi” for i = 1, 2, · · · , k. From X1 is ξ∗1
and · · · and Xm is ξ∗m we infer that Y is an uncertain set

η∗ =
k∑

i=1

ci · ηi|(ξ∗1Bξi1)∩(ξ∗2Bξi2)∩···∩(ξ∗mBξim)

c1 + c2 + · · ·+ ck
(8.28)

where the coefficients are determined by

ci = M {(ξ∗1 B ξi1) ∩ (ξ∗2 B ξi2) ∩ · · · ∩ (ξ∗m B ξim)} (8.29)

for i = 1, 2, · · · , k. The inference rule is represented by

Rule 1: If X1 is ξ11 and · · · and Xm is ξ1m then Y is η1
Rule 2: If X1 is ξ21 and · · · and Xm is ξ2m then Y is η2

· · ·
Rule k: If X1 is ξk1 and · · · and Xm is ξkm then Y is ηk

From: X1 is ξ∗1 and · · · and Xm is ξ∗m
Infer: Y is η∗ determined by (8.28)

(8.30)

Theorem 8.5 Assume ξi1, ξi2, · · · , ξim, ηi, ξ
∗
1 , ξ

∗
2 , · · · , ξ∗m are independent un-

certain sets with continuous first identification functions λi1, λi2, · · · , λim, νi,
λ∗1, λ

∗
2, · · · , λ∗m, i = 1, 2, · · · , k, respectively. Then inference rule 8.4 yields

η∗ =
k∑

i=1

ci · η∗i
c1 + c2 + · · ·+ ck

(8.31)
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where ci are constants determined by

ci =



min
1≤l≤m

sup
x∈<

λil(x) ∧ λ∗l (x),

if min
1≤l≤m

sup
x∈<

λil(x) ∧ λ∗l (x) < 0.5

1− max
1≤l≤m

sup
x∈<

{λil(x)|λil(x) < λ∗l (x)},

if min
1≤l≤m

sup
x∈<

λil(x) ∧ λ∗l (x) = 0.5

(8.32)

and η∗i are uncertain sets whose first identification functions are given by

ν∗i (z) =



νi(z)
min

1≤l≤m
sup
x∈<

λil(x) ∧ λ∗l (x)
∧ 0.5,

if min
1≤l≤m

sup
x∈<

λil(x) ∧ λ∗l (x) < 0.5

νi(z)
1− max

1≤l≤m
sup
x∈<

{λil(x)|λil(x) < λ∗l (x)}
∧ 0.5,

if min
1≤l≤m

sup
x∈<

λil(x) ∧ λ∗l (x) = 0.5

(8.33)

for i = 1, 2, · · · , k, respectively. Note that η∗1 , η
∗
2 , · · · , η∗k are not necessarily

independent.

Proof: For each i, since ξ∗1 B ξi1, ξ
∗
2 B ξi2, · · · , ξ∗m B ξim are independent

events, we immediately have

M


m⋂

j=1

(ξ∗j B ξij)

 = min
1≤j≤m

M{ξ∗j B ξij}.

From the above equation, we may prove that (8.32) and (8.33) hold. Hence
the theorem is verified by inference rule 8.4 immediately.

Example 8.13: Let ξi1, ξi2, · · · , ξim, ηi be independent uncertain sets with
continuous first identification functions λi1, λi2, · · · , λim, νi, i = 1, 2, · · · , k,
respectively. If ξ∗1 , ξ

∗
2 , · · · , ξ∗m degenerate to constants a1, a2, · · · , am, respec-

tively, then inference rule 8.4 yields

η∗ =
k∑

i=1

ci · η∗i
c1 + c2 + · · ·+ ck

(8.34)

where ci are constants determined by

ci =


min

1≤l≤m
λil(al), if min

1≤l≤m
λil(al) < 0.5

1, if min
1≤l≤m

λil(al) = 0.5
(8.35)
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and η∗i are uncertain sets whose first identification functions are given by

ν∗i (z) =


νi(z)

min
1≤l≤m

λil(al)
∧ 0.5, if min

1≤l≤m
λil(al) < 0.5

νi(z), if min
1≤l≤m

λil(al) = 0.5
(8.36)

for i = 1, 2, · · · , k, respectively. For this case, the uncertain sets η∗1 , η
∗
2 , · · · , η∗k

are independent.

8.7 Uncertain System

By an uncertain system we mean a function from its inputs to outputs based
on uncertain inference rule. For simplicity, we assume there are m determin-
istic inputs α1, α2, · · · , αm, and n deterministic outputs β1, β2, · · · , βn. At
first, we infer n uncertain sets η∗1 , η

∗
2 , · · · , η∗n from the m deterministic inputs

by the rule-base (i.e., a set of if-then rules),

If ξ11 and ξ12 and· · · and ξ1m then η11 and η12 and· · · and η1n

If ξ21 and ξ22 and· · · and ξ2m then η21 and η22 and· · · and η2n

· · ·
If ξk1 and ξk2 and· · · and ξkm then ηk1 and ηk2 and· · · and ηkn

(8.37)

and the inference rule

η∗j =
k∑

i=1

ci · ηij |(α1Bξi1)∩(α2Bξi2)∩···∩(αmBξim)

c1 + c2 + · · ·+ ck
(8.38)

for j = 1, 2, · · · , n, where the coefficients are determined by

ci = M {(α1 B ξi1) ∩ (α2 B ξi2) ∩ · · · ∩ (αm B ξim)} (8.39)

for i = 1, 2, · · · , k. Thus we obtain

βj = E[η∗j ] (8.40)

for j = 1, 2, · · · , n. Until now we have constructed a function from inputs
α1, α2, · · · , αm to outputs β1, β2, · · · , βn. Write this function by f , i.e.,

(β1, β2, · · · , βn) = f(α1, α2, · · · , αm). (8.41)

Then we get an uncertain system f .

Theorem 8.6 Assume that ξi1, ξi2, · · · , ξim, ηi1, ηi2, · · · , ηin are independent
uncertain sets with continuous first identification functions λi1, λi2, · · · , λim,
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Figure 8.4: An Uncertain System

νi1, νi2, · · · , νin, i = 1, 2, · · · , k, respectively. Then the uncertain system from
(α1, α2, · · · , αm) to (β1, β2, · · · , βn) is

βj =
k∑

i=1

ci · E[η∗ij ]
c1 + c2 + · · ·+ ck

(8.42)

for j = 1, 2, · · · , n, where ci are constants determined by

ci =


min

1≤l≤m
λil(αl), if min

1≤l≤m
λil(αl) < 0.5

1, if min
1≤l≤m

λil(αl) = 0.5
(8.43)

and η∗ij are uncertain sets whose first identification functions are given by

ν∗ij(z) =


νij(z)

min
1≤l≤m

λil(αl)
∧ 0.5, if min

1≤l≤m
λil(αl) < 0.5

νij(z), if min
1≤l≤m

λil(αl) = 0.5
(8.44)

for i = 1, 2, · · · , k, j = 1, 2, · · · , n, respectively.

Proof: It follows from inference rule 8.4 that the uncertain sets η∗j are

η∗j =
k∑

i=1

ci · η∗ij
c1 + c2 + · · ·+ ck

for j = 1, 2, · · · , n. Since η∗ij , i = 1, 2, · · · , k, j = 1, 2, · · · , n are independent
uncertain sets, we get the theorem immediately by the linearity of expected
value operator.

Remark 8.1: The uncertain system allows the uncertain sets ηij in the
rule-base (8.37) become constants bij , i.e.,

ηij = bij (8.45)

for i = 1, 2, · · · , k and j = 1, 2, · · · , n. For this case, the uncertain system
(8.42) becomes

βj =
k∑

i=1

ci · bij
c1 + c2 + · · ·+ ck

(8.46)
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for j = 1, 2, · · · , n.

Remark 8.2: The uncertain system allows the uncertain sets ηij in the
rule-base (8.37) become functions hij of inputs α1, α2, · · · , αm, i.e.,

ηij = hij(α1, α2, · · · , αm) (8.47)

for i = 1, 2, · · · , k and j = 1, 2, · · · , n. For this case, the uncertain system
(8.42) becomes

βj =
k∑

i=1

ci · hij(α1, α2, · · · , αm)
c1 + c2 + · · ·+ ck

(8.48)

for j = 1, 2, · · · , n.

Uncertain Systems are Universal Approximators

Theorem 8.7 For any given continuous function g on a compact set D ⊂
<m and any given ε > 0, there exists an uncertain system f such that

sup
(α1,α2,··· ,αm)∈D

‖f(α1, α2, · · · , αm)− g(α1, α2, · · · , αm)‖ < ε. (8.49)

8.8 Uncertain Inference Control

By an uncertain inference controller we mean a controller based on uncer-
tain inference rule. Figure 8.5 shows an uncertain inference control system
consisting of an uncertain inference controller and a process. Note that t
represents time, α1(t), α2(t), · · · , αm(t) are not only the inputs of uncertain
inference controller but also the outputs of process, and β1(t), β2(t), · · · , βn(t)
are not only the outputs of uncertain inference controller but also the inputs
of process.
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Figure 8.5: An Uncertain Inference Control System
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8.9 Inverted Pendulum

Inverted pendulum system is a nonlinear unstable system that is widely used
as a benchmark for testing control algorithms. Many good techniques already
exist for balancing inverted pendulum. It is possible to use an uncertain
inference controller to balance an inverted pendulum.

8.10 Autonomous Vehicle

8.11 Temperature Control





Chapter 9

Supplements

This chapter introduces the generalized law of excluded middle and the max-
imum uncertainty principle that have been used in this book. This chapter
also provides a brief history of evolution of measures and discusses why un-
certainty theory is more reasonable than fuzzy set theory. Finally, we answer
the question “what is uncertainty”.

9.1 Generalized Law of Excluded Middle

The law of excluded middle tells us that a proposition is either true or false,
and the law of contradiction tells us that a proposition cannot be both true
and false.

In the state of uncertainty, some people said, the law of excluded middle
is no longer valid because the truth degree of a proposition is no longer 0
or 1. I cannot gainsay this viewpoint to a certain extent. But it does not
mean that you might “go as you please”. I think at least the generalized law
of excluded middle should be valid in the state of uncertainty. That is, the
truth degree should meet

M{Λ}+M{Λc} = 1

for each proposition Λ. In other words, the generalized law of excluded
middle is nothing but the self-duality property. Although the generalized
law of excluded middle is not just the classical one, both of them agree with
each other when the uncertainty vanishes, i.e., when M{Λ} tends to 0 or 1.

9.2 Maximum Uncertainty Principle

An event has no uncertainty if its measure is 1 (or 0) because we may believe
that the event occurs (or not). An event is the most uncertain if its measure
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is 0.5 because the event and its complement may be regarded as “equally
likely”.

In practice, if there is no information about the measure of an event,
we should assign 0.5 to it. Sometimes, only partial information is available.
For this case, the value of measure may be specified in some range. What
value does the measure take? For the safety purpose, we should assign it the
value as close to 0.5 as possible. This is the maximum uncertainty principle
proposed by Liu [127].

Maximum Uncertainty Principle: For any event, if there are multiple
reasonable values that an uncertain measure may take, then the value as close
to 0.5 as possible is assigned to the event.

Example 9.1: Let Λ be an event. Based on some given information, the
measure value M{Λ} is on the interval [a, b]. By using the maximum uncer-
tainty principle, we should assign

M{Λ} =


a, if 0.5 < a ≤ b

0.5, if a ≤ 0.5 ≤ b

b, if a ≤ b < 0.5.

9.3 Evolution of Measures

Let us begin with the technical term “event” in uncertainty theory, or equiv-
alently, “proposition” in logic. The following are examples of event,

“It will rain tomorrow”;
“Tianjin is not far from Beijing”.

Perhaps we are accustomed to assigning to each event two state symbols, true
or false, to represent the truth degree of the event. However, starting with
Aristotle’s epoch, it was observed that such a two-valued assignment has its
shortages. Today, it is well-known that the truth degree may be assigned
any values between 0 and 1, where 0 represents “completely false” and 1
represents “completely true”. The higher the truth degree is, the more true
the event is.

It is clear that there are multiple assignment ways. This fact has resulted
in several types of measure, for example,

1933: Probability Measure (A.N. Kolmogoroff);
1954: Capacity (G. Choquet);
1974: Fuzzy Measure (M. Sugeno);
1978: Possibility Measure (L.A. Zadeh);
2002: Credibility Measure (B. Liu and Y. Liu);
2007: Uncertain Measure (B. Liu).
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Probability Measure

A classical measure is essentially a set function satisfying nonnegativity and
countable additivity axioms. In order to deal with randomness, Kolmogo-
roff (1933) defined a probability measure as a special classical measure with
normality axiom. That is, the following three axioms must be satisfied:
Axiom 1. (Normality) Pr{Ω} = 1 for the universal set Ω.
Axiom 2. (Nonnegativity) Pr{A} ≥ 0 for any event A.
Axiom 3. (Countable Additivity) For every countable sequence of mutually
disjoint events {Ai}, we have

Pr

{ ∞⋃
i=1

Ai

}
=

∞∑
i=1

Pr{Ai}. (9.1)

A lot of surveys showed that probability measure is successful in physical
systems but not applicable to human systems.

Capacity

In order to deal with human systems, the additivity axiom seems too strong.
The earliest challenge was from the theory of capacities by Choquet (1954)
in which only monotonicity and continuity axioms were assumed. However,
capacity is inconsistent with the law of excluded middle.

Fuzzy Measure

Sugeno (1974) generalized classical measure theory to fuzzy measure theory
by replacing additivity axiom with weaker axioms of monotonicity and semi-
continuity. However, fuzzy measure is inconsistent with the law of excluded
middle.

Possibility Measure

In order to deal with fuzziness, Zadeh (1978) proposed a possibility measure
that satisfies the following axioms:

Axiom 1. (Normality) Pos{Θ} = 1 for the universal set Θ.
Axiom 1. (Nonnegativity) Pos{∅} = 0 for the empty set ∅.
Axiom 3. (Maximality) For every sequence of events {Ai}, we have

Pos

{ ∞⋃
i=1

Ai

}
=

∞∨
i=1

Pos{Ai}. (9.2)

Unfortunately, possibility measure is inconsistent with the law of excluded
middle.
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Credibility Measure

In order to overcome the shortage of possibility measure, Liu and Liu (2002)
presented a credibility measure that may be defined by the following four
axioms:

Axiom 1. (Normality) Cr{Θ} = 1 for the universal set Θ.
Axiom 2. (Monotonicity) Cr{A} ≤ Cr{B} whenever A ⊂ B.
Axiom 3. (Self-Duality) Cr{A}+ Cr{Ac} = 1 for any event A.
Axiom 4. (Maximality) For every sequence of events {Ai}, we have

Cr

{ ∞⋃
i=1

Ai

}
=

∞∨
i=1

Cr{Ai}, if
∞∨

i=1

Cr{Ai} < 0.5. (9.3)

Although credibility measure assumes the self-duality axiom and is consistent
with the law of excluded middle, it seems that there is no phenomena in the
real world behaving fuzziness. This issue will be discussed in next section.

Uncertain Measure

In order to deal with uncertainty in human systems, Liu (2007) presented an
uncertain measure based on the following four axioms:
Axiom 1. (Normality) M{Γ} = 1 for the universal set Γ.
Axiom 2. (Monotonicity) M{Λ1} ≤M{Λ2} whenever Λ1 ⊂ Λ2.
Axiom 3. (Self-Duality) M{Λ}+M{Λc} = 1 for any event Λ.
Axiom 4. (Countable Subadditivity) For every countable sequence of events
{Λi}, we have

M

{ ∞⋃
i=1

Λi

}
≤

∞∑
i=1

M{Λi}. (9.4)

Uncertain measure is neither a completely additive measure nor a completely
nonadditive measure. In fact, uncertain measure is a “partially additive
measure” because of its self-duality. One advantage of uncertain measure is
the well consistency with the law of excluded middle.

9.4 Uncertainty or Fuzziness?

The essential differentia between fuzziness and uncertainty is that the former
assumes

Pos{A ∪B} = Pos{A} ∨ Pos{B}

or equivalently,

Cr{A ∪B} = Cr{A} ∨ Cr{B}, if Cr{A} ∨ Cr{B} < 0.5
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for any events A and B no matter if they are independent or not, and the
latter assumes

M{A ∪B} = M{A} ∨M{B}

only for independent events A and B. However, a lot of surveys showed that
the measure of union of events is not necessarily the maximum measure, i.e.,

M{A ∪B} 6= M{A} ∨M{B}

when the events A and B are not independent. This fact states that human
systems do not behave fuzziness and the tool of membership function is no
longer helpful. Fuzziness is an extremely special but non-practical case of
uncertainty. This is the main reason why we need the uncertainty theory.

9.5 What is Uncertainty?

Now we are arriving at the end of this book. Perhaps some readers may
complain that I never clarify what uncertainty is. In fact, I really have no
idea how to use natural language to define uncertainty clearly, and I think
all existing definitions by natural language are specious. A very personal
and ultra viewpoint is that the words like randomness, fuzziness, roughness,
vagueness, greyness, and uncertainty are nothing but ambiguity of human
language!

However, fortunately, some “mathematical scales” have been invented
to measure the truth degree of an event, for example, probability measure,
capacity, fuzzy measure, possibility measure, credibility measure as well as
uncertain measure. All of those measures may be defined clearly and precisely
by axiomatic methods.

Let us go back to the first question “what is uncertainty”. Perhaps we can
answer it this way. If it happened that some phenomena can be quantified
by uncertain measure, then we call the phenomena “uncertainty”. In other
words, uncertainty is any concept that satisfies the axioms of uncertainty
theory. Thus there are various valid possibilities (e.g., a personal belief de-
gree) to interpret uncertainty theory. Could you agree with me? I hope that
uncertainty theory may play a mathematical model of uncertainty in your
own problem.





Appendix A

Probability Theory

Probability theory is a branch of mathematics for studying the behavior of
random phenomena. The emphasis in this appendix is mainly on probabil-
ity space, random variable, probability distribution, independence, expected
value, variance, moments, critical values, entropy and conditional probabil-
ity. The main results in this appendix are well-known. For this reason the
credit references are not provided.

A.1 Probability Space

Let Ω be a nonempty set, and A a σ-algebra over Ω. If Ω is countable, usually
A is the power set of Ω. If Ω is uncountable, for example Ω = [0, 1], usually
A is the Borel algebra of Ω. Each element in A is called an event. In order
to present an axiomatic definition of probability, it is necessary to assign to
each event A a number Pr{A} which indicates the probability that A will
occur. In order to ensure that the number Pr{A} has certain mathematical
properties which we intuitively expect a probability to have, the following
three axioms must be satisfied:

Axiom 1. (Normality) Pr{Ω} = 1.

Axiom 2. (Nonnegativity) Pr{A} ≥ 0 for any event A.

Axiom 3. (Countable Additivity) For every countable sequence of mutually
disjoint events {Ai}, we have

Pr

{ ∞⋃
i=1

Ai

}
=

∞∑
i=1

Pr{Ai}. (A.1)

Definition A.1 The set function Pr is called a probability measure if it sat-
isfies the normality, nonnegativity, and countable additivity axioms.
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Example A.1: Let Ω = {ω1, ω2, · · · }, and let A be the power set of Ω.
Assume that p1, p2, · · · are nonnegative numbers such that p1 + p2 + · · · = 1.
Define a set function on A as

Pr{A} =
∑

ωi∈A

pi, A ∈ A. (A.2)

Then Pr is a probability measure.

Example A.2: Let φ be a nonnegative and integrable function on < (the
set of real numbers) such that ∫

<
φ(x)dx = 1. (A.3)

Then for any Borel set A, the set function

Pr{A} =
∫

A

φ(x)dx (A.4)

is a probability measure on <.

Theorem A.1 Let Ω be a nonempty set, A a σ-algebra over Ω, and Pr a
probability measure. Then we have
(a) Pr is self-dual, i.e., Pr{A}+ Pr{Ac} = 1 for any A ∈ A;
(b) Pr is increasing, i.e., Pr{A} ≤ Pr{B} whenever A ⊂ B.

Proof: (a) Since A and Ac are disjoint events and A ∪ Ac = Ω, we have
Pr{A}+ Pr{Ac} = Pr{Ω} = 1. (b) Since A ⊂ B, we have B = A∪ (B ∩Ac),
where A and B∩Ac are disjoint events. Therefore Pr{B} = Pr{A}+Pr{B∩
Ac} ≥ Pr{A}.

Probability Continuity Theorem

Theorem A.2 (Probability Continuity Theorem) Let Ω be a nonempty set,
A a σ-algebra over Ω, and Pr a probability measure. If A1, A2, · · · ∈ A and
limi→∞Ai exists, then

lim
i→∞

Pr{Ai} = Pr
{

lim
i→∞

Ai

}
. (A.5)

Proof: Step 1: Suppose {Ai} is an increasing sequence. Write Ai → A and
A0 = ∅. Then {Ai\Ai−1} is a sequence of disjoint events and

∞⋃
i=1

(Ai\Ai−1) = A,
k⋃

i=1

(Ai\Ai−1) = Ak
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for k = 1, 2, · · · Thus we have

Pr{A} = Pr
{ ∞⋃

i=1

(Ai\Ai−1)
}

=
∞∑

i=1

Pr {Ai\Ai−1}

= lim
k→∞

k∑
i=1

Pr {Ai\Ai−1} = lim
k→∞

Pr
{

k⋃
i=1

(Ai\Ai−1)
}

= lim
k→∞

Pr{Ak}.

Step 2: If {Ai} is a decreasing sequence, then the sequence {A1\Ai} is
clearly increasing. It follows that

Pr{A1} − Pr{A} = Pr
{

lim
i→∞

(A1\Ai)
}

= lim
i→∞

Pr {A1\Ai}

= Pr{A1} − lim
i→∞

Pr{Ai}

which implies that Pr{Ai} → Pr{A}.
Step 3: If {Ai} is a sequence of events such that Ai → A, then for each

k, we have
∞⋂

i=k

Ai ⊂ Ak ⊂
∞⋃

i=k

Ai.

Since Pr is increasing, we have

Pr

{ ∞⋂
i=k

Ai

}
≤ Pr{Ak} ≤ Pr

{ ∞⋃
i=k

Ai

}
.

Note that
∞⋂

i=k

Ai ↑ A,
∞⋃

i=k

Ai ↓ A.

It follows from Steps 1 and 2 that Pr{Ai} → Pr{A}.

Probability Space

Definition A.2 Let Ω be a nonempty set, A a σ-algebra over Ω, and Pr a
probability measure. Then the triplet (Ω,A,Pr) is called a probability space.

Example A.3: Let Ω = {ω1, ω2, · · · }, A the power set of Ω, and Pr a
probability measure defined by (A.2). Then (Ω,A,Pr) is a probability space.

Example A.4: Let Ω = [0, 1], A the Borel algebra over Ω, and Pr the
Lebesgue measure. Then ([0, 1],A,Pr) is a probability space, and sometimes
is called Lebesgue unit interval. For many purposes it is sufficient to use it
as the basic probability space.



192 Appendix A - Probability Theory

Product Probability Space

Let (Ωi,Ai,Pri), i = 1, 2, · · · , n be probability spaces, and Ω = Ω1 × Ω2 ×
· · · × Ωn, A = A1 × A2 × · · · × An. Note that the probability measures
Pri, i = 1, 2, · · · , n are finite. It follows from the classical measure theory
that there is a unique measure Pr on A such that

Pr{A1 ×A2 × · · · ×An} = Pr1{A1} × Pr2{A2} × · · · × Prn{An}

for any Ai ∈ Ai, i = 1, 2, · · · , n. This conclusion is called the product proba-
bility theorem. The measure Pr is also a probability measure since

Pr{Ω} = Pr1{Ω1} × Pr2{Ω2} × · · · × Prn{Ωn} = 1.

Such a probability measure is called the product probability measure, denoted
by Pr = Pr1 × Pr2 × · · · × Prn.

Definition A.3 Let (Ωi,Ai,Pri), i = 1, 2, · · · , n be probability spaces, and
Ω = Ω1×Ω2×· · ·×Ωn, A = A1×A2×· · ·×An, Pr = Pr1×Pr2× · · ·×Prn.
Then the triplet (Ω,A,Pr) is called the product probability space.

A.2 Random Variable

Definition A.4 A random variable is a measurable function from a proba-
bility space (Ω,A,Pr) to the set of real numbers, i.e., for any Borel set B of
real numbers, the set

{ξ ∈ B} = {ω ∈ Ω
∣∣ ξ(ω) ∈ B} (A.6)

is an event.

Example A.5: Take (Ω,A,Pr) to be {ω1, ω2} with Pr{ω1} = Pr{ω2} = 0.5.
Then the function

ξ(ω) =

{
0, if ω = ω1

1, if ω = ω2

is a random variable.

Example A.6: Take (Ω,A,Pr) to be the interval [0, 1] with Borel algebra
and Lebesgue measure. We define ξ as an identity function from Ω to [0,1].
Since ξ is a measurable function, it is a random variable.

Example A.7: A deterministic number c may be regarded as a special ran-
dom variable. In fact, it is the constant function ξ(ω) ≡ c on the probability
space (Ω,A,Pr).

Definition A.5 Let ξ1 and ξ2 be random variables defined on the probability
space (Ω,A,Pr). We say ξ1 = ξ2 if ξ1(ω) = ξ2(ω) for almost all ω ∈ Ω.
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Random Vector

Definition A.6 An n-dimensional random vector is a measurable function
from a probability space (Ω,A,Pr) to the set of n-dimensional real vectors,
i.e., for any Borel set B of <n, the set

{ξ ∈ B} =
{
ω ∈ Ω

∣∣ ξ(ω) ∈ B
}

(A.7)

is an event.

Theorem A.3 The vector (ξ1, ξ2, · · · , ξn) is a random vector if and only if
ξ1, ξ2, · · · , ξn are random variables.

Proof: Write ξ = (ξ1, ξ2, · · · , ξn). Suppose that ξ is a random vector on the
probability space (Ω,A,Pr). For any Borel set B of <, the set B × <n−1 is
also a Borel set of <n. Thus we have

{ξ1 ∈ B} = {ξ1 ∈ B, ξ2 ∈ <, · · · , ξn ∈ <} = {ξ ∈ B ×<n−1} ∈ A

which implies that ξ1 is a random variable. A similar process may prove that
ξ2, ξ3, · · · , ξn are random variables. Conversely, suppose that all ξ1, ξ2, · · · , ξn
are random variables on the probability space (Ω,A,Pr). We define

B =
{
B ⊂ <n

∣∣ {ξ ∈ B} ∈ A} .
The vector ξ = (ξ1, ξ2, · · · , ξn) is proved to be a random vector if we can
prove that B contains all Borel sets of <n. First, the class B contains all
open intervals of <n because{

ξ ∈
n∏

i=1

(ai, bi)

}
=

n⋂
i=1

{ξi ∈ (ai, bi)} ∈ A.

Next, the class B is a σ-algebra of <n because (i) we have <n ∈ B since
{ξ ∈ <n} = Ω ∈ A; (ii) if B ∈ B, then {ξ ∈ B} ∈ A, and

{ξ ∈ Bc} = {ξ ∈ B}c ∈ A

which implies that Bc ∈ B; (iii) if Bi ∈ B for i = 1, 2, · · · , then {ξ ∈ Bi} ∈ A
and {

ξ ∈
∞⋃

i=1

Bi

}
=

∞⋃
i=1

{ξ ∈ Bi} ∈ A

which implies that ∪iBi ∈ B. Since the smallest σ-algebra containing all
open intervals of <n is just the Borel algebra of <n, the class B contains all
Borel sets of <n. The theorem is proved.
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Random Arithmetic

In this subsections, we will suppose that all random variables are defined on a
common probability space. Otherwise, we may embed them into the product
probability space.

Definition A.7 Let f : <n → < be a measurable function, and ξ1, ξ2, · · · , ξn
random variables defined on the probability space (Ω,A,Pr). Then ξ =
f(ξ1, ξ2, · · · , ξn) is a random variable defined by

ξ(ω) = f(ξ1(ω), ξ2(ω), · · · , ξn(ω)), ∀ω ∈ Ω. (A.8)

Example A.8: Let ξ1 and ξ2 be random variables on the probability space
(Ω,A,Pr). Then their sum is

(ξ1 + ξ2)(ω) = ξ1(ω) + ξ2(ω), ∀ω ∈ Ω

and their product is

(ξ1 × ξ2)(ω) = ξ1(ω)× ξ2(ω), ∀ω ∈ Ω.

The reader may wonder whether ξ(ω1, ω2, · · · , ωn) defined by (A.7) is a
random variable. The following theorem answers this question.

Theorem A.4 Let ξ be an n-dimensional random vector, and f : <n → <
a measurable function. Then f(ξ) is a random variable.

Proof: Assume that ξ is a random vector on the probability space (Ω,A,Pr).
For any Borel set B of <, since f is a measurable function, f−1(B) is also a
Borel set of <n. Thus we have

{f(ξ) ∈ B} =
{
ξ ∈ f−1(B)

}
∈ A

which implies that f(ξ) is a random variable.

A.3 Probability Distribution

Definition A.8 The probability distribution Φ: < → [0, 1] of a random vari-
able ξ is defined by

Φ(x) = Pr {ξ ≤ x} . (A.9)

That is, Φ(x) is the probability that the random variable ξ takes a value less
than or equal to x.

Example A.9: Take (Ω,A,Pr) to be {ω1, ω2} with Pr{ω1} = Pr{ω2} = 0.5.
We now define a random variable as follows,

ξ(ω) =
{
−1, if ω = ω1

1, if ω = ω2.
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Then ξ has a probability distribution

Φ(x) =


0, if x < −1

0.5, if − 1 ≤ x < 1
1, if x ≥ 1.

Theorem A.5 (Sufficient and Necessary Condition for Probability Distri-
bution) A function Φ : < → [0, 1] is a probability distribution if and only if it
is an increasing and right-continuous function with

lim
x→−∞

Φ(x) = 0; lim
x→+∞

Φ(x) = 1. (A.10)

Proof: For any x, y ∈ < with x < y, we have

Φ(y)− Φ(x) = Pr{x < ξ ≤ y} ≥ 0.

Thus the probability distribution Φ is increasing. Next, let {εi} be a sequence
of positive numbers such that εi → 0 as i → ∞. Then, for every i ≥ 1, we
have

Φ(x+ εi)− Φ(x) = Pr{x < ξ ≤ x+ εi}.

It follows from the probability continuity theorem that

lim
i→∞

Φ(x+ εi)− Φ(x) = Pr{∅} = 0.

Hence Φ is a right-continuous function. Finally,

lim
x→−∞

Φ(x) = lim
x→−∞

Pr{ξ ≤ x} = Pr{∅} = 0,

lim
x→+∞

Φ(x) = lim
x→+∞

Pr{ξ ≤ x} = Pr{Ω} = 1.

Conversely, it is known there is a unique probability measure Pr on the Borel
algebra over < such that Pr{(−∞, x]} = Φ(x) for all x ∈ <. Furthermore,
it is easy to verify that the random variable defined by ξ(x) = x from the
probability space (<,A,Pr) to < has the probability distribution Φ.

Probability Density Function

Definition A.9 The probability density function φ: < → [0,+∞) of a ran-
dom variable ξ is a function such that

Φ(x) =
∫ x

−∞
φ(y)dy (A.11)

holds for all x ∈ <, where Φ is the probability distribution of the random
variable ξ.
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Theorem A.6 (Probability Inversion Theorem) Let ξ be a random variable
whose probability density function φ exists. Then for any Borel set B of <,
we have

Pr{ξ ∈ B} =
∫

B

φ(y)dy. (A.12)

Proof: Let C be the class of all subsets C of < for which the relation

Pr{ξ ∈ C} =
∫

C

φ(y)dy (A.13)

holds. We will show that C contains all Borel sets of <. It follows from
the probability continuity theorem and relation (A.13) that C is a monotone
class. It is also clear that C contains all intervals of the form (−∞, a], (a, b],
(b,∞) and ∅ since

Pr{ξ ∈ (−∞, a]} = Φ(a) =
∫ a

−∞
φ(y)dy,

Pr{ξ ∈ (b,+∞)} = Φ(+∞)− Φ(b) =
∫ +∞

b

φ(y)dy,

Pr{ξ ∈ (a, b]} = Φ(b)− Φ(a) =
∫ b

a

φ(y)dy,

Pr{ξ ∈ ∅} = 0 =
∫
∅
φ(y)dy

where Φ is the probability distribution of ξ. Let F be the algebra consisting of
all finite unions of disjoint sets of the form (−∞, a], (a, b], (b,∞) and ∅. Note
that for any disjoint sets C1, C2, · · · , Cm of F and C = C1 ∪ C2 ∪ · · · ∪ Cm,
we have

Pr{ξ ∈ C} =
m∑

j=1

Pr{ξ ∈ Cj} =
m∑

j=1

∫
Cj

φ(y)dy =
∫

C

φ(y)dy.

That is, C ∈ C. Hence we have F ⊂ C. Since the smallest σ-algebra containing
F is just the Borel algebra of <, the monotone class theorem implies that C
contains all Borel sets of <.

Some Special Distributions

Uniform Distribution: A random variable ξ has a uniform distribution if
its probability density function is defined by

φ(x) =
1

b− a
, a ≤ x ≤ b. (A.14)

where a and b are given real numbers with a < b.
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Exponential Distribution: A random variable ξ has an exponential dis-
tribution if its probability density function is defined by

φ(x) =
1
β

exp
(
−x
β

)
, x ≥ 0 (A.15)

where β is a positive number.

Normal Distribution: A random variable ξ has a normal distribution if
its probability density function is defined by

φ(x) =
1

σ
√

2π
exp

(
− (x− µ)2

2σ2

)
, x ∈ < (A.16)

where µ and σ are real numbers.

A.4 Independence

Definition A.10 The random variables ξ1, ξ2, · · · , ξm are said to be inde-
pendent if

Pr

{
m⋂

i=1

{ξi ∈ Bi}

}
=

m∏
i=1

Pr{ξi ∈ Bi} (A.17)

for any Borel sets B1, B2, · · · , Bm of <.

Theorem A.7 Let ξi be random variables with probability distributions Φi,
i = 1, 2, · · · ,m, respectively, and Φ the probability distribution of the random
vector (ξ1, ξ2, · · · , ξm). Then ξ1, ξ2, · · · , ξm are independent if and only if

Φ(x1, x2, · · · , xm) = Φ1(x1)Φ2(x2) · · ·Φm(xm) (A.18)

for all (x1, x2, · · · , xm) ∈ <m.

Proof: If ξ1, ξ2, · · · , ξm are independent random variables, then we have

Φ(x1, x2, · · · , xm) = Pr{ξ1 ≤ x1, ξ2 ≤ x2, · · · , ξm ≤ xm}
= Pr{ξ1 ≤ x1}Pr{ξ2 ≤ x2} · · ·Pr{ξm ≤ xm}
= Φ1(x1)Φ2(x2) · · ·Φm(xm)

for all (x1, x2, · · · , xm) ∈ <m. Conversely, assume that (A.18) holds. Let
x2, x3, · · · , xm be fixed real numbers, and C the class of all subsets C of <
for which the relation

Pr{ξ1 ∈ C, ξ2 ≤ x2, · · · , ξm ≤ xm} = Pr{ξ1 ∈ C}
m∏

i=2

Pr{ξi ≤ xi} (A.19)

holds. We will show that C contains all Borel sets of <. It follows from
the probability continuity theorem and relation (A.19) that C is a monotone
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class. It is also clear that C contains all intervals of the form (−∞, a], (a, b],
(b,∞) and ∅. Let F be the algebra consisting of all finite unions of disjoint
sets of the form (−∞, a], (a, b], (b,∞) and ∅. Note that for any disjoint sets
C1, C2, · · · , Ck of F and C = C1 ∪ C2 ∪ · · · ∪ Ck, we have

Pr{ξ1 ∈ C, ξ2 ≤ x2, · · · , ξm ≤ xm}

=
m∑

j=1

Pr{ξ1 ∈ Cj , ξ2 ≤ x2, · · · , ξm ≤ xm}

= Pr{ξ1 ∈ C}Pr{ξ2 ≤ x2} · · ·Pr{ξm ≤ xm}.
That is, C ∈ C. Hence we have F ⊂ C. Since the smallest σ-algebra containing
F is just the Borel algebra of <, the monotone class theorem implies that C
contains all Borel sets of <. Applying the same reasoning to each ξi in turn,
we obtain the independence of the random variables.

Theorem A.8 Let ξi be random variables with probability density functions
φi, i = 1, 2, · · · ,m, respectively, and φ the probability density function of the
random vector (ξ1, ξ2, · · · , ξm). Then ξ1, ξ2, · · · , ξm are independent if and
only if

φ(x1, x2, · · · , xm) = φ1(x1)φ2(x2) · · ·φm(xm) (A.20)
for almost all (x1, x2, · · · , xm) ∈ <m.

Proof: If φ(x1, x2, · · · , xm) = φ1(x1)φ2(x2) · · ·φm(xm) a.e., then we have

Φ(x1, x2, · · · , xm) =
∫ x1

−∞

∫ x2

−∞
· · ·
∫ xm

−∞
φ(t1, t2, · · · , tm)dt1dt2 · · ·dtm

=
∫ x1

−∞

∫ x2

−∞
· · ·
∫ xm

−∞
φ1(t1)φ2(t2) · · ·φm(tm)dt1dt2 · · ·dtm

=
∫ x1

−∞
φ1(t1)dt1

∫ x2

−∞
φ2(t2)dt2 · · ·

∫ xm

−∞
φm(tm)dtm

= Φ1(x1)Φ2(x2) · · ·Φm(xm)

for all (x1, x2, · · · , xm) ∈ <m. Thus ξ1, ξ2, · · · , ξm are independent. Con-
versely, if ξ1, ξ2, · · · , ξm are independent, then for any (x1, x2, · · · , xm) ∈ <m,
we have Φ(x1, x2, · · · , xm) = Φ1(x1)Φ2(x2) · · ·Φm(xm). Hence

Φ(x1, x2, · · · , xm) =
∫ x1

−∞

∫ x2

−∞
· · ·
∫ xm

−∞
φ1(t1)φ2(t2) · · ·φm(tm)dt1dt2 · · ·dtm

which implies that φ(x1, x2, · · · , xm) = φ1(x1)φ2(x2) · · ·φm(xm) a.e.

Example A.10: Let ξ1, ξ2, · · · , ξm be independent random variables with
probability density functions φ1, φ2, · · · , φm, respectively, and f : <m →
< a measurable function. Then for any Borel set B of real numbers, the
probability Pr{f(ξ1, ξ2, · · · , ξm) ∈ B} is∫ ∫

· · ·
∫

f(x1,x2,··· ,xm)∈B

φ1(x1)φ2(x2) · · ·φm(xm)dx1dx2 · · ·dxm.
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A.5 Expected Value

Definition A.11 Let ξ be a random variable. Then the expected value of ξ
is defined by

E[ξ] =
∫ +∞

0

Pr{ξ ≥ r}dr −
∫ 0

−∞
Pr{ξ ≤ r}dr (A.21)

provided that at least one of the two integrals is finite.

Example A.11: Assume that ξ is a discrete random variable taking values
xi with probabilities pi, i = 1, 2, · · · ,m, respectively. It follows from the
definition of expected value operator that

E[ξ] =
m∑

i=1

pixi.

Theorem A.9 Let ξ be a random variable whose probability density function
φ exists. If the Lebesgue integral∫ +∞

−∞
xφ(x)dx

is finite, then we have

E[ξ] =
∫ +∞

−∞
xφ(x)dx. (A.22)

Proof: It follows from Definition A.11 and Fubini Theorem that

E[ξ] =
∫ +∞

0

Pr{ξ ≥ r}dr −
∫ 0

−∞
Pr{ξ ≤ r}dr

=
∫ +∞

0

[∫ +∞

r

φ(x)dx
]

dr −
∫ 0

−∞

[∫ r

−∞
φ(x)dx

]
dr

=
∫ +∞

0

[∫ x

0

φ(x)dr
]

dx−
∫ 0

−∞

[∫ 0

x

φ(x)dr
]

dx

=
∫ +∞

0

xφ(x)dx+
∫ 0

−∞
xφ(x)dx

=
∫ +∞

−∞
xφ(x)dx.

The theorem is proved.
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Theorem A.10 Let ξ be a random variable with probability distribution Φ.
If the Lebesgue-Stieltjes integral∫ +∞

−∞
xdΦ(x)

is finite, then we have

E[ξ] =
∫ +∞

−∞
xdΦ(x). (A.23)

Proof: Since the Lebesgue-Stieltjes integral
∫ +∞
−∞ xdΦ(x) is finite, we imme-

diately have

lim
y→+∞

∫ y

0

xdΦ(x) =
∫ +∞

0

xdΦ(x), lim
y→−∞

∫ 0

y

xdΦ(x) =
∫ 0

−∞
xdΦ(x)

and

lim
y→+∞

∫ +∞

y

xdΦ(x) = 0, lim
y→−∞

∫ y

−∞
xdΦ(x) = 0.

It follows from∫ +∞

y

xdΦ(x) ≥ y

(
lim

z→+∞
Φ(z)− Φ(y)

)
= y(1− Φ(y)) ≥ 0, if y > 0,

∫ y

−∞
xdΦ(x) ≤ y

(
Φ(y)− lim

z→−∞
Φ(z)

)
= yΦ(y) ≤ 0, if y < 0

that
lim

y→+∞
y (1− Φ(y)) = 0, lim

y→−∞
yΦ(y) = 0.

Let 0 = x0 < x1 < x2 < · · · < xn = y be a partition of [0, y]. Then we have

n−1∑
i=0

xi (Φ(xi+1)− Φ(xi)) →
∫ y

0

xdΦ(x)

and
n−1∑
i=0

(1− Φ(xi+1))(xi+1 − xi) →
∫ y

0

Pr{ξ ≥ r}dr

as max{|xi+1 − xi| : i = 0, 1, · · · , n− 1} → 0. Since

n−1∑
i=0

xi (Φ(xi+1)− Φ(xi))−
n−1∑
i=0

(1− Φ(xi+1))(xi+1 − xi) = y(Φ(y)− 1) → 0

as y → +∞. This fact implies that∫ +∞

0

Pr{ξ ≥ r}dr =
∫ +∞

0

xdΦ(x).
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A similar way may prove that

−
∫ 0

−∞
Pr{ξ ≤ r}dr =

∫ 0

−∞
xdΦ(x).

Thus (A.23) is verified by the above two equations.

Linearity of Expected Value Operator

Theorem A.11 Let ξ and η be random variables with finite expected values.
Then for any numbers a and b, we have

E[aξ + bη] = aE[ξ] + bE[η]. (A.24)

Proof: Step 1: We first prove that E[ξ + b] = E[ξ] + b for any real number
b. When b ≥ 0, we have

E[ξ + b] =
∫ ∞

0

Pr{ξ + b ≥ r}dr −
∫ 0

−∞
Pr{ξ + b ≤ r}dr

=
∫ ∞

0

Pr{ξ ≥ r − b}dr −
∫ 0

−∞
Pr{ξ ≤ r − b}dr

= E[ξ] +
∫ b

0

(Pr{ξ ≥ r − b}+ Pr{ξ < r − b}) dr

= E[ξ] + b.

If b < 0, then we have

E[ξ + b] = E[ξ]−
∫ 0

b

(Pr{ξ ≥ r − b}+ Pr{ξ < r − b}) dr = E[ξ] + b.

Step 2: We prove that E[aξ] = aE[ξ] for any real number a. If a = 0,
then the equation E[aξ] = aE[ξ] holds trivially. If a > 0, we have

E[aξ] =
∫ ∞

0

Pr{aξ ≥ r}dr −
∫ 0

−∞
Pr{aξ ≤ r}dr

=
∫ ∞

0

Pr
{
ξ ≥ r

a

}
dr −

∫ 0

−∞
Pr
{
ξ ≤ r

a

}
dr

= a

∫ ∞

0

Pr
{
ξ ≥ r

a

}
d
( r
a

)
− a

∫ 0

−∞
Pr
{
ξ ≤ r

a

}
d
( r
a

)
= aE[ξ].
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If a < 0, we have

E[aξ] =
∫ ∞

0

Pr{aξ ≥ r}dr −
∫ 0

−∞
Pr{aξ ≤ r}dr

=
∫ ∞

0

Pr
{
ξ ≤ r

a

}
dr −

∫ 0

−∞
Pr
{
ξ ≥ r

a

}
dr

= a

∫ ∞

0

Pr
{
ξ ≥ r

a

}
d
( r
a

)
− a

∫ 0

−∞
Pr
{
ξ ≤ r

a

}
d
( r
a

)
= aE[ξ].

Step 3: We prove that E[ξ + η] = E[ξ] + E[η] when both ξ and η
are nonnegative simple random variables taking values a1, a2, · · · , am and
b1, b2, · · · , bn, respectively. Then ξ + η is also a nonnegative simple random
variable taking values ai + bj , i = 1, 2, · · · ,m, j = 1, 2, · · · , n. Thus we have

E[ξ + η] =
m∑

i=1

n∑
j=1

(ai + bj) Pr{ξ = ai, η = bj}

=
m∑

i=1

n∑
j=1

ai Pr{ξ = ai, η = bj}+
m∑

i=1

n∑
j=1

bj Pr{ξ = ai, η = bj}

=
m∑

i=1

ai Pr{ξ = ai}+
n∑

j=1

bj Pr{η = bj}

= E[ξ] + E[η].

Step 4: We prove that E[ξ + η] = E[ξ] + E[η] when both ξ and η are
nonnegative random variables. For every i ≥ 1 and every ω ∈ Ω, we define

ξi(ω) =


k − 1

2i
, if

k − 1
2i

≤ ξ(ω) <
k

2i
, k = 1, 2, · · · , i2i

i, if i ≤ ξ(ω),

ηi(ω) =


k − 1

2i
, if

k − 1
2i

≤ η(ω) <
k

2i
, k = 1, 2, · · · , i2i

i, if i ≤ η(ω).

Then {ξi}, {ηi} and {ξi + ηi} are three sequences of nonnegative simple
random variables such that ξi ↑ ξ, ηi ↑ η and ξi + ηi ↑ ξ + η as i→∞. Note
that the functions Pr{ξi > r}, Pr{ηi > r}, Pr{ξi + ηi > r}, i = 1, 2, · · · are
also simple. It follows from the probability continuity theorem that

Pr{ξi > r} ↑ Pr{ξ > r}, ∀r ≥ 0

as i→∞. Since the expected value E[ξ] exists, we have

E[ξi] =
∫ +∞

0

Pr{ξi > r}dr →
∫ +∞

0

Pr{ξ > r}dr = E[ξ]
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as i→∞. Similarly, we may prove that E[ηi] → E[η] and E[ξi+ηi] → E[ξ+η]
as i→∞. It follows from Step 3 that E[ξ + η] = E[ξ] + E[η].

Step 5: We prove that E[ξ+η] = E[ξ]+E[η] when ξ and η are arbitrary
random variables. Define

ξi(ω) =

{
ξ(ω), if ξ(ω) ≥ −i
−i, otherwise,

ηi(ω) =

{
η(ω), if η(ω) ≥ −i
−i, otherwise.

Since the expected values E[ξ] and E[η] are finite, we have

lim
i→∞

E[ξi] = E[ξ], lim
i→∞

E[ηi] = E[η], lim
i→∞

E[ξi + ηi] = E[ξ + η].

Note that (ξi + i) and (ηi + i) are nonnegative random variables. It follows
from Steps 1 and 4 that

E[ξ + η] = lim
i→∞

E[ξi + ηi]

= lim
i→∞

(E[(ξi + i) + (ηi + i)]− 2i)

= lim
i→∞

(E[ξi + i] + E[ηi + i]− 2i)

= lim
i→∞

(E[ξi] + i+ E[ηi] + i− 2i)

= lim
i→∞

E[ξi] + lim
i→∞

E[ηi]

= E[ξ] + E[η].

Step 6: The linearity E[aξ + bη] = aE[ξ] + bE[η] follows immediately
from Steps 2 and 5. The theorem is proved.

Product of Independent Random Variables

Theorem A.12 Let ξ and η be independent random variables with finite
expected values. Then the expected value of ξη exists and

E[ξη] = E[ξ]E[η]. (A.25)

Proof: Step 1: We first prove the case where both ξ and η are nonnega-
tive simple random variables taking values a1, a2, · · · , am and b1, b2, · · · , bn,
respectively. Then ξη is also a nonnegative simple random variable taking
values aibj , i = 1, 2, · · · ,m, j = 1, 2, · · · , n. It follows from the independence
of ξ and η that

E[ξη] =
m∑

i=1

n∑
j=1

aibj Pr{ξ = ai, η = bj}

=
m∑

i=1

n∑
j=1

aibj Pr{ξ = ai}Pr{η = bj}

=
(

m∑
i=1

ai Pr{ξ = ai}
)(

n∑
j=1

bj Pr{η = bj}

)
= E[ξ]E[η].
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Step 2: Next we prove the case where ξ and η are nonnegative random
variables. For every i ≥ 1 and every ω ∈ Ω, we define

ξi(ω) =


k − 1

2i
, if

k − 1
2i

≤ ξ(ω) <
k

2i
, k = 1, 2, · · · , i2i

i, if i ≤ ξ(ω),

ηi(ω) =


k − 1

2i
, if

k − 1
2i

≤ η(ω) <
k

2i
, k = 1, 2, · · · , i2i

i, if i ≤ η(ω).

Then {ξi}, {ηi} and {ξiηi} are three sequences of nonnegative simple random
variables such that ξi ↑ ξ, ηi ↑ η and ξiηi ↑ ξη as i → ∞. It follows from
the independence of ξ and η that ξi and ηi are independent. Hence we have
E[ξiηi] = E[ξi]E[ηi] for i = 1, 2, · · · It follows from the probability continuity
theorem that Pr{ξi > r}, i = 1, 2, · · · are simple functions such that

Pr{ξi > r} ↑ Pr{ξ > r}, for all r ≥ 0

as i→∞. Since the expected value E[ξ] exists, we have

E[ξi] =
∫ +∞

0

Pr{ξi > r}dr →
∫ +∞

0

Pr{ξ > r}dr = E[ξ]

as i → ∞. Similarly, we may prove that E[ηi] → E[η] and E[ξiηi] → E[ξη]
as i→∞. Therefore E[ξη] = E[ξ]E[η].

Step 3: Finally, if ξ and η are arbitrary independent random variables,
then the nonnegative random variables ξ+ and η+ are independent and so
are ξ+ and η−, ξ− and η+, ξ− and η−. Thus we have

E[ξ+η+] = E[ξ+]E[η+], E[ξ+η−] = E[ξ+]E[η−],

E[ξ−η+] = E[ξ−]E[η+], E[ξ−η−] = E[ξ−]E[η−].

It follows that

E[ξη] = E[(ξ+ − ξ−)(η+ − η−)]

= E[ξ+η+]− E[ξ+η−]− E[ξ−η+] + E[ξ−η−]

= E[ξ+]E[η+]− E[ξ+]E[η−]− E[ξ−]E[η+] + E[ξ−]E[η−]

= (E[ξ+]− E[ξ−]) (E[η+]− E[η−])

= E[ξ+ − ξ−]E[η+ − η−]

= E[ξ]E[η]

which proves the theorem.
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A.6 Variance

Definition A.12 Let ξ be a random variable with finite expected value e.
Then the variance of ξ is defined by V [ξ] = E[(ξ − e)2].

The variance of a random variable provides a measure of the spread of the
distribution around its expected value. A small value of variance indicates
that the random variable is tightly concentrated around its expected value;
and a large value of variance indicates that the random variable has a wide
spread around its expected value.

Theorem A.13 If ξ is a random variable whose variance exists, a and b are
real numbers, then V [aξ + b] = a2V [ξ].

Proof: It follows from the definition of variance that

V [aξ + b] = E
[
(aξ + b− aE[ξ]− b)2

]
= a2E[(ξ − E[ξ])2] = a2V [ξ].

Theorem A.14 Let ξ be a random variable with expected value e. Then
V [ξ] = 0 if and only if Pr{ξ = e} = 1.

Proof: If V [ξ] = 0, then E[(ξ − e)2] = 0. Thus we have∫ +∞

0

Pr{(ξ − e)2 ≥ r}dr = 0

which implies Pr{(ξ−e)2 ≥ r} = 0 for any r > 0. Hence we have Pr{(ξ−e)2 =
0} = 1, i.e., Pr{ξ = e} = 1. Conversely, if Pr{ξ = e} = 1, then we have
Pr{(ξ − e)2 = 0} = 1 and Pr{(ξ − e)2 ≥ r} = 0 for any r > 0. Thus

V [ξ] =
∫ +∞

0

Pr{(ξ − e)2 ≥ r}dr = 0.

Theorem A.15 If ξ1, ξ2, · · · , ξn are independent random variables with fi-
nite expected values, then

V [ξ1 + ξ2 + · · ·+ ξn] = V [ξ1] + V [ξ2] + · · ·+ V [ξn]. (A.26)

Proof: It follows from the definition of variance that

V

[
n∑

i=1

ξi

]
= E

[
(ξ1 + ξ2 + · · ·+ ξn − E[ξ1]− E[ξ2]− · · · − E[ξn])2

]
=

n∑
i=1

E
[
(ξi − E[ξi])2

]
+ 2

n−1∑
i=1

n∑
j=i+1

E [(ξi − E[ξi])(ξj − E[ξj ])] .

Since ξ1, ξ2, · · · , ξn are independent, E [(ξi − E[ξi])(ξj − E[ξj ])] = 0 for all
i, j with i 6= j. Thus (A.26) holds.
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A.7 Moments

Definition A.13 Let ξ be a random variable, and k a positive number. Then
(a) the expected value E[ξk] is called the kth moment;
(b) the expected value E[|ξ|k] is called the kth absolute moment;
(c) the expected value E[(ξ − E[ξ])k] is called the kth central moment;
(d) the expected value E[|ξ−E[ξ]|k] is called the kth absolute central moment.

Note that the first central moment is always 0, the first moment is just
the expected value, and the second central moment is just the variance.

Theorem A.16 Let ξ be a nonnegative random variable, and k a positive
number. Then the k-th moment

E[ξk] = k

∫ +∞

0

rk−1 Pr{ξ ≥ r}dr. (A.27)

Proof: It follows from the nonnegativity of ξ that

E[ξk] =
∫ ∞

0

Pr{ξk ≥ x}dx =
∫ ∞

0

Pr{ξ ≥ r}drk = k

∫ ∞

0

rk−1 Pr{ξ ≥ r}dr.

The theorem is proved.

A.8 Critical Values

Let ξ be a random variable. In order to measure it, we may use its expected
value. Alternately, we may employ α-optimistic value and α-pessimistic value
as a ranking measure.

Definition A.14 Let ξ be a random variable, and α ∈ (0, 1]. Then

ξsup(α) = sup
{
r
∣∣ Pr {ξ ≥ r} ≥ α

}
(A.28)

is called the α-optimistic value of ξ, and

ξinf(α) = inf
{
r
∣∣ Pr {ξ ≤ r} ≥ α

}
(A.29)

is called the α-pessimistic value of ξ.

This means that the random variable ξ will reach upwards of the α-
optimistic value ξsup(α) at least α of time, and will be below the α-pessimistic
value ξinf(α) at least α of time. The optimistic value is also called percentile.

Theorem A.17 Let ξ be a random variable, and α ∈ (0, 1]. Then we have

Pr{ξ ≥ ξsup(α)} ≥ α, Pr{ξ ≤ ξinf(α)} ≥ α (A.30)

where ξsup(α) and ξinf(α) are the α-optimistic and α-pessimistic values of the
random variable ξ, respectively.
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Proof: It follows from the definition of the optimistic value that there exists
an increasing sequence {ri} such that Pr{ξ ≥ ri} ≥ α and ri ↑ ξsup(α) as
i → ∞. Since {ξ ≥ ri} ↓ {ξ ≥ ξsup(α)}, it follows from the probability
continuity theorem that

Pr{ξ ≥ ξsup(α)} = lim
i→∞

Pr{ξ ≥ ri} ≥ α.

The inequality Pr{ξ ≤ ξinf(α)} ≥ α may be proved similarly.

Theorem A.18 Let ξ be a random variable, and α ∈ (0, 1]. Then we have
(a) ξinf(α) is an increasing and left-continuous function of α;
(b) ξsup(α) is a decreasing and left-continuous function of α.

Proof: (a) Let α1 and α2 be two numbers with 0 < α1 < α2 ≤ 1. Then
for any number r < ξsup(α2), we have Pr {ξ ≥ r} ≥ α2 > α1. Thus, by the
definition of optimistic value, we obtain ξsup(α1) ≥ ξsup(α2). That is, the
value ξsup(α) is a decreasing function of α. Next, we prove the left-continuity
of ξinf(α) with respect to α. Let {αi} be an arbitrary sequence of positive
numbers such that αi ↑ α. Then {ξinf(αi)} is an increasing sequence. If the
limitation is equal to ξinf(α), then the left-continuity is proved. Otherwise,
there exists a number z∗ such that

lim
i→∞

ξinf(αi) < z∗ < ξinf(α).

Thus Pr{ξ ≤ z∗} ≥ αi for each i. Letting i → ∞, we get Pr{ξ ≤ z∗} ≥ α.
Hence z∗ ≥ ξinf(α). A contradiction proves the left-continuity of ξinf(α) with
respect to α. The part (b) may be proved similarly.

A.9 Entropy

Given a random variable, what is the degree of difficulty of predicting the
specified value that the random variable will take? In order to answer this
question, Shannon [199] defined a concept of entropy as a measure of uncer-
tainty.

Entropy of Discrete Random Variables

Definition A.15 Let ξ be a discrete random variable taking values xi with
probabilities pi, i = 1, 2, · · · , respectively. Then its entropy is defined by

H[ξ] = −
∞∑

i=1

pi ln pi. (A.31)

It should be noticed that the entropy depends only on the number of
values and their probabilities and does not depend on the actual values that
the random variable takes.
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Figure A.1: Function S(t) = −t ln t is concave

Theorem A.19 Let ξ be a discrete random variable taking values xi with
probabilities pi, i = 1, 2, · · · , respectively. Then

H[ξ] ≥ 0 (A.32)

and equality holds if and only if there exists an index k such that pk = 1, i.e.,
ξ is essentially a deterministic number.

Proof: The nonnegativity is clear. In addition, H[ξ] = 0 if and only if
pi = 0 or 1 for each i. That is, there exists one and only one index k such
that pk = 1. The theorem is proved.

This theorem states that the entropy of a discrete random variable reaches
its minimum 0 when the random variable degenerates to a deterministic num-
ber. In this case, there is no uncertainty.

Theorem A.20 Let ξ be a simple random variable taking values xi with
probabilities pi, i = 1, 2, · · · , n, respectively. Then

H[ξ] ≤ lnn (A.33)

and equality holds if and only if pi ≡ 1/n for all i = 1, 2, · · · , n.

Proof: Since the function S(t) is a concave function of t and p1 + p2 + · · ·+
pn = 1, we have

−
n∑

i=1

pi ln pi ≤ −n

(
1
n

n∑
i=1

pi

)
ln

(
1
n

n∑
i=1

pi

)
= lnn

which implies that H[ξ] ≤ lnn and equality holds if and only if p1 = p2 =
· · · = pn, i.e., pi ≡ 1/n for all i = 1, 2, · · · , n.

This theorem states that the entropy of a simple random variable reaches
its maximum lnn when all outcomes are equiprobable. In this case, there is
no preference among all the values that the random variable will take.
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Entropy of Absolutely Continuous Random Variables

Definition A.16 Let ξ be a random variable with probability density func-
tion φ. Then its entropy is defined by

H[ξ] = −
∫ +∞

−∞
φ(x) lnφ(x)dx. (A.34)

Example A.12: Let ξ be a uniformly distributed random variable on [a, b].
Then its entropy is H[ξ] = ln(b− a). This example shows that the entropy of
absolutely continuous random variable may assume both positive and nega-
tive values since ln(b− a) < 0 if b− a < 1; and ln(b− a) > 0 if b− a > 1.

Example A.13: Let ξ be an exponentially distributed random variable with
expected value β. Then its entropy is H[ξ] = 1 + lnβ.

Example A.14: Let ξ be a normally distributed random variable with
expected value e and variance σ2. Then its entropy is H[ξ] = 1/2 + ln

√
2πσ.

Maximum Entropy Principle

Given some constraints, for example, expected value and variance, there are
usually multiple compatible probability distributions. For this case, we would
like to select the distribution that maximizes the value of entropy and satisfies
the prescribed constraints. This method is often referred to as the maximum
entropy principle (Jaynes [64]).

Example A.15: Let ξ be an absolutely continuous random variable on [a, b].
The maximum entropy principle attempts to find the probability density
function φ(x) that maximizes the entropy

−
∫ b

a

φ(x) lnφ(x)dx

subject to the natural constraint
∫ b

a
φ(x)dx = 1. The Lagrangian is

L = −
∫ b

a

φ(x) lnφ(x)dx− λ

(∫ b

a

φ(x)dx− 1

)
.

It follows from the Euler-Lagrange equation that the maximum entropy prob-
ability density function meets

lnφ(x) + 1 + λ = 0

and has the form φ(x) = exp(−1 − λ). Substituting it into the natural
constraint, we get

φ∗(x) =
1

b− a
, a ≤ x ≤ b
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which is just the uniformly distributed random variable, and the maximum
entropy is H[ξ∗] = ln(b− a).

Example A.16: Let ξ be an absolutely continuous random variable on
[0,∞). Assume that the expected value of ξ is prescribed to be β. The
maximum entropy probability density function φ(x) should maximize the
entropy

−
∫ +∞

0

φ(x) lnφ(x)dx

subject to the constraints∫ +∞

0

φ(x)dx = 1,
∫ +∞

0

xφ(x)dx = β.

The Lagrangian is

L = −
∫ ∞

0

φ(x) lnφ(x)dx−λ1

(∫ ∞

0

φ(x)dx− 1
)
−λ2

(∫ ∞

0

xφ(x)dx− β

)
.

The maximum entropy probability density function meets Euler-Lagrange
equation

lnφ(x) + 1 + λ1 + λ2x = 0

and has the form φ(x) = exp(−1 − λ1 − λ2x). Substituting it into the
constraints, we get

φ∗(x) =
1
β

exp
(
−x
β

)
, x ≥ 0

which is just the exponentially distributed random variable, and the maxi-
mum entropy is H[ξ∗] = 1 + lnβ.

Example A.17: Let ξ be an absolutely continuous random variable on
(−∞,+∞). Assume that the expected value and variance of ξ are prescribed
to be µ and σ2, respectively. The maximum entropy probability density
function φ(x) should maximize the entropy

−
∫ +∞

−∞
φ(x) lnφ(x)dx

subject to the constraints∫ +∞

−∞
φ(x)dx = 1,

∫ +∞

−∞
xφ(x)dx = µ,

∫ +∞

−∞
(x− µ)2φ(x)dx = σ2.

The Lagrangian is

L = −
∫ +∞

−∞
φ(x) lnφ(x)dx− λ1

(∫ +∞

−∞
φ(x)dx− 1

)

−λ2

(∫ +∞

−∞
xφ(x)dx− µ

)
− λ3

(∫ +∞

−∞
(x− µ)2φ(x)dx− σ2

)
.
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The maximum entropy probability density function meets Euler-Lagrange
equation

lnφ(x) + 1 + λ1 + λ2x+ λ3(x− µ)2 = 0

and has the form φ(x) = exp(−1 − λ1 − λ2x − λ3(x − µ)2). Substituting it
into the constraints, we get

φ∗(x) =
1

σ
√

2π
exp

(
− (x− µ)2

2σ2

)
, x ∈ <

which is just the normally distributed random variable, and the maximum
entropy is H[ξ∗] = 1/2 + ln

√
2πσ.

A.10 Conditional Probability

We consider the probability of an event A after it has been learned that
some other event B has occurred. This new probability of A is called the
conditional probability of A given B.

Definition A.17 Let (Ω,A,Pr) be a probability space, and A,B ∈ A. Then
the conditional probability of A given B is defined by

Pr{A|B} =
Pr{A ∩B}

Pr{B}
(A.35)

provided that Pr{B} > 0.

Theorem A.21 Let (Ω,A,Pr) be a probability space, and B an event with
Pr{B} > 0. Then Pr{·|B} defined by (A.35) is a probability measure, and
(Ω,A,Pr{·|B}) is a probability space.

Proof: It is sufficient to prove that Pr{·|B} satisfies the normality, nonneg-
ativity and countable additivity axioms. At first, we have

Pr{Ω|B} =
Pr{Ω ∩B}

Pr{B}
=

Pr{B}
Pr{B}

= 1.

Secondly, for any A ∈ A, the set function Pr{A|B} is nonnegative. Finally,
for any countable sequence {Ai} of mutually disjoint events, we have

Pr

{ ∞⋃
i=1

Ai|B

}
=

Pr
{( ∞⋃

i=1

Ai

)
∩B

}
Pr{B}

=

∞∑
i=1

Pr{Ai ∩B}

Pr{B}
=

∞∑
i=1

Pr{Ai|B}.

Thus Pr{·|B} is a probability measure. Furthermore, (Ω,A,Pr{·|B}) is a
probability space.
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Theorem A.22 (Bayes Formula) Let the events A1, A2, · · · , An form a par-
tition of the space Ω such that Pr{Ai} > 0 for i = 1, 2, · · · , n, and let B be
an event with Pr{B} > 0. Then we have

Pr{Ak|B} =
Pr{Ak}Pr{B|Ak}
n∑

i=1

Pr{Ai}Pr{B|Ai}
(A.36)

for k = 1, 2, · · · , n.

Proof: Since A1, A2, · · · , An form a partition of the space Ω, we have

Pr{B} =
n∑

i=1

Pr{Ai ∩B} =
n∑

i=1

Pr{Ai}Pr{B|Ai}

which is also called the formula for total probability. Thus, for any k, we have

Pr{Ak|B} =
Pr{Ak ∩B}

Pr{B}
=

Pr{Ak}Pr{B|Ak}
n∑

i=1

Pr{Ai}Pr{B|Ai}
.

The theorem is proved.

Remark A.1: Especially, let A and B be two events with Pr{A} > 0 and
Pr{B} > 0. Then A and Ac form a partition of the space Ω, and the Bayes
formula is

Pr{A|B} =
Pr{A}Pr{B|A}

Pr{B}
. (A.37)

Remark A.2: In statistical applications, the events A1, A2, · · · , An are often
called hypotheses. Furthermore, for each i, the Pr{Ai} is called the prior
probability of Ai, and Pr{Ai|B} is called the posterior probability of Ai after
the occurrence of event B.

Example A.18: Let ξ be an exponentially distributed random variable with
expected value β. Then for any real numbers a > 0 and x > 0, the conditional
probability of ξ ≥ a+ x given ξ ≥ a is

Pr{ξ ≥ a+ x|ξ ≥ a} = exp(−x/β) = Pr{ξ ≥ x}

which means that the conditional probability is identical to the original prob-
ability. This is the so-called memoryless property of exponential distribution.
In other words, it is as good as new if it is functioning on inspection.

Definition A.18 Let ξ be a random variable on (Ω,A,Pr). A conditional
random variable of ξ given B is a measurable function ξ|B from the condi-
tional probability space (Ω,A,Pr{·|B}) to the set of real numbers such that

ξ|B(ω) ≡ ξ(ω), ∀ω ∈ Ω. (A.38)
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Definition A.19 The conditional probability distribution Φ: < → [0, 1] of a
random variable ξ given B is defined by

Φ(x|B) = Pr {ξ ≤ x|B} (A.39)

provided that Pr{B} > 0.

Definition A.20 The conditional probability density function φ of a random
variable ξ given B is a nonnegative function such that

Φ(x|B) =
∫ x

−∞
φ(y|B)dy, ∀x ∈ < (A.40)

where Φ(x|B) is the conditional probability distribution of ξ given B.

Example A.19: Let (ξ, η) be a random vector with joint probability density
function ψ. Then the marginal probability density functions of ξ and η are

f(x) =
∫ +∞

−∞
ψ(x, y)dy, g(y) =

∫ +∞

−∞
ψ(x, y)dx,

respectively. Furthermore, we have

Pr{ξ ≤ x, η ≤ y} =
∫ x

−∞

∫ y

−∞
ψ(r, t)drdt =

∫ y

−∞

[∫ x

−∞

ψ(r, t)
g(t)

dr
]
g(t)dt

which implies that the conditional probability distribution of ξ given η = y
is

Φ(x|η = y) =
∫ x

−∞

ψ(r, y)
g(y)

dr, a.s. (A.41)

and the conditional probability density function of ξ given η = y is

φ(x|η = y) =
ψ(x, y)
g(y)

=
ψ(x, y)∫ +∞

−∞
ψ(x, y)dx

, a.s. (A.42)

Note that (A.41) and (A.42) are defined only for g(y) 6= 0. In fact, the set
{y|g(y) = 0} has probability 0. Especially, if ξ and η are independent random
variables, then ψ(x, y) = f(x)g(y) and φ(x|η = y) = f(x).

Definition A.21 Let ξ be a random variable. Then the conditional expected
value of ξ given B is defined by

E[ξ|B] =
∫ +∞

0

Pr{ξ ≥ r|B}dr −
∫ 0

−∞
Pr{ξ ≤ r|B}dr (A.43)

provided that at least one of the two integrals is finite.
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Credibility Theory

The concept of fuzzy set was initiated by Zadeh [229] via membership function
in 1965. In order to measure a fuzzy event, Zadeh [232] proposed the concept
of possibility measure. Although possibility measure has been widely used,
it has no self-duality property. However, a self-dual measure is absolutely
needed in both theory and practice. In order to define a self-dual measure,
Liu and Liu [121] presented the concept of credibility measure. In addition,
a sufficient and necessary condition for credibility measure was given by Li
and Liu [94]. Credibility theory, founded by Liu [124] in 2004 and refined by
Liu [127] in 2007, is a branch of mathematics for studying the behavior of
fuzzy phenomena.

The emphasis in this appendix is mainly on credibility measure, cred-
ibility space, fuzzy variable, membership function, credibility distribution,
independence, expected value, variance, moments, critical values, entropy
and conditional credibility.

B.1 Credibility Space

Let Θ be a nonempty set, and P the power set of Θ (i.e., the larggest σ-
algebra over Θ). Each element in P is called an event. In order to present an
axiomatic definition of credibility, it is necessary to assign to each event A a
number Cr{A} which indicates the credibility that A will occur. In order to
ensure that the number Cr{A} has certain mathematical properties which we
intuitively expect a credibility to have, we accept the following four axioms:

Axiom 1. (Normality) Cr{Θ} = 1.

Axiom 2. (Monotonicity) Cr{A} ≤ Cr{B} whenever A ⊂ B.

Axiom 3. (Self-Duality) Cr{A}+ Cr{Ac} = 1 for any event A.

Axiom 4. (Maximality) Cr {∪iAi} = supi Cr{Ai} for any events {Ai} with
supi Cr{Ai} < 0.5.
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Definition B.1 (Liu and Liu [121]) The set function Cr is called a cred-
ibility measure if it satisfies the normality, monotonicity, self-duality, and
maximality axioms.

Example B.1: Let Θ = {θ1, θ2}. For this case, there are only four events:
∅, {θ1}, {θ2},Θ. Define Cr{∅} = 0, Cr{θ1} = 0.7, Cr{θ2} = 0.3, and Cr{Θ} =
1. Then the set function Cr is a credibility measure because it satisfies the
four axioms.

Example B.2: Let Θ be a nonempty set. Define Cr{∅} = 0, Cr{Θ} = 1 and
Cr{A} = 1/2 for any subset A (excluding ∅ and Θ). Then the set function
Cr is a credibility measure.

Example B.3: Let µ be a nonnegative function on Θ (for example, the set
of real numbers) such that

sup
x∈Θ

µ(x) = 1. (B.1)

Then the set function

Cr{A} =
1
2

(
sup
x∈A

µ(x) + 1− sup
x∈Ac

µ(x)
)

(B.2)

is a credibility measure on Θ.

Theorem B.1 Let Θ be a nonempty set, P the power set of Θ, and Cr the
credibility measure. Then Cr{∅} = 0 and 0 ≤ Cr{A} ≤ 1 for any A ∈ P.

Proof: It follows from Axioms 1 and 3 that Cr{∅} = 1−Cr{Θ} = 1−1 = 0.
Since ∅ ⊂ A ⊂ Θ, we have 0 ≤ Cr{A} ≤ 1 by using Axiom 2.

Theorem B.2 Let Θ be a nonempty set, P the power set of Θ, and Cr the
credibility measure. Then for any A,B ∈ P, we have

Cr{A ∪B} = Cr{A} ∨ Cr{B} if Cr{A ∪B} ≤ 0.5, (B.3)

Cr{A ∩B} = Cr{A} ∧ Cr{B} if Cr{A ∩B} ≥ 0.5. (B.4)

The above equations hold for not only finite number of events but also infinite
number of events.

Proof: If Cr{A ∪ B} < 0.5, then Cr{A} ∨ Cr{B} < 0.5 by using Axiom 2.
Thus the equation (B.3) follows immediately from Axiom 4. If Cr{A∪B} =
0.5 and (B.3) does not hold, then we have Cr{A} ∨ Cr{B} < 0.5. It follows
from Axiom 4 that

Cr{A ∪B} = Cr{A} ∨ Cr{B} < 0.5.
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A contradiction proves (B.3). Next we prove (B.4). Since Cr{A ∩ B} ≥ 0.5,
we have Cr{Ac ∪Bc} ≤ 0.5 by the self-duality. Thus

Cr{A ∩B} = 1− Cr{Ac ∪Bc} = 1− Cr{Ac} ∨ Cr{Bc}

= (1− Cr{Ac}) ∧ (1− Cr{Bc}) = Cr{A} ∧ Cr{B}.

The theorem is proved.

Theorem B.3 Let Θ be a nonempty set, P the power set of Θ, and Cr the
credibility measure. Then for any A,B ∈ P, we have

Cr{A ∪B} = Cr{A} ∨ Cr{B} if Cr{A}+ Cr{B} < 1, (B.5)

Cr{A ∩B} = Cr{A} ∧ Cr{B} if Cr{A}+ Cr{B} > 1. (B.6)

Proof: Suppose Cr{A} + Cr{B} < 1. Then there exists at least one term
less than 0.5, say Cr{B} < 0.5. If Cr{A} < 0.5 also holds, then the equation
(B.3) follows immediately from Axiom 4. If Cr{A} ≥ 0.5, then by using
Theorem B.2, we obtain

Cr{A} = Cr{A∪(B∩Bc)} = Cr{(A∪B)∩(A∪Bc)} = Cr{A∪B}∧Cr{A∪Bc}.

On the other hand, we have

Cr{A} < 1− Cr{B} = Cr{Bc} ≤ Cr{A ∪Bc}.

Hence we must have Cr{A ∪ B} = Cr{A} = Cr{A} ∨ Cr{B}. The equation
(B.5) is proved. Next we suppose Cr{A} + Cr{B} > 1. Then Cr{Ac} +
Cr{Bc} < 1. It follows from (B.5) that

Cr{A ∩B} = 1− Cr{Ac ∪Bc} = 1− Cr{Ac} ∨ Cr{Bc}

= (1− Cr{Ac}) ∧ (1− Cr{Bc}) = Cr{A} ∧ Cr{B}.

The theorem is proved.

Credibility Subadditivity Theorem

Theorem B.4 (Liu [124], Credibility Subadditivity Theorem) The credibility
measure is subadditive. That is,

Cr{A ∪B} ≤ Cr{A}+ Cr{B} (B.7)

for any events A and B. In fact, credibility measure is not only finitely
subadditive but also countably subadditive.
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Proof: The argument breaks down into three cases. Case 1: Cr{A} < 0.5
and Cr{B} < 0.5. It follows from Axiom 4 that

Cr{A ∪B} = Cr{A} ∨ Cr{B} ≤ Cr{A}+ Cr{B}.

Case 2: Cr{A} ≥ 0.5. For this case, by using Axioms 2 and 3, we have
Cr{Ac} ≤ 0.5 and Cr{A ∪B} ≥ Cr{A} ≥ 0.5. Then

Cr{Ac} = Cr{Ac ∩B} ∨ Cr{Ac ∩Bc}

≤ Cr{Ac ∩B}+ Cr{Ac ∩Bc}

≤ Cr{B}+ Cr{Ac ∩Bc}.

Applying this inequality, we obtain

Cr{A}+ Cr{B} = 1− Cr{Ac}+ Cr{B}

≥ 1− Cr{B} − Cr{Ac ∩Bc}+ Cr{B}

= 1− Cr{Ac ∩Bc}

= Cr{A ∪B}.

Case 3: Cr{B} ≥ 0.5. This case may be proved by a similar process of Case
2. The theorem is proved.

Remark B.1: For any events A and B, it follows from the credibility sub-
additivity theorem that the credibility measure is null-additive, i.e., Cr{A ∪
B} = Cr{A}+ Cr{B} if either Cr{A} = 0 or Cr{B} = 0.

Theorem B.5 Let {Bi} be a decreasing sequence of events with Cr{Bi} → 0
as i→∞. Then for any event A, we have

lim
i→∞

Cr{A ∪Bi} = lim
i→∞

Cr{A\Bi} = Cr{A}. (B.8)

Proof: It follows from the monotonicity axiom and credibility subadditivity
theorem that

Cr{A} ≤ Cr{A ∪Bi} ≤ Cr{A}+ Cr{Bi}

for each i. Thus we get Cr{A ∪ Bi} → Cr{A} by using Cr{Bi} → 0. Since
(A\Bi) ⊂ A ⊂ ((A\Bi) ∪Bi), we have

Cr{A\Bi} ≤ Cr{A} ≤ Cr{A\Bi}+ Cr{Bi}.

Hence Cr{A\Bi} → Cr{A} by using Cr{Bi} → 0.
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Credibility Semicontinuity Law

Generally speaking, the credibility measure is neither lower semicontinuous
nor upper semicontinuous. However, we have the following credibility semi-
continuity law.

Theorem B.6 (Liu [124], Credibility Semicontinuity Law) For any events
A1, A2, · · · , we have

lim
i→∞

Cr{Ai} = Cr
{

lim
i→∞

Ai

}
(B.9)

if one of the following conditions is satisfied:
(a) Cr {A} ≤ 0.5 and Ai ↑ A; (b) lim

i→∞
Cr{Ai} < 0.5 and Ai ↑ A;

(c) Cr {A} ≥ 0.5 and Ai ↓ A; (d) lim
i→∞

Cr{Ai} > 0.5 and Ai ↓ A.

Proof: (a) Since Cr{A} ≤ 0.5, we have Cr{Ai} ≤ 0.5 for each i. It follows
from Axiom 4 that

Cr{A} = Cr {∪iAi} = sup
i

Cr{Ai} = lim
i→∞

Cr{Ai}.

(b) Since limi→∞ Cr{Ai} < 0.5, we have supi Cr{Ai} < 0.5. It follows from
Axiom 4 that

Cr{A} = Cr {∪iAi} = sup
i

Cr{Ai} = lim
i→∞

Cr{Ai}.

(c) Since Cr{A} ≥ 0.5 andAi ↓ A, it follows from the self-duality of credibility
measure that Cr{Ac} ≤ 0.5 and Ac

i ↑ Ac. Thus

lim
i→∞

Cr{Ai} = 1− lim
i→∞

Cr{Ac
i} = 1− Cr{Ac} = Cr{A}.

(d) Since limi→∞ Cr{Ai} > 0.5 and Ai ↓ A, it follows from the self-duality
of credibility measure that

lim
i→∞

Cr{Ac
i} = lim

i→∞
(1− Cr{Ai}) < 0.5

and Ac
i ↑ Ac. Thus Cr{Ai} = 1−Cr{Ac

i} → 1−Cr{Ac} = Cr{A} as i→∞.
The theorem is proved.

Credibility Asymptotic Theorem

Theorem B.7 (Credibility Asymptotic Theorem) For any events A1, A2, · · · ,
we have

lim
i→∞

Cr{Ai} ≥ 0.5, if Ai ↑ Θ, (B.10)

lim
i→∞

Cr{Ai} ≤ 0.5, if Ai ↓ ∅. (B.11)
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Proof: Assume Ai ↑ Θ. If limi→∞ Cr{Ai} < 0.5, it follows from the credi-
bility semicontinuity law that

Cr{Θ} = lim
i→∞

Cr{Ai} < 0.5

which is in contradiction with Cr{Θ} = 1. The first inequality is proved.
The second one may be verified similarly.

Credibility Extension Theorem

Suppose that the credibility of each singleton is given. Is the credibility
measure fully and uniquely determined? This subsection will answer the
question.

Theorem B.8 Suppose that Θ is a nonempty set. If Cr is a credibility mea-
sure, then we have

sup
θ∈Θ

Cr{θ} ≥ 0.5,

Cr{θ∗}+ sup
θ 6=θ∗

Cr{θ} = 1 if Cr{θ∗} ≥ 0.5.
(B.12)

We will call (B.12) the credibility extension condition.

Proof: If supCr{θ} < 0.5, then by using Axiom 4, we have

1 = Cr{Θ} = sup
θ∈Θ

Cr{θ} < 0.5.

This contradiction proves supCr{θ} ≥ 0.5. We suppose that θ∗ ∈ Θ is a point
with Cr{θ∗} ≥ 0.5. It follows from Axioms 3 and 4 that Cr{Θ \ {θ∗}} ≤ 0.5,
and

Cr{Θ \ {θ∗}} = sup
θ 6=θ∗

Cr{θ}.

Hence the second formula of (B.12) is true by the self-duality of credibility
measure.

Theorem B.9 (Li and Liu [94], Credibility Extension Theorem) Suppose
that Θ is a nonempty set, and Cr{θ} is a nonnegative function on Θ satisfying
the credibility extension condition (B.12). Then Cr{θ} has a unique extension
to a credibility measure as follows,

Cr{A} =


sup
θ∈A

Cr{θ}, if sup
θ∈A

Cr{θ} < 0.5

1− sup
θ∈Ac

Cr{θ}, if sup
θ∈A

Cr{θ} ≥ 0.5.
(B.13)
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Proof: We first prove that the set function Cr{A} defined by (B.13) is a
credibility measure.

Step 1: By the credibility extension condition sup
θ∈Θ

Cr{θ} ≥ 0.5, we have

Cr{Θ} = 1− sup
θ∈∅

Cr{θ} = 1− 0 = 1.

Step 2: If A ⊂ B, then Bc ⊂ Ac. The proof breaks down into two cases.
Case 1: sup

θ∈A
Cr{θ} < 0.5. For this case, we have

Cr{A} = sup
θ∈A

Cr{θ} ≤ sup
θ∈B

Cr{θ} ≤ Cr{B}.

Case 2: sup
θ∈A

Cr{θ} ≥ 0.5. For this case, we have sup
θ∈B

Cr{θ} ≥ 0.5, and

Cr{A} = 1− sup
θ∈Ac

Cr{θ} ≤ 1− sup
θ∈Bc

Cr{θ} = Cr{B}.

Step 3: In order to prove Cr{A} + Cr{Ac} = 1, the argument breaks
down into two cases. Case 1: sup

θ∈A
Cr{θ} < 0.5. For this case, we have

sup
θ∈Ac

Cr{θ} ≥ 0.5. Thus,

Cr{A}+ Cr{Ac} = sup
θ∈A

Cr{θ}+ 1− sup
θ∈A

Cr{θ} = 1.

Case 2: sup
θ∈A

Cr{θ} ≥ 0.5. For this case, we have sup
θ∈Ac

Cr{θ} ≤ 0.5, and

Cr{A}+ Cr{Ac} = 1− sup
θ∈Ac

Cr{θ}+ sup
θ∈Ac

Cr{θ} = 1.

Step 4: For any collection {Ai} with supi Cr{Ai} < 0.5, we have

Cr{∪iAi} = sup
θ∈∪iAi

Cr{θ} = sup
i

sup
θ∈Ai

Cr{θ} = sup
i

Cr{Ai}.

Thus Cr is a credibility measure because it satisfies the four axioms.
Finally, let us prove the uniqueness. Assume that Cr1 and Cr2 are two

credibility measures such that Cr1{θ} = Cr2{θ} for each θ ∈ Θ. Let us prove
that Cr1{A} = Cr2{A} for any event A. The argument breaks down into
three cases. Case 1: Cr1{A} < 0.5. For this case, it follows from Axiom 4
that

Cr1{A} = sup
θ∈A

Cr1{θ} = sup
θ∈A

Cr2{θ} = Cr2{A}.

Case 2: Cr1{A} > 0.5. For this case, we have Cr1{Ac} < 0.5. It follows from
the first case that Cr1{Ac} = Cr2{Ac} which implies Cr1{A} = Cr2{A}.
Case 3: Cr1{A} = 0.5. For this case, we have Cr1{Ac} = 0.5, and

Cr2{A} ≥ sup
θ∈A

Cr2{θ} = sup
θ∈A

Cr1{θ} = Cr1{A} = 0.5,

Cr2{Ac} ≥ sup
θ∈Ac

Cr2{θ} = sup
θ∈Ac

Cr1{θ} = Cr1{Ac} = 0.5.

Hence Cr2{A} = 0.5 = Cr1{A}. The uniqueness is proved.
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Credibility Space

Definition B.2 Let Θ be a nonempty set, P the power set of Θ, and Cr a
credibility measure. Then the triplet (Θ,P,Cr) is called a credibility space.

Example B.4: The triplet (Θ,P,Cr) is a credibility space if

Θ = {θ1, θ2, · · · }, Cr{θi} ≡ 1/2 for i = 1, 2, · · · (B.14)

Note that the credibility measure is produced by the credibility extension
theorem as follows,

Cr{A} =


0, if A = ∅
1, if A = Θ

1/2, otherwise.

Example B.5: The triplet (Θ,P,Cr) is a credibility space if

Θ = {θ1, θ2, · · · }, Cr{θi} = i/(2i+ 1) for i = 1, 2, · · · (B.15)

By using the credibility extension theorem, we obtain the following credibility
measure,

Cr{A} =


sup
θi∈A

i

2i+ 1
, if A is finite

1− sup
θi∈Ac

i

2i+ 1
, if A is infinite.

Example B.6: The triplet (Θ,P,Cr) is a credibility space if

Θ = {θ1, θ2, · · · }, Cr{θ1} = 1/2, Cr{θi} = 1/i for i = 2, 3, · · · (B.16)

For this case, the credibility measure is

Cr{A} =


sup
θi∈A

1/i, if A contains neither θ1 nor θ2

1/2, if A contains only one of θ1 and θ2

1− sup
θi∈Ac

1/i, if A contains both θ1 and θ2.

Example B.7: The triplet (Θ,P,Cr) is a credibility space if

Θ = [0, 1], Cr{θ} = θ/2 for θ ∈ Θ. (B.17)

For this case, the credibility measure is

Cr{A} =


1
2

sup
θ∈A

θ, if sup
θ∈A

θ < 1

1− 1
2

sup
θ∈Ac

θ, if sup
θ∈A

θ = 1.
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Product Credibility Measure

Product credibility measure may be defined in multiple ways. This book
accepts the following axiom.

Axiom 5. (Product Credibility Axiom) Let Θk be nonempty sets on which
Crk are credibility measures, k = 1, 2, · · · , n, respectively, and Θ = Θ1×Θ2×
· · · ×Θn. Then

Cr{(θ1, θ2, · · · , θn)} = Cr1{θ1} ∧ Cr2{θ2} ∧ · · · ∧ Crn{θn} (B.18)

for each (θ1, θ2, · · · , θn) ∈ Θ.

Theorem B.10 (Product Credibility Theorem) Let Θk be nonempty sets on
which Crk are the credibility measures, k = 1, 2, · · · , n, respectively, and Θ =
Θ1×Θ2×· · ·×Θn. Then Cr = Cr1 ∧Cr2 ∧ · · · ∧Crn defined by Axiom 5 has
a unique extension to a credibility measure on Θ as follows,

Cr{A} =



sup
(θ1,θ2··· ,θn)∈A

min
1≤k≤n

Crk{θk},

if sup
(θ1,θ2,··· ,θn)∈A

min
1≤k≤n

Crk{θk} < 0.5

1− sup
(θ1,θ2,··· ,θn)∈Ac

min
1≤k≤n

Crk{θk},

if sup
(θ1,θ2,··· ,θn)∈A

min
1≤k≤n

Crk{θk} ≥ 0.5.

(B.19)

Proof: For each θ = (θ1, θ2, · · · , θn) ∈ Θ, we have Cr{θ} = Cr1{θ1} ∧
Cr2{θ2} ∧ · · · ∧ Crn{θn}. Let us prove that Cr{θ} satisfies the credibility
extension condition. Since sup

θk∈Θk

Cr{θk} ≥ 0.5 for each k, we have

sup
θ∈Θ

Cr{θ} = sup
(θ1,θ2,··· ,θn)∈Θ

min
1≤k≤n

Crk{θk} ≥ 0.5.

Now we suppose that θ∗ = (θ∗1 , θ
∗
2 , · · · , θ∗n) is a point with Cr{θ∗} ≥ 0.5.

Without loss of generality, let i be the index such that

Cr{θ∗} = min
1≤k≤n

Crk{θ∗k} = Cri{θ∗i }. (B.20)

We also immediately have

Crk{θ∗k} ≥ 0.5, k = 1, 2, · · · , n; (B.21)

Crk{θ∗k}+ sup
θk 6=θ∗k

Crk{θk} = 1, k = 1, 2, · · · , n; (B.22)

sup
θi 6=θ∗i

Cri{θi} ≥ sup
θk 6=θ∗k

Crk{θk}, k = 1, 2, · · · , n; (B.23)
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sup
θk 6=θ∗k

Crk{θk} ≤ 0.5, k = 1, · · · , n. (B.24)

It follows from (B.21) and (B.24) that

sup
θ 6=θ∗

Cr{θ} = sup
(θ1,θ2,··· ,θn) 6=(θ∗1 ,θ∗2 ,··· ,θ∗n)

min
1≤k≤n

Crk{θk}

≥ sup
θi 6=θ∗i

min
1≤k≤i−1

Crk{θ∗k} ∧ Cri{θi} ∧ min
i+1≤k≤n

Crk{θ∗k}

= sup
θi 6=θ∗i

Cri{θi}.

We next suppose that

sup
θ 6=θ∗

Cr{θ} > sup
θi 6=θ∗i

Cri{θi}.

Then there is a point (θ′1, θ
′
2, · · · , θ′n) 6= (θ∗1 , θ

∗
2 , · · · , θ∗n) such that

min
1≤k≤n

Crk{θ′k} > sup
θi 6=θ∗i

Cri{θi}.

Let j be one of the index such that θ′j 6= θ∗j . Then

Crj{θ′j} > sup
θi 6=θ∗i

Cri{θi}.

That is,
sup

θj 6=θ∗j

Crj{θj} > sup
θi 6=θ∗i

Cri{θi}

which is in contradiction with (B.23). Thus

sup
θ 6=θ∗

Cr{θ} = sup
θi 6=θ∗i

Cri{θi}. (B.25)

It follows from (B.20), (B.22) and (B.25) that

Cr{θ∗}+ sup
θ 6=θ∗

Cr{θ} = Cri{θ∗i }+ sup
θi 6=θ∗i

Cri{θi} = 1.

Thus Cr satisfies the credibility extension condition. It follows from the cred-
ibility extension theorem that Cr{A} is just the unique extension of Cr{θ}.
The theorem is proved.

Definition B.3 Let (Θk,Pk,Crk), k = 1, 2, · · · , n be credibility spaces, Θ =
Θ1×Θ2× · · · ×Θn and Cr = Cr1 ∧Cr2 ∧ · · · ∧Crn. Then (Θ,P,Cr) is called
the product credibility space of (Θk,Pk,Crk), k = 1, 2, · · · , n.

Theorem B.11 Let (Θ,P,Cr) be the product credibility space of (Θk,Pk,Crk),
k = 1, 2, · · · , n. Then for any Ak ∈ Pk, k = 1, 2, · · · , n, we have

Cr{A1 ×A2 × · · · ×Ak} = Cr1{A1} ∧ Cr2{A2} ∧ · · · ∧ Crn{An}.
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Proof: We only prove the case of n = 2. If Cr1{A1} < 0.5 or Cr2{A2} < 0.5,
then we have

sup
θ1∈A1

Cr1{θ1} < 0.5 or sup
θ2∈A2

Cr2{θ2} < 0.5.

It follows from

sup
(θ1,θ2)∈A1×A2

Cr1{θ1} ∧ Cr2{θ2} = sup
θ1∈A1

Cr1{θ1} ∧ sup
θ2∈A2

Cr2{θ2} < 0.5

that

Cr{A1 ×A2} = sup
θ1∈A1

Cr1{θ1} ∧ sup
θ2∈A2

Cr2{θ2} = Cr1{A1} ∧ Cr2{A2}.

If Cr1{A1} ≥ 0.5 and Cr2{A2} ≥ 0.5, then we have

sup
θ1∈A1

Cr1{θ1} ≥ 0.5 and sup
θ2∈A2

Cr2{θ2} ≥ 0.5.

It follows from

sup
(θ1,θ2)∈A1×A2

Cr1{θ1} ∧ Cr2{θ2} = sup
θ1∈A1

Cr1{θ1} ∧ sup
θ2∈A2

Cr2{θ2} ≥ 0.5

that

Cr{A1 ×A2} = 1− sup
(θ1,θ2)/∈A1×A2

Cr1{θ1} ∧ Cr2{θ2}

=

(
1− sup

θ1∈Ac
1

Cr1{θ1}

)
∧

(
1− sup

θ2∈Ac
2

Cr2{θ2}

)
= Cr1{A1} ∧ Cr2{A2}.

The theorem is proved.

B.2 Fuzzy Variable

Definition B.4 A fuzzy variable is a (measurable) function from a credibility
space (Θ,P,Cr) to the set of real numbers.

Example B.8: Take (Θ,P,Cr) to be {θ1, θ2} with Cr{θ1} = Cr{θ2} = 0.5.
Then the function

ξ(θ) =

{
0, if θ = θ1

1, if θ = θ2

is a fuzzy variable.

Example B.9: Take (Θ,P,Cr) to be the interval [0, 1] with Cr{θ} = θ/2 for
each θ ∈ [0, 1]. Then the identity function ξ(θ) = θ is a fuzzy variable.
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Example B.10: A crisp number c may be regarded as a special fuzzy vari-
able. In fact, it is the constant function ξ(θ) ≡ c on the credibility space
(Θ,P,Cr).

Remark B.2: Since a fuzzy variable ξ is a function on a credibility space,
for any set B of real numbers, the set

{ξ ∈ B} =
{
θ ∈ Θ

∣∣ ξ(θ) ∈ B} (B.26)

is always an element in P. In other words, the fuzzy variable ξ is always a
measurable function and {ξ ∈ B} is always an event.

Definition B.5 Let ξ1 and ξ2 be fuzzy variables defined on the credibility
space (Θ,P,Cr). We say ξ1 = ξ2 if ξ1(θ) = ξ2(θ) for almost all θ ∈ Θ.

Fuzzy Vector

Definition B.6 An n-dimensional fuzzy vector is defined as a function from
a credibility space (Θ,P,Cr) to the set of n-dimensional real vectors.

Theorem B.12 The vector (ξ1, ξ2, · · · , ξn) is a fuzzy vector if and only if
ξ1, ξ2, · · · , ξn are fuzzy variables.

Proof: Write ξ = (ξ1, ξ2, · · · , ξn). Suppose that ξ is a fuzzy vector. Then
ξ1, ξ2, · · · , ξn are functions from Θ to <. Thus ξ1, ξ2, · · · , ξn are fuzzy vari-
ables. Conversely, suppose that ξi are fuzzy variables defined on the cred-
ibility spaces (Θi,Pi,Cri), i = 1, 2, · · · , n, respectively. It is clear that
(ξ1, ξ2, · · · , ξn) is a function from the product credibility space (Θ,P,Cr)
to <n, i.e.,

ξ(θ1, θ2, · · · , θn) = (ξ1(θ1), ξ2(θ2), · · · , ξn(θn))

for all (θ1, θ2, · · · , θn) ∈ Θ. Hence ξ = (ξ1, ξ2, · · · , ξn) is a fuzzy vector.

Fuzzy Arithmetic

In this subsection, we will suppose that all fuzzy variables are defined on a
common credibility space. Otherwise, we may embed them into the product
credibility space.

Definition B.7 Let f : <n → < be a function, and ξ1, ξ2, · · · , ξn fuzzy vari-
ables on the credibility space (Θ,P,Cr). Then ξ = f(ξ1, ξ2, · · · , ξn) is a fuzzy
variable defined as

ξ(θ) = f(ξ1(θ), ξ2(θ), · · · , ξn(θ)) (B.27)

for any θ ∈ Θ.

The reader may wonder whether ξ(θ1, θ2, · · · , θn) defined by (B.27) is a
fuzzy variable. The following theorem answers this question.
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Theorem B.13 Let ξ be an n-dimensional fuzzy vector, and f : <n → < a
function. Then f(ξ) is a fuzzy variable.

Proof: Since f(ξ) is a function from a credibility space to the set of real
numbers, it is a fuzzy variable.

B.3 Membership Function

Definition B.8 Let ξ be a fuzzy variable defined on the credibility space
(Θ,P,Cr). Then its membership function is derived from the credibility mea-
sure by

µ(x) = (2Cr{ξ = x}) ∧ 1, x ∈ <. (B.28)

Membership function represents the degree that the fuzzy variable ξ takes
some prescribed value. How do we determine membership functions? There
are several methods reported in the past literature. Anyway, the membership
degree µ(x) = 0 if x is an impossible point, and µ(x) = 1 if x is the most
possible point that ξ takes.

Example B.11: It is clear that a fuzzy variable has a unique membership
function. However, a membership function may produce multiple fuzzy vari-
ables. For example, let Θ = {θ1, θ2} and Cr{θ1} = Cr{θ2} = 0.5. Then
(Θ,P,Cr) is a credibility space. We define

ξ1(θ) =
{

0, if θ = θ1
1, if θ = θ2,

ξ2(θ) =
{

1, if θ = θ1
0, if θ = θ2.

It is clear that both of them are fuzzy variables and have the same member-
ship function, µ(x) ≡ 1 on x = 0 or 1.

Theorem B.14 (Credibility Inversion Theorem) Let ξ be a fuzzy variable
with membership function µ. Then for any set B of real numbers, we have

Cr{ξ ∈ B} =
1
2

(
sup
x∈B

µ(x) + 1− sup
x∈Bc

µ(x)
)
. (B.29)

Proof: If Cr{ξ ∈ B} ≤ 0.5, then by Axiom 2, we have Cr{ξ = x} ≤ 0.5 for
each x ∈ B. It follows from Axiom 4 that

Cr{ξ ∈ B} =
1
2

(
sup
x∈B

(2Cr{ξ = x} ∧ 1)
)

=
1
2

sup
x∈B

µ(x). (B.30)

The self-duality of credibility measure implies that Cr{ξ ∈ Bc} ≥ 0.5 and
supx∈Bc Cr{ξ = x} ≥ 0.5, i.e.,

sup
x∈Bc

µ(x) = sup
x∈Bc

(2Cr{ξ = x} ∧ 1) = 1. (B.31)
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It follows from (B.30) and (B.31) that (B.29) holds.
If Cr{ξ ∈ B} ≥ 0.5, then Cr{ξ ∈ Bc} ≤ 0.5. It follows from the first case

that

Cr{ξ ∈ B} = 1− Cr{ξ ∈ Bc} = 1− 1
2

(
sup

x∈Bc

µ(x) + 1− sup
x∈B

µ(x)
)

=
1
2

(
sup
x∈B

µ(x) + 1− sup
x∈Bc

µ(x)
)
.

The theorem is proved.

Example B.12: Let ξ be a fuzzy variable with membership function µ.
Then the following equations follow immediately from Theorem B.14:

Cr{ξ = x} =
1
2

(
µ(x) + 1− sup

y 6=x
µ(y)

)
, ∀x ∈ <; (B.32)

Cr{ξ ≤ x} =
1
2

(
sup
y≤x

µ(y) + 1− sup
y>x

µ(y)
)
, ∀x ∈ <; (B.33)

Cr{ξ ≥ x} =
1
2

(
sup
y≥x

µ(y) + 1− sup
y<x

µ(y)
)
, ∀x ∈ <. (B.34)

Especially, if µ is a continuous function, then

Cr{ξ = x} =
µ(x)

2
, ∀x ∈ <. (B.35)

Theorem B.15 (Sufficient and Necessary Condition for Membership Func-
tion) A function µ : < → [0, 1] is a membership function if and only if
supµ(x) = 1.

Proof: If µ is a membership function, then there exists a fuzzy variable ξ
whose membership function is just µ, and

sup
x∈<

µ(x) = sup
x∈<

(2Cr{ξ = x}) ∧ 1.

If there is some point x ∈ < such that Cr{ξ = x} ≥ 0.5, then supµ(x) = 1.
Otherwise, we have Cr{ξ = x} < 0.5 for each x ∈ <. It follows from Axiom 4
that

sup
x∈<

µ(x) = sup
x∈<

(2Cr{ξ = x}) ∧ 1 = 2 sup
x∈<

Cr{ξ = x} = 2 (Cr{Θ} ∧ 0.5) = 1.

Conversely, suppose that supµ(x) = 1. For each x ∈ <, we define

Cr{x} =
1
2

(
µ(x) + 1− sup

y 6=x
µ(y)

)
.
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It is clear that
sup
x∈<

Cr{x} ≥ 1
2
(1 + 1− 1) = 0.5.

For any x∗ ∈ < with Cr{x∗} ≥ 0.5, we have µ(x∗) = 1 and

Cr{x∗}+ sup
y 6=x∗

Cr{y}

=
1
2

(
µ(x∗) + 1− sup

y 6=x∗
µ(y)

)
+ sup

y 6=x∗

1
2

(
µ(y) + 1− sup

z 6=y
µ(z)

)

= 1− 1
2

sup
y 6=x∗

µ(y) +
1
2

sup
y 6=x∗

µ(y) = 1.

Thus Cr{x} satisfies the credibility extension condition, and has a unique
extension to credibility measure on P(<) by using the credibility extension
theorem. Now we define a fuzzy variable ξ as an identity function from the
credibility space (<,P(<),Cr) to <. Then the membership function of the
fuzzy variable ξ is

(2Cr{ξ = x}) ∧ 1 =

(
µ(x) + 1− sup

y 6=x
µ(y)

)
∧ 1 = µ(x)

for each x. The theorem is proved.

Some Special Membership Functions

By an equipossible fuzzy variable we mean the fuzzy variable fully determined
by the pair (a, b) of crisp numbers with a < b, whose membership function is
given by

µ1(x) = 1, a ≤ x ≤ b.

By a triangular fuzzy variable we mean the fuzzy variable fully determined
by the triplet (a, b, c) of crisp numbers with a < b < c, whose membership
function is given by

µ2(x) =


x− a

b− a
, if a ≤ x ≤ b

x− c

b− c
, if b ≤ x ≤ c.

By a trapezoidal fuzzy variable we mean the fuzzy variable fully determined
by the quadruplet (a, b, c, d) of crisp numbers with a < b < c < d, whose
membership function is given by

µ3(x) =



x− a

b− a
, if a ≤ x ≤ b

1, if b ≤ x ≤ c

x− d

c− d
, if c ≤ x ≤ d.
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Figure B.1: Membership Functions µ1, µ2 and µ3

B.4 Credibility Distribution

Definition B.9 (Liu [119]) The credibility distribution Φ : < → [0, 1] of a
fuzzy variable ξ is defined by

Φ(x) = Cr
{
θ ∈ Θ

∣∣ ξ(θ) ≤ x
}
. (B.36)

That is, Φ(x) is the credibility that the fuzzy variable ξ takes a value less than
or equal to x. Generally speaking, the credibility distribution Φ is neither
left-continuous nor right-continuous.

Example B.13: The credibility distribution of an equipossible fuzzy variable
(a, b) is

Φ1(x) =


0, if x < a

1/2, if a ≤ x < b

1, if x ≥ b.

Especially, if ξ is an equipossible fuzzy variable on <, then Φ1(x) ≡ 1/2.

Example B.14: The credibility distribution of a triangular fuzzy variable
(a, b, c) is

Φ2(x) =



0, if x ≤ a
x− a

2(b− a)
, if a ≤ x ≤ b

x+ c− 2b
2(c− b)

, if b ≤ x ≤ c

1, if x ≥ c.
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Example B.15: The credibility distribution of a trapezoidal fuzzy variable
(a, b, c, d) is

Φ3(x) =



0, if x ≤ a
x− a

2(b− a)
, if a ≤ x ≤ b

1
2
, if b ≤ x ≤ c

x+ d− 2c
2(d− c)

, if c ≤ x ≤ d

1, if x ≥ d.
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Figure B.2: Credibility Distributions Φ1, Φ2 and Φ3

Theorem B.16 Let ξ be a fuzzy variable with membership function µ. Then
its credibility distribution is

Φ(x) =
1
2

(
sup
y≤x

µ(y) + 1− sup
y>x

µ(y)
)
, ∀x ∈ <. (B.37)

Proof: It follows from the credibility inversion theorem immediately.

Theorem B.17 (Liu [124], Sufficient and Necessary Condition for Credi-
bility Distribution) A function Φ : < → [0, 1] is a credibility distribution if
and only if it is an increasing function with

lim
x→−∞

Φ(x) ≤ 0.5 ≤ lim
x→∞

Φ(x), (B.38)

lim
y↓x

Φ(y) = Φ(x) if lim
y↓x

Φ(y) > 0.5 or Φ(x) ≥ 0.5. (B.39)

Proof: It is obvious that a credibility distribution Φ is an increasing func-
tion. The inequalities (B.38) follow from the credibility asymptotic theorem
immediately. Assume that x is a point at which limy↓x Φ(y) > 0.5. That is,

lim
y↓x

Cr{ξ ≤ y} > 0.5.
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Since {ξ ≤ y} ↓ {ξ ≤ x} as y ↓ x, it follows from the credibility semicontinuity
law that

Φ(y) = Cr{ξ ≤ y} ↓ Cr{ξ ≤ x} = Φ(x)

as y ↓ x. When x is a point at which Φ(x) ≥ 0.5, if limy↓x Φ(y) 6= Φ(x), then
we have

lim
y↓x

Φ(y) > Φ(x) ≥ 0.5.

For this case, we have proved that limy↓x Φ(y) = Φ(x). Thus (B.38) and
(B.39) are proved. Conversely, if Φ : < → [0, 1] is an increasing function
satisfying (B.38) and (B.39), then

µ(x) =


2Φ(x), if Φ(x) < 0.5

1, if lim
y↑x

Φ(y) < 0.5 ≤ Φ(x)

2− 2Φ(x), if 0.5 ≤ lim
y↑x

Φ(y)

(B.40)

takes values in [0, 1] and supµ(x) = 1. It follows from Theorem B.15 that
there is a fuzzy variable ξ whose membership function is just µ. Let us verify
that Φ is the credibility distribution of ξ, i.e., Cr{ξ ≤ x} = Φ(x) for each x.
The argument breaks down into two cases. (i) If Φ(x) < 0.5, then we have
supy>x µ(y) = 1, and µ(y) = 2Φ(y) for each y with y ≤ x. Thus

Cr{ξ ≤ x} =
1
2

(
sup
y≤x

µ(y) + 1− sup
y>x

µ(y)
)

= sup
y≤x

Φ(y) = Φ(x).

(ii) If Φ(x) ≥ 0.5, then we have supy≤x µ(y) = 1 and Φ(y) ≥ Φ(x) ≥ 0.5 for
each y with y > x. Thus µ(y) = 2− 2Φ(y) and

Cr{ξ ≤ x} =
1
2

(
sup
y≤x

µ(y) + 1− sup
y>x

µ(y)
)

=
1
2

(
1 + 1− sup

y>x
(2− 2Φ(y))

)
= inf

y>x
Φ(y) = lim

y↓x
Φ(y) = Φ(x).

The theorem is proved.

Example B.16: Let a and b be two numbers with 0 ≤ a ≤ 0.5 ≤ b ≤ 1. We
define a fuzzy variable by the following membership function,

µ(x) =


2a, if x < 0
1, if x = 0

2− 2b, if x > 0.
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Then its credibility distribution is

Φ(x) =

{
a, if x < 0
b, if x ≥ 0.

Thus we have
lim

x→−∞
Φ(x) = a, lim

x→+∞
Φ(x) = b.

B.5 Independence

The independence of fuzzy variables has been discussed by many authors
from different angles. Here we use the following definition.

Definition B.10 (Liu and Gao [150]) The fuzzy variables ξ1, ξ2, · · · , ξm are
said to be independent if

Cr

{
m⋂

i=1

{ξi ∈ Bi}

}
= min

1≤i≤m
Cr {ξi ∈ Bi} (B.41)

for any sets B1, B2, · · · , Bm of <.

Theorem B.18 The fuzzy variables ξ1, ξ2, · · · , ξm are independent if and
only if

Cr

{
m⋃

i=1

{ξi ∈ Bi}

}
= max

1≤i≤m
Cr {ξi ∈ Bi} (B.42)

for any sets B1, B2, · · · , Bm of <.

Proof: It follows from the self-duality of credibility measure that ξ1, ξ2, · · · , ξm
are independent if and only if

Cr

{
m⋃

i=1

{ξi ∈ Bi}

}
= 1− Cr

{
m⋂

i=1

{ξi ∈ Bc
i }

}
= 1− min

1≤i≤m
Cr{ξi ∈ Bc

i } = max
1≤i≤m

Cr {ξi ∈ Bi} .

Thus (B.42) is verified. The proof is complete.

Theorem B.19 The fuzzy variables ξ1, ξ2, · · · , ξm are independent if and
only if

Cr

{
m⋂

i=1

{ξi = xi}

}
= min

1≤i≤m
Cr {ξi = xi} (B.43)

for any real numbers x1, x2, · · · , xm.
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Proof: If ξ1, ξ2, · · · , ξm are independent, then we have (B.43) immediately by
taking Bi = {xi} for each i. Conversely, if Cr{∩m

i=1(ξi ∈ Bi)} ≥ 0.5, it follows
from Theorem B.2 that (B.41) holds. Otherwise, we have Cr{∩m

i=1(ξi =
xi)} < 0.5 for any real numbers xi ∈ Bi, i = 1, 2, · · · ,m, and

Cr

{
m⋂

i=1

{ξi ∈ Bi}

}
= Cr

 ⋃
xi∈Bi,1≤i≤m

m⋂
i=1

{ξi = xi}


= sup

xi∈Bi,1≤i≤m
Cr

{
m⋂

i=1

{ξi = xi}

}
= sup

xi∈Bi,1≤i≤m
min

1≤i≤m
Cr{ξi = xi}

= min
1≤i≤m

sup
xi∈Bi

Cr {ξi = xi} = min
1≤i≤m

Cr {ξi ∈ Bi} .

Hence (B.41) is true, and ξ1, ξ2, · · · , ξm are independent. The theorem is
thus proved.

Theorem B.20 Let µi be membership functions of fuzzy variables ξi, i =
1, 2, · · · ,m, respectively, and µ the joint membership function of fuzzy vector
(ξ1, ξ2, · · · , ξm). Then the fuzzy variables ξ1, ξ2, · · · , ξm are independent if
and only if

µ(x1, x2, · · · , xm) = min
1≤i≤m

µi(xi) (B.44)

for any real numbers x1, x2, · · · , xm.

Proof: Suppose that ξ1, ξ2, · · · , ξm are independent. It follows from Theo-
rem B.19 that

µ(x1, x2, · · · , xm) =

(
2Cr

{
m⋂

i=1

{ξi = xi}

})
∧ 1

=
(

2 min
1≤i≤m

Cr{ξi = xi}
)
∧ 1

= min
1≤i≤m

(2Cr{ξi = xi}) ∧ 1 = min
1≤i≤m

µi(xi).

Conversely, for any real numbers x1, x2, · · · , xm with Cr{∩m
i=1{ξi = xi}} <

0.5, we have

Cr

{
m⋂

i=1

{ξi = xi}

}
=

1
2

(
2Cr

{
m⋂

i=1

{ξi = xi}

})
∧ 1

=
1
2
µ(x1, x2, · · · , xm) =

1
2

min
1≤i≤m

µi(xi)

=
1
2

(
min

1≤i≤m
(2Cr {ξi = xi}) ∧ 1

)
= min

1≤i≤m
Cr {ξi = xi} .
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It follows from Theorem B.19 that ξ1, ξ2, · · · , ξm are independent. The the-
orem is proved.

B.6 Extension Principle of Zadeh

Theorem B.21 (Extension Principle of Zadeh) Let ξ1, ξ2, · · · , ξn be inde-
pendent fuzzy variables with membership functions µ1, µ2, · · · , µn, respec-
tively, and f : <n → < a function. Then the membership function µ of
ξ = f(ξ1, ξ2, · · · , ξn) is derived from the membership functions µ1, µ2, · · · , µn

by
µ(x) = sup

x=f(x1,x2,··· ,xn)

min
1≤i≤n

µi(xi) (B.45)

for any x ∈ <. Here we set µ(x) = 0 if there are not real numbers x1, x2, · · · , xn

such that x = f(x1, x2, · · · , xn).

Proof: It follows from Definition B.8 that the membership function of ξ =
f(ξ1, ξ2, · · · , ξn) is

µ(x) = (2Cr {f(ξ1, ξ2, · · · , ξn) = x}) ∧ 1

=

(
2 sup

x=f(x1,x2,··· ,xn)

Cr{ξ1 = x1, ξ2 = x2, · · · , ξn = xn}

)
∧ 1

=

(
2 sup

x=f(x1,x2,··· ,xn)

min
1≤k≤n

Cr{ξi = xi}

)
∧ 1 (by independence)

= sup
x=f(x1,x2,··· ,xn)

min
1≤k≤n

(2Cr{ξi = xi}) ∧ 1

= sup
x=f(x1,x2,··· ,xn)

min
1≤i≤n

µi(xi).

The theorem is proved.

Remark B.3: The extension principle of Zadeh is only applicable to the
operations on independent fuzzy variables. In the past literature, the exten-
sion principle is used as a postulate. However, it is treated as a theorem in
credibility theory.

Example B.17: The sum of independent equipossible fuzzy variables ξ =
(a1, a2) and η = (b1, b2) is also an equipossible fuzzy variable, and

ξ + η = (a1 + b1, a2 + b2).

Their product is also an equipossible fuzzy variable, and

ξ · η =
(

min
a1≤x≤a2,b1≤y≤b2

xy, max
a1≤x≤a2,b1≤y≤b2

xy

)
.
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Example B.18: The sum of independent triangular fuzzy variables ξ =
(a1, a2, a3) and η = (b1, b2, b3) is also a triangular fuzzy variable, and

ξ + η = (a1 + b1, a2 + b2, a3 + b3).

The product of a triangular fuzzy variable ξ = (a1, a2, a3) and a scalar number
λ is

λ · ξ =

{
(λa1, λa2, λa3), if λ ≥ 0

(λa3, λa2, λa1), if λ < 0.

That is, the product of a triangular fuzzy variable and a scalar number is
also a triangular fuzzy variable. However, the product of two triangular fuzzy
variables is not a triangular one.

Example B.19: The sum of independent trapezoidal fuzzy variables ξ =
(a1, a2, a3, a4) and η = (b1, b2, b3, b4) is also a trapezoidal fuzzy variable, and

ξ + η = (a1 + b1, a2 + b2, a3 + b3, a4 + b4).

The product of a trapezoidal fuzzy variable ξ = (a1, a2, a3, a4) and a scalar
number λ is

λ · ξ =

{
(λa1, λa2, λa3, λa4), if λ ≥ 0

(λa4, λa3, λa2, λa1), if λ < 0.

That is, the product of a trapezoidal fuzzy variable and a scalar number is
also a trapezoidal fuzzy variable. However, the product of two trapezoidal
fuzzy variables is not a trapezoidal one.

Example B.20: Let ξ1, ξ2, · · · , ξn be independent fuzzy variables with mem-
bership functions µ1, µ2, · · · , µn, respectively, and f : <n → < a function.
Then for any set B of real numbers, the credibility Cr{f(ξ1, ξ2, · · · , ξn) ∈ B}
is

1
2

(
sup

f(x1,x2,··· ,xn)∈B

min
1≤i≤n

µi(xi) + 1− sup
f(x1,x2,··· ,xn)∈Bc

min
1≤i≤n

µi(xi)

)
.

B.7 Expected Value

There are many ways to define an expected value operator for fuzzy variables.
The most general definition of expected value operator of fuzzy variable was
given by Liu and Liu [121]. This definition is applicable to not only continuous
fuzzy variables but also discrete ones.

Definition B.11 (Liu and Liu [121]) Let ξ be a fuzzy variable. Then the
expected value of ξ is defined by

E[ξ] =
∫ +∞

0

Cr{ξ ≥ r}dr −
∫ 0

−∞
Cr{ξ ≤ r}dr (B.46)

provided that at least one of the two integrals is finite.
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Example B.21: Let ξ be the equipossible fuzzy variable (a, b). Then its
expected value is E[ξ] = (a+ b)/2.

Example B.22: The triangular fuzzy variable ξ = (a, b, c) has an expected
value E[ξ] = (a+ 2b+ c)/4.

Example B.23: The trapezoidal fuzzy variable ξ = (a, b, c, d) has an ex-
pected value E[ξ] = (a+ b+ c+ d)/4.

Example B.24: Let ξ be a continuous fuzzy variable with membership
function µ. If its expected value exists, and there is a point x0 such that
µ(x) is increasing on (−∞, x0) and decreasing on (x0,+∞), then Cr{ξ ≥
x} = µ(x)/2 for any x > x0 and Cr{ξ ≤ x} = µ(x)/2 for any x < x0. Thus

E[ξ] = x0 +
1
2

∫ +∞

x0

µ(x)dx− 1
2

∫ x0

−∞
µ(x)dx.

Example B.25: The definition of expected value operator is also applicable
to discrete case. Assume that ξ is a simple fuzzy variable whose membership
function is given by

µ(x) =


µ1, if x = x1

µ2, if x = x2

· · ·
µm, if x = xm

(B.47)

where x1, x2, · · · , xm are distinct numbers. Note that µ1 ∨µ2 ∨ · · · ∨µm = 1.
Definition B.11 implies that the expected value of ξ is

E[ξ] =
m∑

i=1

wixi (B.48)

where the weights are given by

wi =
1
2

(
max

1≤j≤m
{µj |xj ≤ xi} − max

1≤j≤m
{µj |xj < xi}

+ max
1≤j≤m

{µj |xj ≥ xi} − max
1≤j≤m

{µj |xj > xi}
)

for i = 1, 2, · · · ,m. It is easy to verify that all wi ≥ 0 and the sum of all
weights is just 1.

Example B.26: Consider the fuzzy variable ξ defined by (B.47). Suppose
x1 < x2 < · · · < xm and there exists an index k with 1 < k < m such that

µ1 ≤ µ2 ≤ · · · ≤ µk and µk ≥ µk+1 ≥ · · · ≥ µm.
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Note that µk ≡ 1. Then the expected value is determined by (B.48) and the
weights are given by

wi =



µ1

2
, if i = 1

µi − µi−1

2
, if i = 2, 3, · · · , k − 1

1− µk−1 + µk+1

2
, if i = k

µi − µi+1

2
, if i = k + 1, k + 2, · · · ,m− 1

µm

2
, if i = m.

Linearity of Expected Value Operator

Theorem B.22 (Liu and Liu [143]) Let ξ and η be independent fuzzy vari-
ables with finite expected values. Then for any numbers a and b, we have

E[aξ + bη] = aE[ξ] + bE[η]. (B.49)

Proof: Step 1: We first prove that E[ξ + b] = E[ξ] + b for any real number
b. If b ≥ 0, we have

E[ξ + b] =
∫ ∞

0

Cr{ξ + b ≥ r}dr −
∫ 0

−∞
Cr{ξ + b ≤ r}dr

=
∫ ∞

0

Cr{ξ ≥ r − b}dr −
∫ 0

−∞
Cr{ξ ≤ r − b}dr

= E[ξ] +
∫ b

0

(Cr{ξ ≥ r − b}+ Cr{ξ < r − b}) dr

= E[ξ] + b.

If b < 0, then we have

E[ξ + b] = E[ξ]−
∫ 0

b

(Cr{ξ ≥ r − b}+ Cr{ξ < r − b}) dr = E[ξ] + b.

Step 2: We prove that E[aξ] = aE[ξ] for any real number a. If a = 0,
then the equation E[aξ] = aE[ξ] holds trivially. If a > 0, we have

E[aξ] =
∫ ∞

0

Cr{aξ ≥ r}dr −
∫ 0

−∞
Cr{aξ ≤ r}dr

=
∫ ∞

0

Cr
{
ξ ≥ r

a

}
dr −

∫ 0

−∞
Cr
{
ξ ≤ r

a

}
dr

= a

∫ ∞

0

Cr
{
ξ ≥ r

a

}
d
( r
a

)
− a

∫ 0

−∞
Cr
{
ξ ≤ r

a

}
d
( r
a

)
= aE[ξ].
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If a < 0, we have

E[aξ] =
∫ ∞

0

Cr{aξ ≥ r}dr −
∫ 0

−∞
Cr{aξ ≤ r}dr

=
∫ ∞

0

Cr
{
ξ ≤ r

a

}
dr −

∫ 0

−∞
Cr
{
ξ ≥ r

a

}
dr

= a

∫ ∞

0

Cr
{
ξ ≥ r

a

}
d
( r
a

)
− a

∫ 0

−∞
Cr
{
ξ ≤ r

a

}
d
( r
a

)
= aE[ξ].

Step 3: We prove that E[ξ + η] = E[ξ] + E[η] when both ξ and η are
simple fuzzy variables with the following membership functions,

µ(x) =


µ1, if x = a1

µ2, if x = a2

· · ·
µm, if x = am,

ν(x) =


ν1, if x = b1

ν2, if x = b2

· · ·
νn, if x = bn.

Then ξ+η is also a simple fuzzy variable taking values ai+bj with membership
degrees µi ∧ νj , i = 1, 2, · · · ,m, j = 1, 2, · · · , n, respectively. Now we define

w′i =
1
2

(
max

1≤k≤m
{µk|ak ≤ ai} − max

1≤k≤m
{µk|ak < ai}

+ max
1≤k≤m

{µk|ak ≥ ai} − max
1≤k≤m

{µk|ak > ai}
)
,

w′′j =
1
2

(
max

1≤l≤n
{νl|bl ≤ bj} − max

1≤l≤n
{νl|bl < bj}

+ max
1≤l≤n

{νl|bl ≥ bj} − max
1≤l≤n

{νl|bl > bj}
)
,

wij =
1
2

(
max

1≤k≤m,1≤l≤n
{µk ∧ νl|ak + bl ≤ ai + bj}

− max
1≤k≤m,1≤l≤n

{µk ∧ νl|ak + bl < ai + bj}

+ max
1≤k≤m,1≤l≤n

{µk ∧ νl|ak + bl ≥ ai + bj}

− max
1≤k≤m,1≤l≤n

{µk ∧ νl|ak + bl > ai + bj}
)

for i = 1, 2, · · · ,m and j = 1, 2, · · · , n. It is also easy to verify that

w′i =
n∑

j=1

wij , w′′j =
m∑

i=1

wij
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for i = 1, 2, · · · ,m and j = 1, 2, · · · , n. If {ai}, {bj} and {ai + bj} are
sequences consisting of distinct elements, then

E[ξ] =
m∑

i=1

aiw
′
i, E[η] =

n∑
j=1

bjw
′′
j , E[ξ + η] =

m∑
i=1

n∑
j=1

(ai + bj)wij .

Thus E[ξ + η] = E[ξ] +E[η]. If not, we may give them a small perturbation
such that they are distinct, and prove the linearity by letting the perturbation
tend to zero.

Step 4: We prove that E[ξ + η] = E[ξ] + E[η] when ξ and η are fuzzy
variables such that

lim
y↑0

Cr{ξ ≤ y} ≤ 1
2
≤ Cr{ξ ≤ 0},

lim
y↑0

Cr{η ≤ y} ≤ 1
2
≤ Cr{η ≤ 0}.

(B.50)

We define simple fuzzy variables ξi via credibility distributions as follows,

Φi(x) =



k − 1
2i

, if
k − 1

2i
≤ Cr{ξ ≤ x} < k

2i
, k = 1, 2, · · · , 2i−1

k

2i
, if

k − 1
2i

≤ Cr{ξ ≤ x} < k

2i
, k = 2i−1 + 1, · · · , 2i

1, if Cr{ξ ≤ x} = 1

for i = 1, 2, · · · Thus {ξi} is a sequence of simple fuzzy variables satisfying

Cr{ξi ≤ r} ↑ Cr{ξ ≤ r}, if r ≤ 0
Cr{ξi ≥ r} ↑ Cr{ξ ≥ r}, if r ≥ 0

as i → ∞. Similarly, we define simple fuzzy variables ηi via credibility
distributions as follows,

Ψi(x) =



k − 1
2i

, if
k − 1

2i
≤ Cr{η ≤ x} < k

2i
, k = 1, 2, · · · , 2i−1

k

2i
, if

k − 1
2i

≤ Cr{η ≤ x} < k

2i
, k = 2i−1 + 1, · · · , 2i

1, if Cr{η ≤ x} = 1

for i = 1, 2, · · · Thus {ηi} is a sequence of simple fuzzy variables satisfying

Cr{ηi ≤ r} ↑ Cr{η ≤ r}, if r ≤ 0
Cr{ηi ≥ r} ↑ Cr{η ≥ r}, if r ≥ 0
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as i→∞. It is also clear that {ξi+ηi} is a sequence of simple fuzzy variables.
Furthermore, when r ≤ 0, it follows from (B.50) that

lim
i→∞

Cr{ξi + ηi ≤ r} = lim
i→∞

sup
x≤0,y≤0,x+y≤r

Cr{ξi ≤ x} ∧ Cr{ηi ≤ y}

= sup
x≤0,y≤0,x+y≤r

lim
i→∞

Cr{ξi ≤ x} ∧ Cr{ηi ≤ y}

= sup
x≤0,y≤0,x+y≤r

Cr{ξ ≤ x} ∧ Cr{η ≤ y}

= Cr{ξ + η ≤ r}.

That is,
Cr{ξi + ηi ≤ r} ↑ Cr{ξ + η ≤ r}, if r ≤ 0.

A similar way may prove that

Cr{ξi + ηi ≥ r} ↑ Cr{ξ + η ≥ r}, if r ≥ 0.

Since the expected values E[ξ] and E[η] exist, we have

E[ξi] =
∫ +∞

0

Cr{ξi ≥ r}dr −
∫ 0

−∞
Cr{ξi ≤ r}dr

→
∫ +∞

0

Cr{ξ ≥ r}dr −
∫ 0

−∞
Cr{ξ ≤ r}dr = E[ξ],

E[ηi] =
∫ +∞

0

Cr{ηi ≥ r}dr −
∫ 0

−∞
Cr{ηi ≤ r}dr

→
∫ +∞

0

Cr{η ≥ r}dr −
∫ 0

−∞
Cr{η ≤ r}dr = E[η],

E[ξi + ηi] =
∫ +∞

0

Cr{ξi + ηi ≥ r}dr −
∫ 0

−∞
Cr{ξi + ηi ≤ r}dr

→
∫ +∞

0

Cr{ξ + η ≥ r}dr −
∫ 0

−∞
Cr{ξ + η ≤ r}dr = E[ξ + η]

as i→∞. It follows from Step 3 that E[ξ + η] = E[ξ] + E[η].

Step 5: We prove that E[ξ + η] = E[ξ] + E[η] when ξ and η are arbi-
trary fuzzy variables. Since they have finite expected values, there exist two
numbers c and d such that

lim
y↑0

Cr{ξ + c ≤ y} ≤ 1
2
≤ Cr{ξ + c ≤ 0},

lim
y↑0

Cr{η + d ≤ y} ≤ 1
2
≤ Cr{η + d ≤ 0}.
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It follows from Steps 1 and 4 that

E[ξ + η] = E[(ξ + c) + (η + d)− c− d]

= E[(ξ + c) + (η + d)]− c− d

= E[ξ + c] + E[η + d]− c− d

= E[ξ] + c+ E[η] + d− c− d

= E[ξ] + E[η].

Step 6: We prove that E[aξ + bη] = aE[ξ] + bE[η] for any real numbers
a and b. In fact, the equation follows immediately from Steps 2 and 5. The
theorem is proved.

B.8 Variance

Definition B.12 (Liu and Liu [121]) Let ξ be a fuzzy variable with finite
expected value e. Then the variance of ξ is defined by V [ξ] = E[(ξ − e)2].

The variance of a fuzzy variable provides a measure of the spread of the
distribution around its expected value.

Example B.27: A fuzzy variable ξ is called normally distributed if it has a
normal membership function

µ(x) = 2
(

1 + exp
(
π|x− e|√

6σ

))−1

, x ∈ <, σ > 0. (B.51)

The expected value is e and variance is σ2. Let ξ1 and ξ2 be independently
and normally distributed fuzzy variables with expected values e1 and e2,
variances σ2

1 and σ2
2 , respectively. Then for any real numbers a1 and a2, the

fuzzy variable a1ξ1 + a2ξ2 is also normally distributed with expected value
a1e1 + a2e2 and variance (|a1|σ1 + |a2|σ2)2.
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Figure B.3: Normal Membership Function
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Theorem B.23 If ξ is a fuzzy variable whose variance exists, a and b are
real numbers, then V [aξ + b] = a2V [ξ].

Proof: It follows from the definition of variance that

V [aξ + b] = E
[
(aξ + b− aE[ξ]− b)2

]
= a2E[(ξ − E[ξ])2] = a2V [ξ].

Theorem B.24 Let ξ be a fuzzy variable with expected value e. Then V [ξ] =
0 if and only if Cr{ξ = e} = 1.

Proof: If V [ξ] = 0, then E[(ξ − e)2] = 0. Note that

E[(ξ − e)2] =
∫ +∞

0

Cr{(ξ − e)2 ≥ r}dr

which implies Cr{(ξ−e)2 ≥ r} = 0 for any r > 0. Hence we have Cr{(ξ−e)2 =
0} = 1, i.e., Cr{ξ = e} = 1. Conversely, if Cr{ξ = e} = 1, then we have
Cr{(ξ − e)2 = 0} = 1 and Cr{(ξ − e)2 ≥ r} = 0 for any r > 0. Thus

V [ξ] =
∫ +∞

0

Cr{(ξ − e)2 ≥ r}dr = 0.

B.9 Moments

Definition B.13 (Liu [123]) Let ξ be a fuzzy variable, and k a positive num-
ber. Then
(a) the expected value E[ξk] is called the kth moment;
(b) the expected value E[|ξ|k] is called the kth absolute moment;
(c) the expected value E[(ξ − E[ξ])k] is called the kth central moment;
(d) the expected value E[|ξ−E[ξ]|k] is called the kth absolute central moment.

Note that the first central moment is always 0, the first moment is just
the expected value, and the second central moment is just the variance.

Example B.28: A fuzzy variable ξ is called exponentially distributed if it
has an exponential membership function

µ(x) = 2
(

1 + exp
(

πx√
6m

))−1

, x ≥ 0, m > 0. (B.52)

The expected value is (
√

6m ln 2)/π and the second moment is m2. Let ξ1
and ξ2 be independently and exponentially distributed fuzzy variables with
second moments m2

1 and m2
2, respectively. Then for any positive real numbers

a1 and a2, the fuzzy variable a1ξ1+a2ξ2 is also exponentially distributed with
second moment (a1m1 + a2m2)2.
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Figure B.4: Exponential Membership Function

B.10 Critical Values

In order to rank fuzzy variables, we may use two critical values: optimistic
value and pessimistic value.

Definition B.14 (Liu [119]) Let ξ be a fuzzy variable, and α ∈ (0, 1]. Then

ξsup(α) = sup
{
r
∣∣ Cr {ξ ≥ r} ≥ α

}
(B.53)

is called the α-optimistic value to ξ, and

ξinf(α) = inf
{
r
∣∣ Cr {ξ ≤ r} ≥ α

}
(B.54)

is called the α-pessimistic value to ξ.

Example B.29: Let ξ = (a, b, c) be a triangular fuzzy variable. Then its
α-optimistic and α-pessimistic values are

ξsup(α) =

{
2αb+ (1− 2α)c, if α ≤ 0.5

(2α− 1)a+ (2− 2α)b, if α > 0.5,

ξinf(α) =

{
(1− 2α)a+ 2αb, if α ≤ 0.5

(2− 2α)b+ (2α− 1)c, if α > 0.5.

Theorem B.25 Let ξ be a fuzzy variable, and α ∈ (0, 1]. If α > 0.5, then
we have

Cr{ξ ≤ ξinf(α)} ≥ α, Cr{ξ ≥ ξsup(α)} ≥ α. (B.55)

Proof: It follows from the definition of α-pessimistic value that there exists
a decreasing sequence {xi} such that Cr{ξ ≤ xi} ≥ α and xi ↓ ξinf(α) as
i→∞. Since {ξ ≤ xi} ↓ {ξ ≤ ξinf(α)} and limi→∞ Cr{ξ ≤ xi} ≥ α > 0.5, it
follows from the credibility semicontinuity law that

Cr{ξ ≤ ξinf(α)} = lim
i→∞

Cr{ξ ≤ xi} ≥ α.
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Similarly, there exists an increasing sequence {xi} such that Cr{ξ ≥ xi} ≥
α and xi ↑ ξsup(α) as i → ∞. Since {ξ ≥ xi} ↓ {ξ ≥ ξsup(α)} and
limi→∞ Cr{ξ ≥ xi} ≥ α > 0.5, it follows from the credibility semicontinuity
law that

Cr{ξ ≥ ξsup(α)} = lim
i→∞

Cr{ξ ≥ xi} ≥ α.

The theorem is proved.

Theorem B.26 Let ξ be a fuzzy variable, and α ∈ (0, 1]. Then we have
(a) ξinf(α) is an increasing and left-continuous function of α;
(b) ξsup(α) is a decreasing and left-continuous function of α.

Proof: (a) Let α1 and α2 be two numbers with 0 < α1 < α2 ≤ 1. Then for
any number r < ξsup(α2), we have

Cr {ξ ≥ r} ≥ α2 > α1.

Thus, by the definition of optimistic value, we obtain ξsup(α1) ≥ ξsup(α2).
That is, the value ξsup(α) is a decreasing function of α. Next, we prove the
left-continuity of ξinf(α) with respect to α. Let {αi} be an arbitrary sequence
of positive numbers such that αi ↑ α. Then {ξinf(αi)} is an increasing se-
quence. If the limitation is equal to ξinf(α), then the left-continuity is proved.
Otherwise, there exists a number z∗ such that

lim
i→∞

ξinf(αi) < z∗ < ξinf(α).

Thus Cr{ξ ≤ z∗} ≥ αi for each i. Letting i → ∞, we get Cr{ξ ≤ z∗} ≥ α.
Hence z∗ ≥ ξinf(α). A contradiction proves the left-continuity of ξinf(α) with
respect to α. The part (b) may be proved similarly.

B.11 Entropy

Fuzzy entropy is a measure of uncertainty and has been studied by many
researchers such as De Luca and Termini [27], Kaufmann [71], Yager [217],
Kosko [80], Pal and Pal [173], Bhandari and Pal [7], and Pal and Bezdek
[175]. Those definitions of entropy characterize the uncertainty resulting
primarily from the linguistic vagueness rather than resulting from information
deficiency, and vanishes when the fuzzy variable is an equipossible one.

Liu [126] suggested that an entropy of fuzzy variables should meet at least
the following three basic requirements: (i) minimum: the entropy of a crisp
number is minimum, i.e., 0; (ii) maximum: the entropy of an equipossible
fuzzy variable is maximum; (iii) universality: the entropy is applicable not
only to finite and infinite cases but also to discrete and continuous cases.

In order to meet those requirements, Li and Liu [91] provided a new def-
inition of fuzzy entropy to characterize the uncertainty resulting from infor-
mation deficiency which is caused by the impossibility to predict the specified
value that a fuzzy variable takes.
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Entropy of Discrete Fuzzy Variables

Definition B.15 (Li and Liu [91]) Let ξ be a discrete fuzzy variable taking
values in {x1, x2, · · · }. Then its entropy is defined by

H[ξ] =
∞∑

i=1

S(Cr{ξ = xi}) (B.56)

where S(t) = −t ln t− (1− t) ln(1− t).

Example B.30: Suppose that ξ is a discrete fuzzy variable taking values in
{x1, x2, · · · }. If there exists some index k such that the membership function
µ(xk) = 1, and 0 otherwise, then its entropy H[ξ] = 0.

Example B.31: Suppose that ξ is a simple fuzzy variable taking values
in {x1, x2, · · · , xn}. If its membership function µ(x) ≡ 1, then its entropy
H[ξ] = n ln 2.

Theorem B.27 Suppose that ξ is a discrete fuzzy variable taking values in
{x1, x2, · · · }. Then

H[ξ] ≥ 0 (B.57)

and equality holds if and only if ξ is essentially a crisp number.

Proof: The nonnegativity is clear. In addition, H[ξ] = 0 if and only if
Cr{ξ = xi} = 0 or 1 for each i. That is, there exists one and only one index
k such that Cr{ξ = xk} = 1, i.e., ξ is essentially a crisp number.

This theorem states that the entropy of a fuzzy variable reaches its min-
imum 0 when the fuzzy variable degenerates to a crisp number. In this case,
there is no uncertainty.

Theorem B.28 Suppose that ξ is a simple fuzzy variable taking values in
{x1, x2, · · · , xn}. Then

H[ξ] ≤ n ln 2 (B.58)

and equality holds if and only if ξ is an equipossible fuzzy variable.

Proof: Since the function S(t) reaches its maximum ln 2 at t = 0.5, we have

H[ξ] =
n∑

i=1

S(Cr{ξ = xi}) ≤ n ln 2

and equality holds if and only if Cr{ξ = xi} = 0.5, i.e., µ(xi) ≡ 1 for all
i = 1, 2, · · · , n.

This theorem states that the entropy of a fuzzy variable reaches its max-
imum when the fuzzy variable is an equipossible one. In this case, there is
no preference among all the values that the fuzzy variable will take.
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Entropy of Continuous Fuzzy Variables

Definition B.16 (Li and Liu [91]) Let ξ be a continuous fuzzy variable.
Then its entropy is defined by

H[ξ] =
∫ +∞

−∞
S(Cr{ξ = x})dx (B.59)

where S(t) = −t ln t− (1− t) ln(1− t).

For any continuous fuzzy variable ξ with membership function µ, we have
Cr{ξ = x} = µ(x)/2 for each x ∈ <. Thus

H[ξ] = −
∫ +∞

−∞

(
µ(x)

2
ln
µ(x)

2
+
(

1− µ(x)
2

)
ln
(

1− µ(x)
2

))
dx. (B.60)

Example B.32: Let ξ be an equipossible fuzzy variable (a, b). Then µ(x) =
1 if a ≤ x ≤ b, and 0 otherwise. Thus its entropy is

H[ξ] = −
∫ b

a

(
1
2

ln
1
2

+
(

1− 1
2

)
ln
(

1− 1
2

))
dx = (b− a) ln 2.

Example B.33: Let ξ be a triangular fuzzy variable (a, b, c). Then its
entropy is H[ξ] = (c− a)/2.

Example B.34: Let ξ be a trapezoidal fuzzy variable (a, b, c, d). Then its
entropy is H[ξ] = (d− a)/2 + (ln 2− 0.5)(c− b).

Example B.35: Let ξ be an exponentially distributed fuzzy variable with
second moment m2. Then its entropy is H[ξ] = πm/

√
6.

Example B.36: Let ξ be a normally distributed fuzzy variable with expected
value e and variance σ2. Then its entropy is H[ξ] =

√
6πσ/3.

Theorem B.29 Let ξ be a continuous fuzzy variable taking values on the
interval [a, b]. Then

H[ξ] ≤ (b− a) ln 2 (B.61)

and equality holds if and only if ξ is an equipossible fuzzy variable (a, b).

Proof: The theorem follows from the fact that the function S(t) reaches its
maximum ln 2 at t = 0.5.

Maximum Entropy Principle

Given some constraints, for example, expected value and variance, there are
usually multiple compatible membership functions. Which membership func-
tion shall we take? The maximum entropy principle attempts to select the
membership function that maximizes the value of entropy and satisfies the
prescribed constraints.
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Theorem B.30 (Li and Liu [95]) Let ξ be a continuous nonnegative fuzzy
variable with finite second moment m2. Then

H[ξ] ≤ πm√
6

(B.62)

and the equality holds if ξ is an exponentially distributed fuzzy variable with
second moment m2.

Proof: Let µ be the membership function of ξ. Note that µ is a continuous
function. The proof is based on the following two steps.

Step 1: Suppose that µ is a decreasing function on [0,+∞). For this
case, we have Cr{ξ ≥ x} = µ(x)/2 for any x > 0. Thus the second moment

E[ξ2] =
∫ +∞

0

Cr{ξ2 ≥ x}dx =
∫ +∞

0

2xCr{ξ ≥ x}dx =
∫ +∞

0

xµ(x)dx.

The maximum entropy membership function µ should maximize the entropy

−
∫ +∞

0

(
µ(x)

2
ln
µ(x)

2
+
(

1− µ(x)
2

)
ln
(

1− µ(x)
2

))
dx

subject to the moment constraint∫ +∞

0

xµ(x)dx = m2.

The Lagrangian is

L = −
∫ +∞

0

(
µ(x)

2
ln
µ(x)

2
+
(

1− µ(x)
2

)
ln
(

1− µ(x)
2

))
dx

−λ
(∫ +∞

0

xµ(x)dx−m2

)
.

The maximum entropy membership function meets Euler-Lagrange equation

1
2

ln
µ(x)

2
− 1

2
ln
(

1− µ(x)
2

)
+ λx = 0

and has the form µ(x) = 2 (1 + exp(2λx))−1. Substituting it into the moment
constraint, we get

µ∗(x) = 2
(

1 + exp
(

πx√
6m

))−1

, x ≥ 0

which is just the exponential membership function with second moment m2,
and the maximum entropy is H[ξ∗] = πm/

√
6.



Section B.11 - Entropy 249

Step 2: Let ξ be a general fuzzy variable with second moment m2. Now
we define a fuzzy variable ξ̂ via membership function

µ̂(x) = sup
y≥x

µ(y), x ≥ 0.

Then µ̂ is a decreasing function on [0,+∞), and

Cr{ξ̂2 ≥ x} =
1
2

sup
y≥

√
x

µ̂(y) =
1
2

sup
y≥

√
x

sup
z≥y

µ(z) =
1
2

sup
z≥

√
x

µ(z) ≤ Cr{ξ2 ≥ x}

for any x > 0. Thus we have

E[ξ̂2] =
∫ +∞

0

Cr{ξ̂2 ≥ x}dx ≤
∫ +∞

0

Cr{ξ2 ≥ x}dx = E[ξ2] = m2.

It follows from µ(x) ≤ µ̂(x) and Step 1 that

H[ξ] ≤ H[ξ̂] ≤
π

√
E[ξ̂2]
√

6
≤ πm√

6
.

The theorem is thus proved.

Theorem B.31 (Li and Liu [95]) Let ξ be a continuous fuzzy variable with
finite expected value e and variance σ2. Then

H[ξ] ≤
√

6πσ
3

(B.63)

and the equality holds if ξ is a normally distributed fuzzy variable with expected
value e and variance σ2.

Proof: Let µ be the continuous membership function of ξ. The proof is
based on the following two steps.

Step 1: Let µ(x) be a unimodal and symmetric function about x = e.
For this case, the variance is

V [ξ] =
∫ +∞

0

Cr{(ξ − e)2 ≥ x}dx =
∫ +∞

0

Cr{ξ − e ≥
√
x}dx

=
∫ +∞

e

2(x− e)Cr{ξ ≥ x}dx =
∫ +∞

e

(x− e)µ(x)dx

and the entropy is

H[ξ] = −2
∫ +∞

e

(
µ(x)

2
ln
µ(x)

2
+
(

1− µ(x)
2

)
ln
(

1− µ(x)
2

))
dx.
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The maximum entropy membership function µ should maximize the entropy
subject to the variance constraint. The Lagrangian is

L = −2
∫ +∞

e

(
µ(x)

2
ln
µ(x)

2
+
(

1− µ(x)
2

)
ln
(

1− µ(x)
2

))
dx

−λ
(∫ +∞

e

(x− e)µ(x)dx− σ2

)
.

The maximum entropy membership function meets Euler-Lagrange equation

ln
µ(x)

2
− ln

(
1− µ(x)

2

)
+ λ(x− e) = 0

and has the form µ(x) = 2 (1 + exp (λ(x− e)))−1. Substituting it into the
variance constraint, we get

µ∗(x) = 2
(

1 + exp
(
π|x− e|√

6σ

))−1

, x ∈ <

which is just the normal membership function with expected value e and
variance σ2, and the maximum entropy is H[ξ∗] =

√
6πσ/3.

Step 2: Let ξ be a general fuzzy variable with expected value e and
variance σ2. We define a fuzzy variable ξ̂ by the membership function

µ̂(x) =


sup
y≤x

(µ(y) ∨ µ(2e− y)), if x ≤ e

sup
y≥x

(µ(y) ∨ µ(2e− y)) , if x > e.

It is easy to verify that µ̂(x) is a unimodal and symmetric function about
x = e. Furthermore,

Cr
{

(ξ̂ − e)2 ≥ r
}

=
1
2

sup
x≥e+

√
r

µ̂(x) =
1
2

sup
x≥e+

√
r

sup
y≥x

(µ(y) ∨ µ(2e− y))

=
1
2

sup
y≥e+

√
r

(µ(y) ∨ µ(2e− y)) =
1
2

sup
(y−e)2≥r

µ(y)

≤ Cr
{
(ξ − e)2 ≥ r

}
for any r > 0. Thus

V [ξ̂] =
∫ +∞

0

Cr{(ξ̂ − e)2 ≥ r}dr ≤
∫ +∞

0

Cr{(ξ − e)2 ≥ r}dr = σ2.

It follows from µ(x) ≤ µ̂(x) and Step 1 that

H[ξ] ≤ H[ξ̂] ≤
√

6π
√
V [ξ̂]

3
≤
√

6πσ
3

.

The proof is complete.
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B.12 Conditional Credibility

We now consider the credibility of an event A after it has been learned that
some other event B has occurred. This new credibility of A is called the
conditional credibility of A given B.

In order to define a conditional credibility measure Cr{A|B}, at first we
have to enlarge Cr{A ∩ B} because Cr{A ∩ B} < 1 for all events whenever
Cr{B} < 1. It seems that we have no alternative but to divide Cr{A∩B} by
Cr{B}. Unfortunately, Cr{A∩B}/Cr{B} is not always a credibility measure.
However, the value Cr{A|B} should not be greater than Cr{A ∩ B}/Cr{B}
(otherwise the normality will be lost), i.e.,

Cr{A|B} ≤ Cr{A ∩B}
Cr{B}

. (B.64)

On the other hand, in order to preserve the self-duality, we should have

Cr{A|B} = 1− Cr{Ac|B} ≥ 1− Cr{Ac ∩B}
Cr{B}

. (B.65)

Furthermore, since (A ∩B) ∪ (Ac ∩B) = B, we have Cr{B} ≤ Cr{A ∩B}+
Cr{Ac ∩B} by using the credibility subadditivity theorem. Thus

0 ≤ 1− Cr{Ac ∩B}
Cr{B}

≤ Cr{A ∩B}
Cr{B}

≤ 1. (B.66)

Hence any numbers between 1−Cr{Ac ∩B}/Cr{B} and Cr{A∩B}/Cr{B}
are reasonable values that the conditional credibility may take. Based on the
maximum uncertainty principle, we have the following conditional credibility
measure.

Definition B.17 (Liu [127]) Let (Θ,P,Cr) be a credibility space, and A,B ∈
P. Then the conditional credibility measure of A given B is defined by

Cr{A|B} =



Cr{A ∩B}
Cr{B}

, if
Cr{A ∩B}

Cr{B}
< 0.5

1− Cr{Ac ∩B}
Cr{B}

, if
Cr{Ac ∩B}

Cr{B}
< 0.5

0.5, otherwise

(B.67)

provided that Cr{B} > 0.

It follows immediately from the definition of conditional credibility that

1− Cr{Ac ∩B}
Cr{B}

≤ Cr{A|B} ≤ Cr{A ∩B}
Cr{B}

. (B.68)

Furthermore, the value of Cr{A|B} takes values as close to 0.5 as possible
in the interval. In other words, it accords with the maximum uncertainty
principle.
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Theorem B.32 Let (Θ,P,Cr) be a credibility space, and B an event with
Cr{B} > 0. Then Cr{·|B} defined by (B.67) is a credibility measure, and
(Θ,P,Cr{·|B}) is a credibility space.

Proof: It is sufficient to prove that Cr{·|B} satisfies the normality, mono-
tonicity, self-duality and maximality axioms. At first, it satisfies the normal-
ity axiom, i.e.,

Cr{Θ|B} = 1− Cr{Θc ∩B}
Cr{B}

= 1− Cr{∅}
Cr{B}

= 1.

For any events A1 and A2 with A1 ⊂ A2, if

Cr{A1 ∩B}
Cr{B}

≤ Cr{A2 ∩B}
Cr{B}

< 0.5,

then

Cr{A1|B} =
Cr{A1 ∩B}

Cr{B}
≤ Cr{A2 ∩B}

Cr{B}
= Cr{A2|B}.

If
Cr{A1 ∩B}

Cr{B}
≤ 0.5 ≤ Cr{A2 ∩B}

Cr{B}
,

then Cr{A1|B} ≤ 0.5 ≤ Cr{A2|B}. If

0.5 <
Cr{A1 ∩B}

Cr{B}
≤ Cr{A2 ∩B}

Cr{B}
,

then we have

Cr{A1|B} =
(
1− Cr{Ac

1 ∩B}
Cr{B}

)
∨0.5 ≤

(
1− Cr{Ac

2 ∩B}
Cr{B}

)
∨0.5 = Cr{A2|B}.

This means that Cr{·|B} satisfies the monotonicity axiom. For any event A,
if

Cr{A ∩B}
Cr{B}

≥ 0.5,
Cr{Ac ∩B}

Cr{B}
≥ 0.5,

then we have Cr{A|B}+ Cr{Ac|B} = 0.5 + 0.5 = 1 immediately. Otherwise,
without loss of generality, suppose

Cr{A ∩B}
Cr{B}

< 0.5 <
Cr{Ac ∩B}

Cr{B}
,

then we have

Cr{A|B}+ Cr{Ac|B} =
Cr{A ∩B}

Cr{B}
+
(

1− Cr{A ∩B}
Cr{B}

)
= 1.
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That is, Cr{·|B} satisfies the self-duality axiom. Finally, for any events {Ai}
with supi Cr{Ai|B} < 0.5, we have supi Cr{Ai ∩B} < 0.5 and

sup
i

Cr{Ai|B} =
supi Cr{Ai ∩B}

Cr{B}
=

Cr{∪iAi ∩B}
Cr{B}

= Cr{∪iAi|B}.

Thus Cr{·|B} satisfies the maximality axiom. Hence Cr{·|B} is a credibility
measure. Furthermore, (Θ,P,Cr{·|B}) is a credibility space.

Definition B.18 (Liu [127]) The conditional membership function of a fuzzy
variable ξ given B is defined by

µ(x|B) = (2Cr{ξ = x|B}) ∧ 1, x ∈ < (B.69)

provided that Cr{B} > 0.

Example B.37: Let ξ be a fuzzy variable with membership function µ(x),
and X a set of real numbers such that µ(x) > 0 for some x ∈ X. Then the
conditional membership function of ξ given ξ ∈ X is

µ(x|X) =



2µ(x)
sup
x∈X

µ(x)
∧ 1, if sup

x∈X
µ(x) < 1

2µ(x)
2− sup

x∈Xc

µ(x)
∧ 1, if sup

x∈X
µ(x) = 1

(B.70)

for x ∈ X. Please mention that µ(x|X) ≡ 0 if x 6∈ X.
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Figure B.5: Conditional Membership Function µ(x|X)

Example B.38: Let ξ and η be two fuzzy variables with joint member-
ship function µ(x, y), and Y a set of real numbers. Then the conditional



254 Appendix B - Credibility Theory

membership function of ξ given η ∈ Y is

µ(x|Y ) =



2 sup
y∈Y

µ(x, y)

sup
x∈<,y∈Y

µ(x, y)
∧ 1, if sup

x∈<,y∈Y
µ(x, y) < 1

2 sup
y∈Y

µ(x, y)

2− sup
x∈<,y∈Y c

µ(x, y)
∧ 1, if sup

x∈<,y∈Y
µ(x, y) = 1

(B.71)

provided that µ(x, y) > 0 for some x ∈ < and y ∈ Y . Especially, the
conditional membership function of ξ given η = y is

µ(x|y) =



2µ(x, y)
sup
x∈<

µ(x, y)
∧ 1, if sup

x∈<
µ(x, y) < 1

2µ(x, y)
2− sup

x∈<,z 6=y
µ(x, z)

∧ 1, if sup
x∈<

µ(x, y) = 1

provided that µ(x, y) > 0 for some x ∈ <.

Definition B.19 Let ξ be a fuzzy variable on (Θ,P,Cr). A conditional fuzzy
variable of ξ given B is a function ξ|B from the conditional credibility space
(Θ,P,Cr{·|B}) to the set of real numbers such that

ξ|B(θ) ≡ ξ(θ), ∀θ ∈ Θ. (B.72)

Definition B.20 (Liu [127]) The conditional credibility distribution Φ: < →
[0, 1] of a fuzzy variable ξ given B is defined by

Φ(x|B) = Cr {ξ ≤ x|B} (B.73)

provided that Cr{B} > 0.

Definition B.21 (Liu [127]) Let ξ be a fuzzy variable. Then the conditional
expected value of ξ given B is defined by

E[ξ|B] =
∫ +∞

0

Cr{ξ ≥ r|B}dr −
∫ 0

−∞
Cr{ξ ≤ r|B}dr (B.74)

provided that at least one of the two integrals is finite.



Appendix C

Chance Theory

Fuzziness and randomness are two basic types of uncertainty. In many cases,
fuzziness and randomness simultaneously appear in a system. In order to
describe this phenomena, a fuzzy random variable was introduced by Kwak-
ernaak [82] as a random element taking “fuzzy variable” values. In addition,
a random fuzzy variable was proposed by Liu [119] as a fuzzy element taking
“random variable” values. For example, it might be known that the lifetime
of a modern engine is an exponentially distributed random variable with an
unknown parameter. If the parameter is provided as a fuzzy variable, then
the lifetime is a random fuzzy variable.

More generally, a hybrid variable was introduced by Liu [125] in 2006 as a
tool to describe the quantities with fuzziness and randomness. Fuzzy random
variable and random fuzzy variable are instances of hybrid variable. In order
to measure hybrid events, a concept of chance measure was introduced by Li
and Liu [98] in 2009. Chance theory is a hybrid of probability theory and
credibility theory. Perhaps the reader would like to know what axioms we
should assume for chance theory. In fact, chance theory will be based on the
three axioms of probability and five axioms of credibility.

The emphasis in this appendix is mainly on chance space, hybrid variable,
chance measure, chance distribution, expected value, variance, critical values
and conditional chance.

C.1 Chance Space

Chance theory begins with the concept of chance space that inherits the
mathematical foundations of both probability theory and credibility theory.

Definition C.1 (Liu [125]) Suppose that (Θ,P,Cr) is a credibility space and
(Ω,A,Pr) is a probability space. The product (Θ,P,Cr)× (Ω,A,Pr) is called
a chance space.



256 Appendix C - Chance Theory

The universal set Θ×Ω is clearly the set of all ordered pairs of the form
(θ, ω), where θ ∈ Θ and ω ∈ Ω. What is the product σ-algebra P×A? What
is the product measure Cr× Pr? Let us discuss these two basic problems.

What is the product σ-algebra P×A?

Generally speaking, it is not true that all subsets of Θ × Ω are measurable.
Let Λ be a subset of Θ× Ω. Write

Λ(θ) =
{
ω ∈ Ω

∣∣ (θ, ω) ∈ Λ
}
. (C.1)

It is clear that Λ(θ) is a subset of Ω. If Λ(θ) ∈ A holds for each θ ∈ Θ, then
Λ may be regarded as a measurable set.
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Figure C.1: Θ× Ω, Λ and Λ(θ)

Definition C.2 (Liu [127]) Let (Θ,P,Cr)× (Ω,A,Pr) be a chance space. A
subset Λ ⊂ Θ× Ω is called an event if Λ(θ) ∈ A for each θ ∈ Θ.

Example C.1: Empty set ∅ and universal set Θ× Ω are clearly events.

Example C.2: Let X ∈ P and Y ∈ A. Then X × Y is a subset of Θ × Ω.
Since the set

(X × Y )(θ) =

{
Y, if θ ∈ X
∅, if θ ∈ Xc

is in the σ-algebra A for each θ ∈ Θ, the rectangle X × Y is an event.

Theorem C.1 (Liu [127]) Let (Θ,P,Cr)×(Ω,A,Pr) be a chance space. The
class of all events is a σ-algebra over Θ× Ω, and denoted by P×A.

Proof: At first, it is obvious that Θ×Ω ∈ P×A. For any event Λ, we always
have

Λ(θ) ∈ A, ∀θ ∈ Θ.
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Thus for each θ ∈ Θ, the set

Λc(θ) =
{
ω ∈ Ω

∣∣ (θ, ω) ∈ Λc
}

= (Λ(θ))c ∈ A

which implies that Λc ∈ P × A. Finally, let Λ1,Λ2, · · · be events. Then for
each θ ∈ Θ, we have( ∞⋃

i=1

Λi

)
(θ) =

{
ω ∈ Ω

∣∣ (θ, ω) ∈
∞⋃

i=1

Λi

}
=

∞⋃
i=1

{
ω ∈ Ω

∣∣ (θ, ω) ∈ Λi

}
∈ A.

That is, the countable union ∪iΛi ∈ P×A. Hence P×A is a σ-algebra.

What is the product measure Cr× Pr?

Product probability is a probability measure, and product credibility is a
credibility measure. What is the product measure Cr × Pr? We will call it
chance measure and define it as follows.

Definition C.3 (Li and Liu [98]) Let (Θ,P,Cr) × (Ω,A,Pr) be a chance
space. Then a chance measure of an event Λ is defined as

Ch{Λ} =



sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ(θ)}),

if sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ(θ)}) < 0.5

1− sup
θ∈Θ

(Cr{θ} ∧ Pr{Λc(θ)}),

if sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ(θ)}) ≥ 0.5.

(C.2)

Example C.3: Take a credibility space (Θ,P,Cr) to be {θ1, θ2} with Cr{θ1} =
0.6 and Cr{θ2} = 0.4, and take a probability space (Ω,A,Pr) to be {ω1, ω2}
with Pr{ω1} = 0.7 and Pr{ω2} = 0.3. Then

Ch{(θ1, ω1)} = 0.6, Ch{(θ2, ω2)} = 0.3.

Theorem C.2 Let (Θ,P,Cr)×(Ω,A,Pr) be a chance space and Ch a chance
measure. Then we have

Ch{∅} = 0, (C.3)

Ch{Θ× Ω} = 1, (C.4)

0 ≤ Ch{Λ} ≤ 1 (C.5)

for any event Λ.

Proof: It follows from the definition immediately.
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Theorem C.3 Let (Θ,P,Cr)×(Ω,A,Pr) be a chance space and Ch a chance
measure. Then for any event Λ, we have

sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ(θ)}) ∨ sup
θ∈Θ

(Cr{θ} ∧ Pr{Λc(θ)}) ≥ 0.5, (C.6)

sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ(θ)}) + sup
θ∈Θ

(Cr{θ} ∧ Pr{Λc(θ)}) ≤ 1, (C.7)

sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ(θ)}) ≤ Ch{Λ} ≤ 1− sup
θ∈Θ

(Cr{θ} ∧ Pr{Λc(θ)}). (C.8)

Proof: It follows from the basic properties of probability and credibility that

sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ(θ)}) ∨ sup
θ∈Θ

(Cr{θ} ∧ Pr{Λc(θ)})

≥ sup
θ∈Θ

(Cr{θ} ∧ (Pr{Λ(θ)} ∨ Pr{Λc(θ)}))

≥ sup
θ∈Θ

Cr{θ} ∧ 0.5 = 0.5

and
sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ(θ)}) + sup
θ∈Θ

(Cr{θ} ∧ Pr{Λc(θ)})

= sup
θ1,θ2∈Θ

(Cr{θ1} ∧ Pr{Λ(θ1)}+ Cr{θ2} ∧ Pr{Λc(θ2)})

≤ sup
θ1 6=θ2

(Cr{θ1}+ Cr{θ2}) ∨ sup
θ∈Θ

(Pr{Λ(θ)}+ Pr{Λc(θ)})

≤ 1 ∨ 1 = 1.

The inequalities (C.8) follows immediately from the above inequalities and
the definition of chance measure.

Theorem C.4 (Li and Liu [98]) The chance measure is increasing. That
is,

Ch{Λ1} ≤ Ch{Λ2} (C.9)

for any events Λ1 and Λ2 with Λ1 ⊂ Λ2.

Proof: Since Λ1(θ) ⊂ Λ2(θ) and Λc
2(θ) ⊂ Λc

1(θ) for each θ ∈ Θ, we have

sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ1(θ)}) ≤ sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ2(θ)}),

sup
θ∈Θ

(Cr{θ} ∧ Pr{Λc
2(θ)}) ≤ sup

θ∈Θ
(Cr{θ} ∧ Pr{Λc

1(θ)}).

The argument breaks down into three cases.
Case 1: sup

θ∈Θ
(Cr{θ} ∧ Pr{Λ2(θ)}) < 0.5. For this case, we have

sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ1(θ)}) < 0.5,
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Ch{Λ2} = sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ2(θ)}) ≥ sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ1(θ)} = Ch{Λ1}.

Case 2: sup
θ∈Θ

(Cr{θ}∧Pr{Λ2(θ)}) ≥ 0.5 and sup
θ∈Θ

(Cr{θ}∧Pr{Λ1(θ)}) < 0.5.

It follows from Theorem C.3 that

Ch{Λ2} ≥ sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ2(θ)}) ≥ 0.5 > Ch{Λ1}.

Case 3: sup
θ∈Θ

(Cr{θ}∧Pr{Λ2(θ)}) ≥ 0.5 and sup
θ∈Θ

(Cr{θ}∧Pr{Λ1(θ)}) ≥ 0.5.

For this case, we have

Ch{Λ2} = 1−sup
θ∈Θ

(Cr{θ}∧Pr{Λc
2(θ)}) ≥ 1−sup

θ∈Θ
(Cr{θ}∧Pr{Λc

1(θ)}) = Ch{Λ1}.

Thus Ch is an increasing measure.

Theorem C.5 (Li and Liu [98]) The chance measure is self-dual. That is,

Ch{Λ}+ Ch{Λc} = 1 (C.10)

for any event Λ.

Proof: For any event Λ, please note that

Ch{Λc} =


sup
θ∈Θ

(Cr{θ} ∧ Pr{Λc(θ)}), if sup
θ∈Θ

(Cr{θ} ∧ Pr{Λc(θ)}) < 0.5

1− sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ(θ)}), if sup
θ∈Θ

(Cr{θ} ∧ Pr{Λc(θ)}) ≥ 0.5.

The argument breaks down into three cases.
Case 1: sup

θ∈Θ
(Cr{θ} ∧ Pr{Λ(θ)}) < 0.5. For this case, we have

sup
θ∈Θ

(Cr{θ} ∧ Pr{Λc(θ)}) ≥ 0.5,

Ch{Λ}+Ch{Λc} = sup
θ∈Θ

(Cr{θ}∧Pr{Λ(θ)})+1− sup
θ∈Θ

(Cr{θ}∧Pr{Λ(θ)}) = 1.

Case 2: sup
θ∈Θ

(Cr{θ} ∧Pr{Λ(θ)}) ≥ 0.5 and sup
θ∈Θ

(Cr{θ} ∧Pr{Λc(θ)}) < 0.5.

For this case, we have

Ch{Λ}+Ch{Λc} = 1−sup
θ∈Θ

(Cr{θ}∧Pr{Λc(θ)})+sup
θ∈Θ

(Cr{θ}∧Pr{Λc(θ)}) = 1.

Case 3: sup
θ∈Θ

(Cr{θ} ∧Pr{Λ(θ)}) ≥ 0.5 and sup
θ∈Θ

(Cr{θ} ∧Pr{Λc(θ)}) ≥ 0.5.

For this case, it follows from Theorem C.3 that

sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ(θ)}) = sup
θ∈Θ

(Cr{θ} ∧ Pr{Λc(θ)}) = 0.5.

Hence Ch{Λ}+ Ch{Λc} = 0.5 + 0.5 = 1. The theorem is proved.
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Theorem C.6 (Li and Liu [98]) For any event X × Y , we have

Ch{X × Y } = Cr{X} ∧ Pr{Y }. (C.11)

Proof: The argument breaks down into three cases.
Case 1: Cr{X} < 0.5. For this case, we have

sup
θ∈X

Cr{θ} ∧ Pr{Y } = Cr{X} ∧ Cr{Y } < 0.5,

Ch{X × Y } = sup
θ∈X

Cr{θ} ∧ Pr{Y } = Cr{X} ∧ Pr{Y }.

Case 2: Cr{X} ≥ 0.5 and Pr{Y } < 0.5. Then we have

sup
θ∈X

Cr{θ} ≥ 0.5,

sup
θ∈X

Cr{θ} ∧ Pr{Y } = Pr{Y } < 0.5,

Ch{X × Y } = sup
θ∈X

Cr{θ} ∧ Pr{Y } = Pr{Y } = Cr{X} ∧ Pr{Y }.

Case 3: Cr{X} ≥ 0.5 and Pr{Y } ≥ 0.5. Then we have

sup
θ∈Θ

(Cr{θ} ∧ Pr{(X × Y )(θ)}) ≥ sup
θ∈X

Cr{θ} ∧ Pr{Y } ≥ 0.5,

Ch{X × Y } = 1− sup
θ∈Θ

(Cr{θ} ∧ Pr{(X × Y )c(θ)}) = Cr{X} ∧ Pr{Y }.

The theorem is proved.

Example C.4: It follows from Theorem C.6 that for any events X ×Ω and
Θ× Y , we have

Ch{X × Ω} = Cr{X}, Ch{Θ× Y } = Pr{Y }. (C.12)

Theorem C.7 (Li and Liu [98], Chance Subadditivity Theorem) The chance
measure is subadditive. That is,

Ch{Λ1 ∪ Λ2} ≤ Ch{Λ1}+ Ch{Λ2} (C.13)

for any events Λ1 and Λ2. In fact, chance measure is not only finitely sub-
additive but also countably subadditive.

Proof: The proof breaks down into three cases.
Case 1: Ch{Λ1 ∪ Λ2} < 0.5. Then Ch{Λ1} < 0.5, Ch{Λ2} < 0.5 and

Ch{Λ1 ∪ Λ2} = sup
θ∈Θ

(Cr{θ} ∧ Pr{(Λ1 ∪ Λ2)(θ)})

≤ sup
θ∈Θ

(Cr{θ} ∧ (Pr{Λ1(θ)}+ Pr{Λ2(θ)}))

≤ sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ1(θ)}+ Cr{θ} ∧ Pr{Λ2(θ)})

≤ sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ1(θ)}) + sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ2(θ)})

= Ch{Λ1}+ Ch{Λ2}.
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Case 2: Ch{Λ1 ∪ Λ2} ≥ 0.5 and Ch{Λ1} ∨ Ch{Λ2} < 0.5. We first have

sup
θ∈Θ

(Cr{θ} ∧ Pr{(Λ1 ∪ Λ2)(θ)}) ≥ 0.5.

For any sufficiently small number ε > 0, there exists a point θ such that

Cr{θ} ∧ Pr{(Λ1 ∪ Λ2)(θ)} > 0.5− ε > Ch{Λ1} ∨ Ch{Λ2},

Cr{θ} > 0.5− ε > Pr{Λ1(θ)},

Cr{θ} > 0.5− ε > Pr{Λ2(θ)}.

Thus we have

Cr{θ} ∧ Pr{(Λ1 ∪ Λ2)c(θ)}+ Cr{θ} ∧ Pr{Λ1(θ)}+ Cr{θ} ∧ Pr{Λ2(θ)}

= Cr{θ} ∧ Pr{(Λ1 ∪ Λ2)c(θ)}+ Pr{Λ1(θ)}+ Pr{Λ2(θ)}

≥ Cr{θ} ∧ Pr{(Λ1 ∪ Λ2)c(θ)}+ Pr{(Λ1 ∪ Λ2)(θ)} ≥ 1− 2ε

because if Cr{θ} ≥ Pr{(Λ1 ∪ Λ2)c(θ)}, then

Cr{θ} ∧ Pr{(Λ1 ∪ Λ2)c(θ)}+ Pr{(Λ1 ∪ Λ2)(θ)}

= Pr{(Λ1 ∪ Λ2)c(θ)}+ Pr{(Λ1 ∪ Λ2)(θ)}

= 1 ≥ 1− 2ε

and if Cr{θ} < Pr{(Λ1 ∪ Λ2)c(θ)}, then

Cr{θ} ∧ Pr{(Λ1 ∪ Λ2)c(θ)}+ Pr{(Λ1 ∪ Λ2)(θ)}

= Cr{θ}+ Pr{(Λ1 ∪ Λ2)(θ)}

≥ (0.5− ε) + (0.5− ε) = 1− 2ε.

Taking supremum on both sides and letting ε→ 0, we obtain

Ch{Λ1 ∪ Λ2} = 1− sup
θ∈Θ

(Cr{θ} ∧ Pr{(Λ1 ∪ Λ2)c(θ)})

≤ sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ1(θ)}) + sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ2(θ)})

= Ch{Λ1}+ Ch{Λ2}.

Case 3: Ch{Λ1 ∪ Λ2} ≥ 0.5 and Ch{Λ1} ∨ Ch{Λ2} ≥ 0.5. Without loss
of generality, suppose Ch{Λ1} ≥ 0.5. For each θ, we first have

Cr{θ} ∧ Pr{Λc
1(θ)} = Cr{θ} ∧ Pr{(Λc

1(θ) ∩ Λc
2(θ)) ∪ (Λc

1(θ) ∩ Λ2(θ))}

≤ Cr{θ} ∧ (Pr{(Λ1 ∪ Λ2)c(θ)}+ Pr{Λ2(θ)})

≤ Cr{θ} ∧ Pr{(Λ1 ∪ Λ2)c(θ)}+ Cr{θ} ∧ Pr{Λ2(θ)},
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i.e., Cr{θ}∧Pr{(Λ1 ∪Λ2)c(θ)} ≥ Cr{θ}∧Pr{Λc
1(θ)}−Cr{θ}∧Pr{Λ2(θ)}. It

follows from Theorem C.3 that

Ch{Λ1 ∪ Λ2} = 1− sup
θ∈Θ

(Cr{θ} ∧ Pr{(Λ1 ∪ Λ2)c(θ)})

≤ 1− sup
θ∈Θ

(Cr{θ} ∧ Pr{Λc
1(θ)}) + sup

θ∈Θ
(Cr{θ} ∧ Pr{Λ2(θ)})

≤ Ch{Λ1}+ Ch{Λ2}.

The theorem is proved.

Remark C.1: For any events Λ1 and Λ2, it follows from the chance subad-
ditivity theorem that the chance measure is null-additive, i.e., Ch{Λ1∪Λ2} =
Ch{Λ1}+ Ch{Λ2} if either Ch{Λ1} = 0 or Ch{Λ2} = 0.

Theorem C.8 Let {Λi} be a decreasing sequence of events with Ch{Λi} → 0
as i→∞. Then for any event Λ, we have

lim
i→∞

Ch{Λ ∪ Λi} = lim
i→∞

Ch{Λ\Λi} = Ch{Λ}. (C.14)

Proof: Since chance measure is increasing and subadditive, we immediately
have

Ch{Λ} ≤ Ch{Λ ∪ Λi} ≤ Ch{Λ}+ Ch{Λi}

for each i. Thus we get Ch{Λ ∪ Λi} → Ch{Λ} by using Ch{Λi} → 0. Since
(Λ\Λi) ⊂ Λ ⊂ ((Λ\Λi) ∪ Λi), we have

Ch{Λ\Λi} ≤ Ch{Λ} ≤ Ch{Λ\Λi}+ Ch{Λi}.

Hence Ch{Λ\Λi} → Ch{Λ} by using Ch{Λi} → 0.

Theorem C.9 (Li and Liu [98], Chance Semicontinuity Law) For events
Λ1,Λ2, · · · , we have

lim
i→∞

Ch{Λi} = Ch
{

lim
i→∞

Λi

}
(C.15)

if one of the following conditions is satisfied:
(a) Ch{Λ} ≤ 0.5 and Λi ↑ Λ; (b) lim

i→∞
Ch{Λi} < 0.5 and Λi ↑ Λ;

(c) Ch{Λ} ≥ 0.5 and Λi ↓ Λ; (d) lim
i→∞

Ch{Λi} > 0.5 and Λi ↓ Λ.

Proof: (a) Assume Ch{Λ} ≤ 0.5 and Λi ↑ Λ. We first have

Ch{Λ} = sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ(θ)}), Ch{Λi} = sup
θ∈Θ

(Cr{θ} ∧ Pr{Λi(θ)})

for i = 1, 2, · · · For each θ ∈ Θ, since Λi(θ) ↑ Λ(θ), it follows from the
probability continuity theorem that

lim
i→∞

Cr{θ} ∧ Pr{Λi(θ)} = Cr{θ} ∧ Pr{Λ(θ)}.



Section C.2 - Hybrid Variable 263

Taking supremum on both sides, we obtain

lim
i→∞

sup
θ∈Θ

(Cr{θ} ∧ Pr{Λi(θ)}) = sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ(θ}).

The part (a) is verified.
(b) Assume limi→∞ Ch{Λi} < 0.5 and Λi ↑ Λ. For each θ ∈ Θ, since

Cr{θ} ∧ Pr{Λ(θ)} = lim
i→∞

Cr{θ} ∧ Pr{Λi(θ)},

we have

sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ(θ)}) ≤ lim
i→∞

sup
θ∈Θ

(Cr{θ} ∧ Pr{Λi(θ)}) < 0.5.

It follows that Ch{Λ} < 0.5 and the part (b) holds by using (a).
(c) Assume Ch{Λ} ≥ 0.5 and Λi ↓ Λ. We have Ch{Λc} ≤ 0.5 and Λc

i ↑ Λc.
It follows from (a) that

lim
i→∞

Ch{Λi} = 1− lim
i→∞

Ch{Λc
i} = 1− Ch{Λc} = Ch{Λ}.

(d) Assume limi→∞ Ch{Λi} > 0.5 and Λi ↓ Λ. We have lim
i→∞

Ch{Λc
i} <

0.5 and Λc
i ↑ Λc. It follows from (b) that

lim
i→∞

Ch{Λi} = 1− lim
i→∞

Ch{Λc
i} = 1− Ch{Λc} = Ch{Λ}.

The theorem is proved.

Theorem C.10 (Chance Asymptotic Theorem) For any events Λ1,Λ2, · · · ,
we have

lim
i→∞

Ch{Λi} ≥ 0.5, if Λi ↑ Θ× Ω, (C.16)

lim
i→∞

Ch{Λi} ≤ 0.5, if Λi ↓ ∅. (C.17)

Proof: Assume Λi ↑ Θ × Ω. If limi→∞ Ch{Λi} < 0.5, it follows from the
chance semicontinuity law that

Ch{Θ× Ω} = lim
i→∞

Ch{Λi} < 0.5

which is in contradiction with Cr{Θ×Ω} = 1. The first inequality is proved.
The second one may be verified similarly.

C.2 Hybrid Variable

Recall that a random variable is a measurable function from a probability
space to the set of real numbers, and a fuzzy variable is a function from a
credibility space to the set of real numbers. In order to describe a quan-
tity with both fuzziness and randomness, we introduce a concept of hybrid
variable as follows.
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Figure C.2: Graphical Representation of Hybrid Variable

Definition C.4 (Liu [125]) A hybrid variable is a measurable function from
a chance space (Θ,P,Cr)× (Ω,A,Pr) to the set of real numbers, i.e., for any
Borel set B of real numbers, the set

{ξ ∈ B} = {(θ, ω) ∈ Θ× Ω
∣∣ ξ(θ, ω) ∈ B} (C.18)

is an event.

Remark C.2: A hybrid variable degenerates to a fuzzy variable if the value
of ξ(θ, ω) does not vary with ω. For example,

ξ(θ, ω) = θ, ξ(θ, ω) = θ2 + 1, ξ(θ, ω) = sin θ.

Remark C.3: A hybrid variable degenerates to a random variable if the
value of ξ(θ, ω) does not vary with θ. For example,

ξ(θ, ω) = ω, ξ(θ, ω) = ω2 + 1, ξ(θ, ω) = sinω.

Remark C.4: For each fixed θ ∈ Θ, it is clear that the hybrid variable
ξ(θ, ω) is a measurable function from the probability space (Ω,A,Pr) to the
set of real numbers. Thus it is a random variable and we will denote it by
ξ(θ, ·). Then a hybrid variable ξ(θ, ω) may also be regarded as a function from
a credibility space (Θ,P,Cr) to the set {ξ(θ, ·)|θ ∈ Θ} of random variables.
Thus ξ is a random fuzzy variable defined by Liu [119].

Remark C.5: For each fixed ω ∈ Ω, it is clear that the hybrid variable
ξ(θ, ω) is a function from the credibility space (Θ,P,Cr) to the set of real
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numbers. Thus it is a fuzzy variable and we will denote it by ξ(·, ω). Then a
hybrid variable ξ(θ, ω) may be regarded as a function from a probability space
(Ω,A,Pr) to the set {ξ(·, ω)|ω ∈ Ω} of fuzzy variables. If Cr{ξ(·, ω) ∈ B} is
a measurable function of ω for any Borel set B of real numbers, then ξ is a
fuzzy random variable in the sense of Liu and Liu [142].

Model I

If ã is a fuzzy variable and η is a random variable, then the sum ξ = ã+ η is
a hybrid variable. The product ξ = ã · η is also a hybrid variable. Generally
speaking, if f : <2 → < is a measurable function, then

ξ = f(ã, η) (C.19)

is a hybrid variable. Suppose that ã has a membership function µ, and η has
a probability density function φ. Then for any Borel set B of real numbers,
we have

Ch{f(ã, η) ∈ B} =



sup
x

(
µ(x)

2
∧
∫

f(x,y)∈B

φ(y)dy

)
,

if sup
x

(
µ(x)

2
∧
∫

f(x,y)∈B

φ(y)dy

)
< 0.5

1− sup
x

(
µ(x)

2
∧
∫

f(x,y)∈Bc

φ(y)dy

)
,

if sup
x

(
µ(x)

2
∧
∫

f(x,y)∈B

φ(y)dy

)
≥ 0.5.

More generally, let ã1, ã2, · · · , ãm be fuzzy variables, and let η1, η2, · · · , ηn be
random variables. If f : <m+n → < is a measurable function, then

ξ = f(ã1, ã2, · · · , ãm; η1, η2, · · · , ηn) (C.20)

is a hybrid variable. The chance Ch{f(ã1, ã2, · · · , ãm; η1, η2, · · · , ηn) ∈ B}
may be calculated in a similar way provided that µ is the joint membership
function and φ is the joint probability density function.

Model II

Let ã1, ã2, · · · , ãm be fuzzy variables, and let p1, p2, · · · , pm be nonnegative
numbers with p1 + p2 + · · ·+ pm = 1. Then

ξ =


ã1 with probability p1

ã2 with probability p2

· · ·
ãm with probability pm

(C.21)
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is clearly a hybrid variable. If ã1, ã2, · · · , ãm have membership functions
µ1, µ2, · · · , µm, respectively, then for any set B of real numbers, we have

Ch{ξ ∈ B} =



sup
x1,x2··· ,xm

((
min

1≤i≤m

µi(xi)
2

)
∧

m∑
i=1

{pi |xi ∈ B}

)
,

if sup
x1,x2··· ,xm

((
min

1≤i≤m

µi(xi)
2

)
∧

m∑
i=1

{pi |xi ∈ B}

)
< 0.5

1− sup
x1,x2··· ,xm

((
min

1≤i≤m

µi(xi)
2

)
∧

m∑
i=1

{pi |xi ∈ Bc}

)
,

if sup
x1,x2··· ,xm

((
min

1≤i≤m

µi(xi)
2

)
∧

m∑
i=1

{pi |xi ∈ B}

)
≥ 0.5.

Model III

Let η1, η2, · · · , ηm be random variables, and let u1, u2, · · · , um be nonnegative
numbers with u1 ∨ u2 ∨ · · · ∨ um = 1. Then

ξ =


η1 with membership degree u1

η2 with membership degree u2

· · ·
ηm with membership degree um

(C.22)

is clearly a hybrid variable. If η1, η2, · · · , ηm have probability density func-
tions φ1, φ2, · · · , φm, respectively, then for any Borel set B of real numbers,
we have

Ch{ξ ∈ B} =



max
1≤i≤m

(
ui

2
∧
∫

B

φi(x)dx
)
,

if max
1≤i≤m

(
ui

2
∧
∫

B

φi(x)dx
)
< 0.5

1− max
1≤i≤m

(
ui

2
∧
∫

Bc

φi(x)dx
)
,

if max
1≤i≤m

(
ui

2
∧
∫

B

φi(x)dx
)
≥ 0.5.

Model IV

In many statistics problems, the probability density function is completely
known except for the values of one or more parameters. For example, it
might be known that the lifetime ξ of a modern engine is an exponentially
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distributed random variable with an unknown expected value β. Usually,
there is some relevant information in practice. It is thus possible to specify
an interval in which the value of β is likely to lie, or to give an approximate
estimate of the value of β. It is typically not possible to determine the value
of β exactly. If the value of β is provided as a fuzzy variable, then ξ is a
hybrid variable. More generally, suppose that ξ has a probability density
function

φ(x; ã1, ã2, · · · , ãm), x ∈ < (C.23)

in which the parameters ã1, ã2, · · · , ãm are fuzzy variables rather than crisp
numbers. Then ξ is a hybrid variable provided that φ(x; y1, y2, · · · , ym) is
a probability density function for any (y1, y2, · · · , ym) that (ã1, ã2, · · · , ãm)
may take. If ã1, ã2, · · · , ãm have membership functions µ1, µ2, · · · , µm, re-
spectively, then for any Borel set B of real numbers, the chance Ch{ξ ∈ B}
is

sup
y1,y2··· ,ym

((
min

1≤i≤m

µi(yi)
2

)
∧
∫

B

φ(x; y1, y2, · · · , ym)dx
)
,

if sup
y1,y2,··· ,ym

((
min

1≤i≤m

µi(yi)
2

)
∧
∫

B

φ(x; y1, y2, · · · , ym)dx
)
< 0.5

1− sup
y1,y2··· ,ym

((
min

1≤i≤m

µi(yi)
2

)
∧
∫

Bc

φ(x; y1, y2, · · · , ym)dx
)
,

if sup
y1,y2,··· ,ym

((
min

1≤i≤m

µi(yi)
2

)
∧
∫

B

φ(x; y1, y2, · · · , ym)dx
)
≥ 0.5.

When are two hybrid variables equal to each other?

Definition C.5 Let ξ1 and ξ2 be hybrid variables defined on the chance space
(Θ,P,Cr) × (Ω,A,Pr). We say ξ1 = ξ2 if ξ1(θ, ω) = ξ2(θ, ω) for almost all
(θ, ω) ∈ Θ× Ω.

Hybrid Vectors

Definition C.6 An n-dimensional hybrid vector is a measurable function
from a chance space (Θ,P,Cr) × (Ω,A,Pr) to the set of n-dimensional real
vectors, i.e., for any Borel set B of <n, the set

{ξ ∈ B} =
{
(θ, ω) ∈ Θ× Ω

∣∣ ξ(θ, ω) ∈ B
}

(C.24)

is an event.

Theorem C.11 The vector (ξ1, ξ2, · · · , ξn) is a hybrid vector if and only if
ξ1, ξ2, · · · , ξn are hybrid variables.
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Proof: Write ξ = (ξ1, ξ2, · · · , ξn). Suppose that ξ is a hybrid vector on
the chance space (Θ,P,Cr) × (Ω,A,Pr). For any Borel set B of <, the set
B ×<n−1 is a Borel set of <n. Thus the set

{ξ1 ∈ B} = {ξ1 ∈ B, ξ2 ∈ <, · · · , ξn ∈ <} = {ξ ∈ B ×<n−1}

is an event. Hence ξ1 is a hybrid variable. A similar process may prove that
ξ2, ξ3, · · · , ξn are hybrid variables. Conversely, suppose that all ξ1, ξ2, · · · , ξn
are hybrid variables on the chance space (Θ,P,Cr)× (Ω,A,Pr). We define

B =
{
B ⊂ <n

∣∣ {ξ ∈ B} is an event
}
.

The vector ξ = (ξ1, ξ2, · · · , ξn) is proved to be a hybrid vector if we can
prove that B contains all Borel sets of <n. First, the class B contains all
open intervals of <n because{

ξ ∈
n∏

i=1

(ai, bi)

}
=

n⋂
i=1

{ξi ∈ (ai, bi)}

is an event. Next, the class B is a σ-algebra of <n because (i) we have <n ∈ B
since {ξ ∈ <n} = Θ× Ω; (ii) if B ∈ B, then {ξ ∈ B} is an event, and

{ξ ∈ Bc} = {ξ ∈ B}c

is an event. This means that Bc ∈ B; (iii) if Bi ∈ B for i = 1, 2, · · · , then
{ξ ∈ Bi} are events and{

ξ ∈
∞⋃

i=1

Bi

}
=

∞⋃
i=1

{ξ ∈ Bi}

is an event. This means that ∪iBi ∈ B. Since the smallest σ-algebra con-
taining all open intervals of <n is just the Borel algebra of <n, the class B
contains all Borel sets of <n. The theorem is proved.

Hybrid Arithmetic

Definition C.7 Let f : <n → < be a measurable function, and ξ1, ξ2, · · · , ξn
hybrid variables on the chance space (Θ,P,Cr) × (Ω,A,Pr). Then ξ =
f(ξ1, ξ2, · · · , ξn) is a hybrid variable defined as

ξ(θ, ω) = f(ξ1(θ, ω), ξ2(θ, ω), · · · , ξn(θ, ω)), ∀(θ, ω) ∈ Θ× Ω. (C.25)

Example C.5: Let ξ1 and ξ2 be two hybrid variables. Then the sum ξ =
ξ1 + ξ2 is a hybrid variable defined by

ξ(θ, ω) = ξ1(θ, ω) + ξ2(θ, ω), ∀(θ, ω) ∈ Θ× Ω.

The product ξ = ξ1ξ2 is also a hybrid variable defined by

ξ(θ, ω) = ξ1(θ, ω) · ξ2(θ, ω), ∀(θ, ω) ∈ Θ× Ω.
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Theorem C.12 Let ξ be an n-dimensional hybrid vector, and f : <n → <
a measurable function. Then f(ξ) is a hybrid variable.

Proof: Assume that ξ is a hybrid vector on the chance space (Θ,P,Cr) ×
(Ω,A,Pr). For any Borel set B of <, since f is a measurable function, the
f−1(B) is a Borel set of <n. Thus the set

{f(ξ) ∈ B} =
{
ξ ∈ f−1(B)

}
is an event for any Borel set B. Hence f(ξ) is a hybrid variable.

C.3 Chance Distribution

Chance distribution has been defined in several ways. Here we accept the
following definition of chance distribution of hybrid variables.

Definition C.8 (Li and Liu [98]) The chance distribution Φ: < → [0, 1] of
a hybrid variable ξ is defined by

Φ(x) = Ch {ξ ≤ x} . (C.26)

Example C.6: Let η be a random variable on a probability space (Ω,A,Pr).
It is clear that η may be regarded as a hybrid variable on the chance space
(Θ,P,Cr)× (Ω,A,Pr) as follows,

ξ(θ, ω) = η(ω), ∀(θ, ω) ∈ Θ× Ω.

Thus its chance distribution is

Φ(x) = Ch{ξ ≤ x} = Ch{Θ× {η ≤ x}} = Cr{Θ} ∧ Pr{η ≤ x} = Pr{η ≤ x}

which is just the probability distribution of the random variable η.

Example C.7: Let ã be a fuzzy variable on a credibility space (Θ,P,Cr).
It is clear that ã may be regarded as a hybrid variable on the chance space
(Θ,P,Cr)× (Ω,A,Pr) as follows,

ξ(θ, ω) = ã(θ), ∀(θ, ω) ∈ Θ× Ω.

Thus its chance distribution is

Φ(x) = Ch{ξ ≤ x} = Ch{{ã ≤ x} × Ω} = Cr{ã ≤ x} ∧ Pr{Ω} = Cr{ã ≤ x}

which is just the credibility distribution of the fuzzy variable ã.
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Theorem C.13 (Sufficient and Necessary Condition for Chance Distribu-
tion) A function Φ : < → [0, 1] is a chance distribution if and only if it is an
increasing function with

lim
x→−∞

Φ(x) ≤ 0.5 ≤ lim
x→+∞

Φ(x), (C.27)

lim
y↓x

Φ(y) = Φ(x) if lim
y↓x

Φ(y) > 0.5 or Φ(x) ≥ 0.5. (C.28)

Proof: It is obvious that a chance distribution Φ is an increasing function.
The inequalities (C.27) follow from the chance asymptotic theorem immedi-
ately. Assume that x is a point at which limy↓x Φ(y) > 0.5. That is,

lim
y↓x

Ch{ξ ≤ y} > 0.5.

Since {ξ ≤ y} ↓ {ξ ≤ x} as y ↓ x, it follows from the chance semicontinuity
law that

Φ(y) = Ch{ξ ≤ y} ↓ Ch{ξ ≤ x} = Φ(x)

as y ↓ x. When x is a point at which Φ(x) ≥ 0.5, if limy↓x Φ(y) 6= Φ(x), then
we have

lim
y↓x

Φ(y) > Φ(x) ≥ 0.5.

For this case, we have proved that limy↓x Φ(y) = Φ(x). Thus (C.28) is proved.
Conversely, suppose Φ : < → [0, 1] is an increasing function satisfying

(C.27) and (C.28). Theorem B.17 states that there is a fuzzy variable whose
credibility distribution is just Φ(x). Since a fuzzy variable is a special hybrid
variable, the theorem is proved.

C.4 Expected Value

Expected value has been defined in several ways. This book uses the following
definition of expected value operator of hybrid variables.

Definition C.9 (Li and Liu [98]) Let ξ be a hybrid variable. Then the ex-
pected value of ξ is defined by

E[ξ] =
∫ +∞

0

Ch{ξ ≥ r}dr −
∫ 0

−∞
Ch{ξ ≤ r}dr (C.29)

provided that at least one of the two integrals is finite.

Example C.8: If a hybrid variable ξ degenerates to a random variable η,
then

Ch{ξ ≤ x} = Pr{η ≤ x}, Ch{ξ ≥ x} = Pr{η ≥ x}, ∀x ∈ <.
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It follows from (C.29) that E[ξ] = E[η]. In other words, the expected value
operator of hybrid variable coincides with that of random variable.

Example C.9: If a hybrid variable ξ degenerates to a fuzzy variable ã, then

Ch{ξ ≤ x} = Cr{ã ≤ x}, Ch{ξ ≥ x} = Cr{ã ≥ x}, ∀x ∈ <.

It follows from (C.29) that E[ξ] = E[ã]. In other words, the expected value
operator of hybrid variable coincides with that of fuzzy variable.

Example C.10: Let ã be a fuzzy variable and η a random variable with
finite expected values. Then the hybrid variable ξ = ã+η has expected value
E[ξ] = E[ã] + E[η].

Theorem C.14 Let ξ be a hybrid variable with finite expected values. Then
for any real numbers a and b, we have

E[aξ + b] = aE[ξ] + b. (C.30)

Proof: Step 1: We first prove that E[ξ + b] = E[ξ] + b for any real number
b. If b ≥ 0, we have

E[ξ + b] =
∫ +∞

0

Ch{ξ + b ≥ r}dr −
∫ 0

−∞
Ch{ξ + b ≤ r}dr

=
∫ +∞

0

Ch{ξ ≥ r − b}dr −
∫ 0

−∞
Ch{ξ ≤ r − b}dr

= E[ξ] +
∫ b

0

(Ch{ξ ≥ r − b}+ Ch{ξ < r − b})dr

= E[ξ] + b.

If b < 0, then we have

E[aξ + b] = E[ξ]−
∫ 0

b

(Ch{ξ ≥ r − b}+ Ch{ξ < r − b})dr = E[ξ] + b.

Step 2: We prove E[aξ] = aE[ξ]. If a = 0, then the equation E[aξ] =
aE[ξ] holds trivially. If a > 0, we have

E[aξ] =
∫ +∞

0

Ch{aξ ≥ r}dr −
∫ 0

−∞
Ch{aξ ≤ r}dr

=
∫ +∞

0

Ch{ξ ≥ r/a}dr −
∫ 0

−∞
Ch{ξ ≤ r/a}dr

= a

∫ +∞

0

Ch{ξ ≥ t}dt− a

∫ 0

−∞
Ch{ξ ≤ t}dt

= aE[ξ].
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If a < 0, we have

E[aξ] =
∫ +∞

0

Ch{aξ ≥ r}dr −
∫ 0

−∞
Ch{aξ ≤ r}dr

=
∫ +∞

0

Ch{ξ ≤ r/a}dr −
∫ 0

−∞
Ch{ξ ≥ r/a}dr

= a

∫ +∞

0

Ch{ξ ≥ t}dt− a

∫ 0

−∞
Ch{ξ ≤ t}dt

= aE[ξ].

Step 3: For any real numbers a and b, it follows from Steps 1 and 2 that

E[aξ + b] = E[aξ] + b = aE[ξ] + b.

The theorem is proved.

C.5 Variance

Definition C.10 (Li and Liu [98]) Let ξ be a hybrid variable with finite
expected value e. Then the variance of ξ is defined by V [ξ] = E[(ξ − e)2].

Theorem C.15 If ξ is a hybrid variable with finite expected value, a and b
are real numbers, then V [aξ + b] = a2V [ξ].

Proof: It follows from the definition of variance that

V [aξ + b] = E
[
(aξ + b− aE[ξ]− b)2

]
= a2E[(ξ − E[ξ])2] = a2V [ξ].

Theorem C.16 Let ξ be a hybrid variable with expected value e. Then
V [ξ] = 0 if and only if Ch{ξ = e} = 1.

Proof: If V [ξ] = 0, then E[(ξ − e)2] = 0. Note that

E[(ξ − e)2] =
∫ +∞

0

Ch{(ξ − e)2 ≥ r}dr

which implies Ch{(ξ − e)2 ≥ r} = 0 for any r > 0. Hence we have

Ch{(ξ − e)2 = 0} = 1.

That is, Ch{ξ = e} = 1. Conversely, if Ch{ξ = e} = 1, then we have
Ch{(ξ − e)2 = 0} = 1 and Ch{(ξ − e)2 ≥ r} = 0 for any r > 0. Thus

V [ξ] =
∫ +∞

0

Ch{(ξ − e)2 ≥ r}dr = 0.

The theorem is proved.
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C.6 Critical Values

In order to rank hybrid variables, we introduce the following definition of
critical values of hybrid variables.

Definition C.11 (Li and Liu [98]) Let ξ be a hybrid variable, and α ∈ (0, 1].
Then

ξsup(α) = sup
{
r
∣∣ Ch {ξ ≥ r} ≥ α

}
(C.31)

is called the α-optimistic value to ξ, and

ξinf(α) = inf
{
r
∣∣ Ch {ξ ≤ r} ≥ α

}
(C.32)

is called the α-pessimistic value to ξ.

The hybrid variable ξ reaches upwards of the α-optimistic value ξsup(α),
and is below the α-pessimistic value ξinf(α) with chance α.

Example C.11: If a hybrid variable ξ degenerates to a random variable η,
then

Ch{ξ ≤ x} = Pr{η ≤ x}, Ch{ξ ≥ x} = Pr{η ≥ x}, ∀x ∈ <.

It follows from the definition of critical values that

ξsup(α) = ηsup(α), ξinf(α) = ηinf(α), ∀α ∈ (0, 1].

In other words, the critical values of hybrid variable coincide with that of
random variable.

Example C.12: If a hybrid variable ξ degenerates to a fuzzy variable ã,
then

Ch{ξ ≤ x} = Cr{ã ≤ x}, Ch{ξ ≥ x} = Cr{ã ≥ x}, ∀x ∈ <.

It follows from the definition of critical values that

ξsup(α) = ãsup(α), ξinf(α) = ãinf(α), ∀α ∈ (0, 1].

In other words, the critical values of hybrid variable coincide with that of
fuzzy variable.

Theorem C.17 Let ξ be a hybrid variable, and α ∈ (0, 1]. If α > 0.5, then
we have

Ch{ξ ≤ ξinf(α)} ≥ α, Ch{ξ ≥ ξsup(α)} ≥ α. (C.33)

Proof: It follows from the definition of α-pessimistic value that there exists
a decreasing sequence {xi} such that Ch{ξ ≤ xi} ≥ α and xi ↓ ξinf(α) as
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i→∞. Since {ξ ≤ xi} ↓ {ξ ≤ ξinf(α)} and limi→∞ Ch{ξ ≤ xi} ≥ α > 0.5, it
follows from the chance semicontinuity theorem that

Ch{ξ ≤ ξinf(α)} = lim
i→∞

Ch{ξ ≤ xi} ≥ α.

Similarly, there exists an increasing sequence {xi} such that Ch{ξ ≥ xi} ≥
α and xi ↑ ξsup(α) as i → ∞. Since {ξ ≥ xi} ↓ {ξ ≥ ξsup(α)} and
limi→∞ Ch{ξ ≥ xi} ≥ α > 0.5, it follows from the chance semicontinuity
theorem that

Ch{ξ ≥ ξsup(α)} = lim
i→∞

Ch{ξ ≥ xi} ≥ α.

The theorem is proved.

Theorem C.18 Let ξ be a hybrid variable, and α ∈ (0, 1]. Then we have
(a) ξsup(α) is a decreasing and left-continuous function of α;
(b) ξinf(α) is an increasing and left-continuous function of α.

Proof: (a) Let α1 and α2 be two numbers with 0 < α1 < α2 ≤ 1. Then for
any number r < ξsup(α2), we have

Ch {ξ ≥ r} ≥ α2 > α1.

Thus, by the definition of optimistic value, we obtain ξsup(α1) ≥ ξsup(α2).
That is, the value ξsup(α) is a decreasing function of α. Next, we prove the
left-continuity of ξinf(α) with respect to α. Let {αi} be an arbitrary sequence
of positive numbers such that αi ↑ α. Then {ξinf(αi)} is an increasing se-
quence. If the limitation is equal to ξinf(α), then the left-continuity is proved.
Otherwise, there exists a number z∗ such that

lim
i→∞

ξinf(αi) < z∗ < ξinf(α).

Thus Ch{ξ ≤ z∗} ≥ αi for each i. Letting i → ∞, we get Ch{ξ ≤ z∗} ≥ α.
Hence z∗ ≥ ξinf(α). A contradiction proves the left-continuity of ξinf(α) with
respect to α. The part (b) may be proved similarly.

C.7 Conditional Chance

We consider the chance measure of an event A after it has been learned that
some other event B has occurred. This new chance measure of A is called
the conditional chance measure of A given B.

In order to define a conditional chance measure Ch{A|B}, at first we
have to enlarge Ch{A ∩ B} because Ch{A ∩ B} < 1 for all events whenever
Ch{B} < 1. It seems that we have no alternative but to divide Ch{A∩B} by
Ch{B}. Unfortunately, Ch{A ∩B}/Ch{B} is not always a chance measure.
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However, the value Ch{A|B} should not be greater than Ch{A∩B}/Ch{B}
(otherwise the normality will be lost), i.e.,

Ch{A|B} ≤ Ch{A ∩B}
Ch{B}

. (C.34)

On the other hand, in order to preserve the self-duality, we should have

Ch{A|B} = 1− Ch{Ac|B} ≥ 1− Ch{Ac ∩B}
Ch{B}

. (C.35)

Furthermore, since (A∩B)∪ (Ac ∩B) = B, we have Ch{B} ≤ Ch{A∩B}+
Ch{Ac ∩B} by using the chance subadditivity theorem. Thus

0 ≤ 1− Ch{Ac ∩B}
Ch{B}

≤ Ch{A ∩B}
Ch{B}

≤ 1. (C.36)

Hence any numbers between 1−Ch{Ac∩B}/Ch{B} and Ch{A∩B}/Ch{B}
are reasonable values that the conditional chance may take. Based on the
maximum uncertainty principle, we have the following conditional chance
measure.

Definition C.12 (Li and Liu [101]) Let (Θ,P,Cr)× (Ω,A,Pr) be a chance
space and A,B two events. Then the conditional chance measure of A given
B is defined by

Ch{A|B} =



Ch{A ∩B}
Ch{B}

, if
Ch{A ∩B}

Ch{B}
< 0.5

1− Ch{Ac ∩B}
Ch{B}

, if
Ch{Ac ∩B}

Ch{B}
< 0.5

0.5, otherwise

(C.37)

provided that Ch{B} > 0.

Remark C.6: It follows immediately from the definition of conditional
chance that

1− Ch{Ac ∩B}
Ch{B}

≤ Ch{A|B} ≤ Ch{A ∩B}
Ch{B}

. (C.38)

Furthermore, it is clear that the conditional chance measure obeys the max-
imum uncertainty principle.

Remark C.7: Let X and Y be events in the credibility space. Then the
conditional chance measure of X × Ω given Y × Ω is

Ch{X × Ω|Y × Ω} =



Cr{X ∩ Y }
Cr{Y }

, if
Cr{X ∩ Y }

Cr{Y }
< 0.5

1− Cr{Xc ∩ Y }
Cr{Y }

, if
Cr{Xc ∩ Y }

Cr{Y }
< 0.5

0.5, otherwise
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which is just the conditional credibility of X given Y .

Remark C.8: Let X and Y be events in the probability space. Then the
conditional chance measure of Θ×X given Θ× Y is

Ch{Θ×X|Θ× Y } =
Pr{X ∩ Y }

Pr{Y }

which is just the conditional probability of X given Y .

Theorem C.19 (Li and Liu [101]) Conditional chance measure is normal,
increasing, self-dual and countably subadditive.

Proof: At first, the conditional chance measure Ch{·|B} is normal, i.e.,

Ch{Θ× Ω|B} = 1− Ch{∅}
Ch{B}

= 1.

For any events A1 and A2 with A1 ⊂ A2, if

Ch{A1 ∩B}
Ch{B}

≤ Ch{A2 ∩B}
Ch{B}

< 0.5,

then

Ch{A1|B} =
Ch{A1 ∩B}

Ch{B}
≤ Ch{A2 ∩B}

Ch{B}
= Ch{A2|B}.

If
Ch{A1 ∩B}

Ch{B}
≤ 0.5 ≤ Ch{A2 ∩B}

Ch{B}
,

then Ch{A1|B} ≤ 0.5 ≤ Ch{A2|B}. If

0.5 <
Ch{A1 ∩B}

Ch{B}
≤ Ch{A2 ∩B}

Ch{B}
,

then we have

Ch{A1|B} =
(
1− Ch{Ac

1 ∩B}
Ch{B}

)
∨0.5 ≤

(
1− Ch{Ac

2 ∩B}
Ch{B}

)
∨0.5 = Ch{A2|B}.

This means that Ch{·|B} is increasing. For any event A, if

Ch{A ∩B}
Ch{B}

≥ 0.5,
Ch{Ac ∩B}

Ch{B}
≥ 0.5,

then we have Ch{A|B}+Ch{Ac|B} = 0.5+0.5 = 1 immediately. Otherwise,
without loss of generality, suppose

Ch{A ∩B}
Ch{B}

< 0.5 <
Ch{Ac ∩B}

Ch{B}
,
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then we have

Ch{A|B}+ Ch{Ac|B} =
Ch{A ∩B}

Ch{B}
+
(

1− Ch{A ∩B}
Ch{B}

)
= 1.

That is, Ch{·|B} is self-dual. Finally, for any countable sequence {Ai} of
events, if Ch{Ai|B} < 0.5 for all i, it follows from the countable subadditivity
of chance measure that

Ch

{ ∞⋃
i=1

Ai ∩B

}
≤

Ch

{ ∞⋃
i=1

Ai ∩B

}
Ch{B}

≤

∞∑
i=1

Ch{Ai ∩B}

Ch{B}
=

∞∑
i=1

Ch{Ai|B}.

Suppose there is one term greater than 0.5, say

Ch{A1|B} ≥ 0.5, Ch{Ai|B} < 0.5, i = 2, 3, · · ·

If Ch{∪iAi|B} = 0.5, then we immediately have

Ch

{ ∞⋃
i=1

Ai ∩B

}
≤

∞∑
i=1

Ch{Ai|B}.

If Ch{∪iAi|B} > 0.5, we may prove the above inequality by the following
facts:

Ac
1 ∩B ⊂

∞⋃
i=2

(Ai ∩B) ∪

( ∞⋂
i=1

Ac
i ∩B

)
,

Ch{Ac
1 ∩B} ≤

∞∑
i=2

Ch{Ai ∩B}+ Ch

{ ∞⋂
i=1

Ac
i ∩B

}
,

Ch

{ ∞⋃
i=1

Ai|B

}
= 1−

Ch

{ ∞⋂
i=1

Ac
i ∩B

}
Ch{B}

,

∞∑
i=1

Ch{Ai|B} ≥ 1− Ch{Ac
1 ∩B}

Ch{B}
+

∞∑
i=2

Ch{Ai ∩B}

Ch{B}
.

If there are at least two terms greater than 0.5, then the countable subad-
ditivity is clearly true. Thus Ch{·|B} is countably subadditive. Hence the
theorem is verified.

Definition C.13 Let ξ be a hybrid variable on (Θ,P,Cr) × (Ω,A,Pr). A
conditional hybrid variable of ξ given B is a measurable function ξ|B from
the conditional chance space to the set of real numbers such that

ξ|B(θ, ω) ≡ ξ(θ, ω), ∀(θ, ω) ∈ Θ× Ω. (C.39)
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Definition C.14 (Li and Liu [101]) The conditional chance distribution Φ:
< → [0, 1] of a hybrid variable ξ given B is defined by

Φ(x|B) = Ch {ξ ≤ x|B} (C.40)

provided that Ch{B} > 0.

Definition C.15 (Li and Liu [101]) Let ξ be a hybrid variable. Then the
conditional expected value of ξ given B is defined by

E[ξ|B] =
∫ +∞

0

Ch{ξ ≥ r|B}dr −
∫ 0

−∞
Ch{ξ ≤ r|B}dr (C.41)

provided that at least one of the two integrals is finite.



Appendix D

Logic

Propositions, connective symbols, formulas, truth functions, truth value are
basic concepts in logic. This appendix introduces the probabilistic logic,
credibilistic logic, and hybrid logic.

D.1 Probabilistic Logic

Probabilistic logic was proposed by Nilsson [171] as a generalization of logic
for dealing with random knowledge. A random proposition is a statement with
probability value belonging to [0, 1]. A random formula is a finite sequence of
random propositions and connective symbols that must make sense. Let X
be a random formula. Then the truth value of X is defined as the probability
that the random formula X is true, i.e.,

T (X) = Pr{X = 1}. (D.1)

If X is a random formula containing random propositions ξ1, ξ2, · · · , ξn whose
truth function is f(x1, x2, · · · , xn), then the truth value of X is

T (X) =
∑

f(x1,x2,··· ,xn)=1

p(x1, x2, · · · , xn) (D.2)

where p(x1, x2, · · · , xn) is the joint probability mass function of (ξ1, ξ2, · · · , ξn).

Example D.1: Let ξ and η be independent random propositions with prob-
ability values a and b, respectively. Then we have
(a) T (ξ) = Pr{ξ = 1} = a;
(b) T (¬ξ) = Pr{ξ = 0} = 1− a;
(c) T (ξ ∧ η) = Pr{ξ ∧ η = 1} = Pr{(ξ = 1) ∩ (η = 1)} = a · b;
(d) T (ξ ∨ η) = Pr{ξ ∨ η = 1} = Pr{(ξ = 1) ∪ (η = 1)} = a+ b− a · b;
(e) T (ξ → η) = Pr{(ξ → η) = 1} = Pr{(ξ = 0) ∪ (η = 1)} = 1− a+ a · b.
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Remark D.1: Probabilistic logic is consistent with the law of contradiction
and law of excluded middle, i.e.,

T (X ∧ ¬X) = 0, T (X ∨ ¬X) = 1, T (X) + T (¬X) = 1. (D.3)

D.2 Credibilistic Logic

Credibilistic logic was designed by Li and Liu [100] as a generalization of
logic for dealing with fuzzy knowledge. A fuzzy proposition is a statement
with credibility value belonging to [0, 1]. A fuzzy formula is a finite sequence
of fuzzy propositions and connective symbols that must make sense. Let X
be a fuzzy formula. Then the truth value of X is defined as the credibility
that the fuzzy formula X is true, i.e.,

T (X) = Cr{X = 1}. (D.4)

If X is a fuzzy formula containing fuzzy propositions ξ1, ξ2, · · · , ξn whose
truth function is f(x1, x2, · · · , xn), then the truth value of X is

T (X) =
1
2

(
max

f(x)=1
µ(x) + 1− max

f(x)=0
µ(x)

)
(D.5)

where x = (x1, x2, · · · , xn), and µ(x) is the joint membership function of
(ξ1, ξ2, · · · , ξn).

Example D.2: Let ξ and η be (not necessarily independent) fuzzy proposi-
tions with credibility values a and b, respectively. Then we have
(a) T (ξ) = Cr{ξ = 1} = a;
(b) T (¬ξ) = Cr{ξ = 0} = 1− a;
(c) T (ξ ∧ η) = Cr{(ξ = 1) ∩ (η = 1)} = a ∧ b provided that a+ b > 1;
(d) T (ξ ∨ η) = Cr{(ξ = 1) ∪ (η = 1)} = a ∨ b provided that a+ b < 1;
(e) T (ξ → η) = Cr{(ξ = 0) ∪ (η = 1)} = (1− a) ∨ b provided that a > b.

Example D.3: Let ξ and η be independent fuzzy propositions with credi-
bility values a and b, respectively. Then we have
(a) T (ξ ∧ η) = Cr{(ξ = 1) ∩ (η = 1)} = a ∧ b;
(b) T (ξ ∨ η) = Cr{(ξ = 1) ∪ (η = 1)} = a ∨ b;
(c) T (ξ → η) = Cr{(ξ = 0) ∪ (η = 1)} = (1− a) ∨ b.

Remark D.2: Credibilistic logic is consistent with the law of contradiction
and law of excluded middle, i.e.,

T (X ∧ ¬X) = 0, T (X ∨ ¬X) = 1, T (X) + T (¬X) = 1. (D.6)

This is the key point that credibilistic logic is different from possibilistic logic.
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D.3 Hybrid Logic

Hybrid logic was designed by Li and Liu [99] in 2009 as a generalization of
logic for dealing with fuzzy knowledge and random knowledge simultaneously.
A hybrid formula is a finite sequence of fuzzy propositions, random propo-
sitions and connective symbols that must make sense. Let X be a hybrid
formula. Then the truth value of X is defined as the chance that the hybrid
formula X is true, i.e.,

T (X) = Ch{X = 1}. (D.7)

If X is a hybrid formula containing fuzzy propositions ξ1, ξ2, · · · , ξn and ran-
dom propositions η1, η2, · · · , ηm whose truth function is f , then the truth
value of X is

T (X) =



sup
x

µ(x)
2

∧
∑

f(x,y)=1

φ(y)

 ,

if sup
x

µ(x)
2

∧
∑

f(x,y)=1

φ(y)

 < 0.5

1− sup
x

µ(x)
2

∧
∑

f(x,y)=0

φ(y)

 ,

if sup
x

µ(x)
2

∧
∑

f(x,y)=1

φ(y)

 ≥ 0.5

(D.8)

where x = (x1, x2, · · · , xn), y = (y1, y2, · · · , ym), µ(x) is the joint mem-
bership function of (ξ1, ξ2, · · · , ξn), and φ(y) is the joint probability mass
function of (η1, η2, · · · , ηm).

Example D.4: Let ξ, κ be independent fuzzy propositions with credibility
values a, c, and let η, τ be independent random propositions with probability
values b, d, respectively. Then we have
(a) T (ξ ∧ η) = Ch{(ξ = 1) ∩ (η = 1)} = a ∧ b;
(b) T (ξ ∨ η) = Ch{(ξ = 1) ∪ (η = 1)} = a ∨ b;
(c) T (ξ → τ) = Ch{(ξ = 0) ∪ (τ = 1)} = (1− a) ∨ d;
(d) T (η → κ) = Ch{(η = 0) ∪ (κ = 1)} = (1− b) ∨ c.
Furthermore, we have

T (ξ ∧ η → κ) = Ch{(ξ ∧ η = 0) ∪ (κ = 1)}
= 1− Ch{(ξ = 1) ∩ (η = 1) ∩ (κ = 0)}
= 1− Cr{(ξ = 1) ∩ (κ = 0)} ∧ Pr{η = 1}
= 1− a ∧ (1− c) ∧ b;
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T (ξ ∧ η → τ) = Ch{(ξ ∧ η = 0) ∪ (τ = 1)}
= 1− Ch{(ξ = 1) ∩ (η = 1) ∩ (τ = 0)}
= 1− Cr{ξ = 1} ∧ Pr{(η = 1) ∩ (τ = 0)}
= 1− a ∧ (b− bd).

Remark D.3: Hybrid logic is consistent with the law of contradiction and
law of excluded middle, i.e.,

T (X ∧ ¬X) = 0, T (X ∨ ¬X) = 1, T (X) + T (¬X) = 1. (D.9)



Appendix E

Inference

Inference is a process of deriving logical conclusions from known knowledge
or evidence. This appendix introduces random inference, fuzzy inference and
hybrid inference.

E.1 Random Inference

Random inference is a process of deriving logical conclusions from random
knowledge or evidence via the tool of conditional probability.

Definition 1 A random set is a measurable function ξ from a probability
space (Ω,A,Pr) to a collection of sets of real numbers, i.e., for any Borel set
B, the set

{ω ∈ Ω
∣∣ ξ(ω) ∩B 6= ∅} (E.1)

is an event.

Definition 2 Let ξ and η be random sets on the probability space (Ω,A,Pr).
Then the complement ξc of the random set ξ is

ξc(ω) = (ξ(ω))c, ∀ω ∈ Ω. (E.2)

The union ξ ∪ η of random sets ξ and η is

(ξ ∪ η)(ω) = ξ(ω) ∪ η(ω), ∀ω ∈ Ω. (E.3)

The intersection ξ ∩ η of random sets ξ and η is

(ξ ∩ η)(ω) = ξ(ω) ∩ η(ω), ∀ω ∈ Ω. (E.4)

It is clear that
ξ ∪ ξc ≡ <, ξ ∩ ξc ≡ ∅ (E.5)

for any radom set ξ.
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Definition 3 Let ξ be a random set on (Ω,A,Pr). A conditional random
set of ξ given B is a measurable function ξ|B from the conditional probability
space to a collection of sets of real numbers such that

ξ|B(ω) ≡ ξ(ω), ∀ω ∈ Ω (E.6)

in the sense of classical set theory.

Definition 4 Let ξ and ξ∗ be two random sets. Then the event ξ∗ B ξ (i.e.,
ξ∗ matches ξ) is defined as

{ξ∗ B ξ} =

{
{ξ∗ ⊂ ξ}, if Pr{ξ∗ ⊂ ξ} > Pr{ξ∗ ⊂ ξc}

{ξ∗ 6⊂ ξc}, if Pr{ξ∗ ⊂ ξ} ≤ Pr{ξ∗ ⊂ ξc}.
(E.7)

Definition 5 Let ξ and ξ∗ be two random sets. Then the matching degree
of ξ∗ B ξ is defined as

Pr{ξ∗ B ξ} =

{
Pr{ξ∗ ⊂ ξ}, if Pr{ξ∗ ⊂ ξ} > Pr{ξ∗ ⊂ ξc}

Pr{ξ∗ 6⊂ ξc}, if Pr{ξ∗ ⊂ ξ} ≤ Pr{ξ∗ ⊂ ξc}.
(E.8)

Inference Rule E.1 Let X and Y be two concepts. Assume a rule “if X is
a random set ξ then Y is a random set η”. From X is a random set ξ∗ we
infer that Y is a random set

η∗ = η|ξ∗Bξ (E.9)

which is the conditional random set of η given ξ∗ B ξ. The inference rule is
represented by

Rule: If X is ξ then Y is η
From: X is ξ∗

Infer: Y is η∗ = η|ξ∗Bξ

(E.10)

E.2 Fuzzy Inference

Fuzzy inference was proposed by Liu [130] in 2009 as a process of deriving log-
ical conclusions from fuzzy knowledge or evidence via the tool of conditional
credibility.

Before introducing fuzzy inference, let us recall the concept of fuzzy set.
An ordinary set is defined as a collection of elements. Each single element
can either belong or not belong to the set. However, in many cases, the
membership is not clear, for example, “young man”, “many people”, “high
mountain”, “great river”, “large number”, “about 100 meters”. They are not
tractable by the classical set theory. In order to deal with them, Zadeh [229]
introduced the concept of fuzzy set via membership function in 1965: A fuzzy
set is defined by its membership function µ which assigns to each element x
a real number µ(x) in the interval [0, 1], where the value of µ(x) represents
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the grade of membership of x in the fuzzy set. Thus, the nearer the value of
µ(x) is unity, the higher the grade of membership of x in the fuzzy set.

As a revision of Zadeh’s fuzzy set, Liu [127] redefined a fuzzy set as a
function from a credibility space to a collection of sets in 2007. This new
version of fuzzy set is just a counterpart of random set that is a measurable
function from a probability space to a collection of sets.

Definition 6 (Liu [127]) A fuzzy set is a function ξ from a credibility space
(Θ,P,Cr) to a collection of sets of real numbers.

Definition 7 A fuzzy set ξ on (Θ,P,Cr) is said to have a membership func-
tion µ(x) with 0 ≤ µ(x) ≤ 1 if

ξ(θ) = {x ∈ <
∣∣ µ(x) ≥ (2Cr{θ}) ∧ 1} (E.11)

for each θ ∈ Θ.

Note that Zadeh’s fuzzy set is a special type of fuzzy set in the sense of
Definition 6. However, the latter does not necessarily have a membership
function.

Example E.1: Let (Θ,P,Cr) be a credibility space with Θ = {θ1, θ2, θ3},
Cr{θ1} = 0.6, Cr{θ2} = 0.4 and Cr{θ3} = 0.2. Then

ξ(θ) =


[1, 3], if θ = θ1

[2, 4], if θ = θ2

[3, 5], if θ = θ3

is a fuzzy set whose membership function does not exist.

Definition 8 Let ξ and η be fuzzy sets on the credibility space (Θ,P,Cr).
Then the complement ξc of the fuzzy set ξ is

ξc(θ) = (ξ(θ))c, ∀θ ∈ Θ. (E.12)

The union ξ ∪ η of fuzzy sets ξ and η is

(ξ ∪ η)(θ) = ξ(θ) ∪ η(θ), ∀θ ∈ Θ. (E.13)

The intersection ξ ∩ η of fuzzy sets ξ and η is

(ξ ∩ η)(θ) = ξ(θ) ∩ η(θ), ∀θ ∈ Θ. (E.14)

It is clear that
ξ ∪ ξc ≡ <, ξ ∩ ξc ≡ ∅ (E.15)

for any fuzzy set ξ. This point is very different from Zadeh’s fuzzy set.
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Definition 9 Let ξ be a fuzzy set on (Θ,P,Cr). A conditional fuzzy set of ξ
given B is a function ξ|B from the conditional credibility space (Θ,P,Cr{·|B})
to a collection of sets of real numbers such that

ξ|B(θ) ≡ ξ(θ), ∀θ ∈ Θ (E.16)

in the sense of classical set theory.

Definition 10 Let ξ and ξ∗ be two fuzzy sets. Then the event ξ∗ B ξ (i.e.,
ξ∗ matches ξ) is defined as

{ξ∗ B ξ} =

{
{ξ∗ ⊂ ξ}, if Cr{ξ∗ ⊂ ξ} > Cr{ξ∗ ⊂ ξc}

{ξ∗ 6⊂ ξc}, if Cr{ξ∗ ⊂ ξ} ≤ Cr{ξ∗ ⊂ ξc}.
(E.17)

That is, we take the event of {ξ∗ ⊂ ξ} or {ξ∗ 6⊂ ξc} such that its credibility
measure is as closed to 0.5 as possible. This idea coincides with the maximum
uncertainty principle.

Definition 11 Let ξ and ξ∗ be two fuzzy sets. Then the matching degree of
ξ∗ B ξ is defined as

Cr{ξ∗ B ξ} =

{
Cr{ξ∗ ⊂ ξ}, if Cr{ξ∗ ⊂ ξ} > Cr{ξ∗ ⊂ ξc}

Cr{ξ∗ 6⊂ ξc}, if Cr{ξ∗ ⊂ ξ} ≤ Cr{ξ∗ ⊂ ξc}.
(E.18)

Fuzzy inference has been studied by many scholars and a lot of infer-
ence rules have been suggested. For example, Zadeh’s compositional rule
of inference, Lukasiewicz’s inference rule, and Mamdani’s inference rule are
widely used in fuzzy inference systems. However, instead of using the above
inference rules, we will introduce an inference rule proposed by Liu in 2009.

Inference Rule E.2 (Liu [130]) Let X and Y be two concepts. Assume a
rule “if X is a fuzzy set ξ then Y is a fuzzy set η”. From X is a fuzzy set ξ∗

we infer that Y is a fuzzy set

η∗ = η|ξ∗Bξ (E.19)

which is the conditional fuzzy set of η given ξ∗ B ξ. The inference rule is
represented by

Rule: If X is ξ then Y is η
From: X is ξ∗

Infer: Y is η∗ = η|ξ∗Bξ

(E.20)

Example E.2: Let ξ, ξ∗ and η be independent fuzzy sets with membership
functions µ, µ∗ and ν, respectively. Then inference rule E.2 yields that η∗
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has a membership function

ν∗(y) =


2ν(y)

sup
x∈<

µ(x) ∧ µ∗(x)
∧ 1, if sup

x∈<
µ(x) ∧ µ∗(x) < 1

2ν(y)
2− sup

x∈<
{µ(x)|µ(x) < µ∗(x)}

∧ 1, if sup
x∈<

µ(x) ∧ µ∗(x) = 1.

Example E.3: Let ξ and η be independent fuzzy sets with membership
functions µ and ν, respectively. If ξ∗ is a constant a, then inference rule E.2
yields that η∗ has a membership function

ν∗(y) =


2ν(y)
µ(a)

∧ 1, if µ(a) < 1

ν(y), if µ(a) = 1.

For more expressions of inference rule by membership functions, the in-
terested reader may consult Gao [43].

E.3 Hybrid Inference

Hybrid inference was proposed by Liu [130] in 2009 as a process of deriv-
ing logical conclusions from hybrid knowledge or evidence via the tool of
conditional chance.

Definition 12 (Liu [127]) A hybrid set is a measurable function ξ from a
chance space (Θ,P,Cr) × (Ω,A,Pr) to a collection of sets of real numbers,
i.e., for any Borel set B, the set

{(θ, ω) ∈ Θ× Ω
∣∣ ξ(θ, ω) ∩B 6= ∅} (E.21)

is an event.

Definition 13 Let ξ and η be hybrid sets on the chance space (Θ,P,Cr) ×
(Ω,A,Pr). Then the complement ξc of the hybrid set ξ is

ξc(θ, ω) = (ξ(θ, ω))c, ∀(θ, ω) ∈ Θ× Ω. (E.22)

The union ξ ∪ η of hybrid sets ξ and η is

(ξ ∪ η)(θ, ω) = ξ(θ, ω) ∪ η(θ, ω), ∀(θ, ω) ∈ Θ× Ω. (E.23)

The intersection ξ ∩ η of hybrid sets ξ and η is

(ξ ∩ η)(θ, ω) = ξ(θ, ω) ∩ η(θ, ω), ∀(θ, ω) ∈ Θ× Ω. (E.24)



288 Appendix E - Inference

It is clear that
ξ ∪ ξc ≡ <, ξ ∩ ξc ≡ ∅ (E.25)

for any hybrid set ξ.

Definition 14 Let ξ be a hybrid set on (Θ,P,Cr)×(Ω,A,Pr). A conditional
hybrid set of ξ given B is a measurable function ξ|B from the conditional
chance space to a collection of sets of real numbers such that

ξ|B(θ, ω) ≡ ξ(θ, ω), ∀(θ, ω) ∈ Θ× Ω (E.26)

in the sense of classical set theory.

Definition 15 Let ξ and ξ∗ be two hybrid sets. Then the event ξ∗ B ξ (i.e.,
ξ∗ matches ξ) is defined as

{ξ∗ B ξ} =

{
{ξ∗ ⊂ ξ}, if Ch{ξ∗ ⊂ ξ} > Ch{ξ∗ ⊂ ξc}

{ξ∗ 6⊂ ξc}, if Ch{ξ∗ ⊂ ξ} ≤ Ch{ξ∗ ⊂ ξc}.
(E.27)

Definition 16 Let ξ and ξ∗ be two hybrid sets. Then the matching degree
of ξ∗ B ξ is defined as

Ch{ξ∗ B ξ} =

{
Ch{ξ∗ ⊂ ξ}, if Ch{ξ∗ ⊂ ξ} > Ch{ξ∗ ⊂ ξc}

Ch{ξ∗ 6⊂ ξc}, if Ch{ξ∗ ⊂ ξ} ≤ Ch{ξ∗ ⊂ ξc}.
(E.28)

Inference Rule E.3 (Liu [130]) Let X and Y be two concepts. Assume a
rule “if X is a hybrid set ξ then Y is a hybrid set η”. From X is a hybrid set
ξ∗ we infer that Y is a hybrid set

η∗ = η|ξ∗Bξ (E.29)

which is the conditional hybrid set of η given ξ∗ B ξ. The inference rule is
represented by

Rule: If X is ξ then Y is η
From: X is ξ∗

Infer: Y is η∗ = η|ξ∗Bξ

(E.30)
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List of Frequently Used Symbols

M uncertain measure
(Γ,L,M) uncertainty space
ξ, η, τ uncertain variables

Φ, Ψ, Υ uncertainty distributions
λ, ρ, µ, ν identification functions
L(a, b) linear uncertain variable

Z(a, b, c) zigzag uncertain variable
N (e, σ) normal uncertain variable

LOGN (e, σ) lognormal uncertain variable
E expected value
V variance
H entropy

ξsup(α) α-optimistic value to ξ
ξinf(α) α-pessimistic value to ξ

Xt, Yt, Zt uncertain processes
Ct canonical process
Nt renewal process
∅ empty set
< set of real numbers
<n set of n-dimensional real vectors
∨ maximum operator
∧ minimum operator
B matching operator

ai ↑ a a1 ≤ a2 ≤ · · · and ai → a

ai ↓ a a1 ≥ a2 ≥ · · · and ai → a

Ai ↑ A A1 ⊂ A2 ⊂ · · · and A = A1 ∪A2 ∪ · · ·
Ai ↓ A A1 ⊃ A2 ⊃ · · · and A = A1 ∩A2 ∩ · · ·



Index

99 method, 26, 31
arithmetic canonical process, 125
canonical process, 123
chain rule, 127
Chebyshev inequality, 66
conditional expected value, 79
conditional uncertain measure, 74
conditional uncertain set, 166
conditional uncertain variable, 76
convergence almost surely, 68
convergence in distribution, 68
convergence in mean, 68
convergence in measure, 68
countable subadditivity axiom, 2
critical value, 53
currency model, 140
dependent-chance programming, 89
distance, 64
entropy, 58
event, 1
expected value, 40
expected value model, 82
facility location problem, 112
first identification function, 13
fractional canonical process, 126
geometric canonical process, 125
Hölder’s inequality, 66
hypothetical syllogism, 163
identification function, 13
independence, 23
independent increment, 117
inference rule, 170
Jensen’s inequality, 67
joint uncertainty distribution, 23
law of contradiction, 2
law of excluded middle, 2
law of truth conservation, 146
linear uncertain variable, 20
lognormal uncertain variable, 21

machine scheduling problem, 113
Markov inequality, 66
matching degree, 169
maximum entropy principle, 63
maximum uncertainty principle, 184
measure inversion theorem, 17
Minkowski inequality, 67
modus ponens, 162
modus tollens, 162
moment, 51
monotonicity axiom, 2
Nash equilibrium, 95
normal uncertain variable, 21
normality axiom, 1
operational law, 25
optimistic value, 53
option pricing, 137
Pareto solution, 82
pessimistic value, 53
portfolio selection, 139
product measure axiom, 6
product uncertainty space, 10
project scheduling problem, 103
ranking criterion, 81
rectangular uncertain variable, 13
regular uncertainty distribution, 23
renewal process, 118
rule-base, 178
sample path, 117
second identification function, 15
self-duality axiom, 2
set function, 1
squared variation, 118
stability, 135
Stackelberg-Nash equilibrium, 96
stationary increment, 118
stock model, 137
system reliability design, 98
trapezoidal uncertain variable, 14
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triangular uncertain variable, 14
third identification function, 16
total variation, 118
truth function, 145
truth value, 145
uncertain calculus, 123
uncertain differential equation, 131
uncertain dynamic programming, 93
uncertain entailment, 155
uncertain filtering, 141
uncertain finance, 137
uncertain formula, 144
uncertain inference, 165
uncertain inference control, 180
uncertain integral, 125
uncertain logic, 143
uncertain measure, 2

uncertain multilevel programming, 95
uncertain optimal control, 141
uncertain process, 117
uncertain programming, 81
uncertain proposition, 143
uncertain sequence, 68
uncertain set, 165
uncertain system, 178
uncertain variable, 10
uncertain vector, 11
uncertainty, 187
uncertainty asymptotic theorem, 5
uncertainty distribution, 18
uncertainty space, 6
variance, 49

vehicle routing problem, 107

zigzag uncertain variable, 20



Baoding Liu
Uncertainty Theory

Uncertainty theory is a branch of mathematics based on normality, mono-
tonicity, self-duality, countable subadditivity, and product measure axioms.
Uncertainty is any concept that satisfies the axioms of uncertainty theory.
The goal of uncertainty theory is to study the behavior of uncertain phenom-
ena. This book provides a self-contained, comprehensive and up-to-date pre-
sentation of uncertainty theory, including uncertain programming, uncertain
process, uncertain calculus, uncertain differential equation, uncertain logic,
uncertain entailment, and uncertain inference. Mathematicians, researchers,
engineers, designers, and students in the field of mathematics, information
science, operations research, system science, industrial engineering, computer
science, artificial intelligence, finance, control, and management science will
find this work a stimulating and useful reference.

Axiom 1. (Normality Axiom) M{Γ} = 1 for the universal set Γ.

Axiom 2. (Monotonicity Axiom) M{Λ1} ≤M{Λ2} whenever Λ1 ⊂ Λ2.

Axiom 3. (Self-Duality Axiom) M{Λ}+M{Λc} = 1 for any event Λ.

Axiom 4. (Countable Subadditivity Axiom) For every countable sequence
of events Λ1,Λ2, · · · , we have

M

{ ∞⋃
i=1

Λi

}
≤

∞∑
i=1

M{Λi}.

Axiom 5. (Product Measure Axiom) Let (Γk,Lk,Mk) be uncertainty spaces
for k = 1, 2, · · · , n. The product uncertain measure M = M1∧M2∧ · · ·∧Mn

is

M{Λ} =



sup
Λ1×Λ2×···×Λn⊂Λ

min
1≤k≤n

Mk{Λk},

if sup
Λ1×Λ2×···×Λn⊂Λ

min
1≤k≤n

Mk{Λk} > 0.5

1− sup
Λ1×Λ2×···×Λn⊂Λc

min
1≤k≤n

Mk{Λk},

if sup
Λ1×Λ2×···×Λn⊂Λc

min
1≤k≤n

Mk{Λk} > 0.5

0.5, otherwise.

Principle. (Maximum Uncertainty Principle) For any event, if there are
multiple reasonable values that an uncertain measure may take, then the
value as close to 0.5 as possible is assigned to the event.
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